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Abstract: 
The present work deals with a specific detail of the VSP technique for estimating local compressional, 𝑣𝑃, and 

shear, 𝑣𝑆, wave velocities focused on reservoir characterization and seismic interpretation in sedimentary 

basins. This investigation was based on the presence of fluids (water, oil, gas) in porous rocks and its 

relationship with the 𝛾 =
𝑣𝑆

𝑣𝑃
 ratio, which mainly affects the shear wave velocity. The forward modeling was 

based on the reflectivity method to simulate seismic sections along depth in the borehole, considering the 

presence of a reservoir formation with an anomalous 𝛾 ratio value. The seismic processing of the vertical, 

transversal, and radial components produced by VSP modeling was based on band-pass filtering for upward 

and downward field separation, semblance picking, and NMO correction for estimating 𝑣𝑃 and 𝑣𝑆 wave 

velocities. Additionally, we compare different semblance measures to validate the NMO correction. The results 

show an accurate estimate of the 𝛾 ratio in the target layer, even considering receivers at different depths and 

high noise levels in the VSP sections. Besides that, the 2D numerical experiment reveals information about the 

sensitivity of the 𝛾 parameter in a layered medium with velocity variation, principally around regions with the 

potential presence of oil and gas. 

Keywords: VSP modeling, VSP processing, sedimentary basin modeling, pressure prediction, subsurface 

stress. 
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I. Introduction 
This research work is part of a major academic project for the prediction of subsurface stress using 

𝑣P(𝐱) and 𝑣S(𝐱) velocities and density 𝜌(𝐱) to image low- and high-pressure zones that act as natural suction 

pumps between productive and reservoir layers, towards oil and gas exploration. Our specific goal in this article 

is to conduct a computational experiment to investigate the possibility of measuring the 𝑣P(𝐱) and 𝑣S(𝐱) 

velocities to discriminate the 𝛾 =
𝑣S(𝐱)

𝑣P(𝐱)
 ratio looking for an anomalous value. The thesis is based on the 

relationship between the 𝛾 ratio and the presence of fluids (water, oil, gas) in porous rocks affecting the S-wave 

more than the P-wave velocity, as presented by Sibiryakov [32]. Therefore, we could promote a further practical 

analysis of this relationship on simulated borehole data using the reflectivity methods. 

The major part of the seismic exploration methods is based on the acoustic wave equation, which 

results in the knowledge of a 𝑣P(𝐱) distribution. Since the required data for pressure prediction includes 𝑣S(𝐱) 

and 𝜌(𝐱) distributions, three-component sensors (3C) can be used to obtain P and S (SH and SV) wave modes. 

Density log information can be incorporated, as tables and regression methods for incorporating seismic 

velocities and densities in rock pressure prediction studies. 

Shear wave velocities can also be obtained from VSP technology, and petrophysical measurements 

[18, 6, 12]. Special issues related to the 𝛾 ratio of multicomponent VSP have been reported by O’Brian and 

Harris [27]. Gregory [14]’s work is outstanding and a major reference here, where he investigated the 

dependencies of P and S waves velocities for water-saturated porous reservoirs, as described by Sibiryakov et 

al. [32], and we follow with a short description about the topic on anomalous 𝛾 ratio to justify our efforts. 

Vertical Seismic Profiling (VSP) represents a classical methodology to obtain 𝑣P(𝐱) and 𝑣S(𝐱) 

velocities information in a specific depth window, considering that there is a model control for the geometry of 

the interfaces, as classically described by Galperin [12] and Hardage [17], among several others. 

It is rather usual to apply ray theory and tracing for VSP modeling, where complex geology and 

trajectories can be exhaustively applied. This specific study incorporates the reflectivity method, where the 

geometrical and physical model is the same used for stack and migration processes; in other words, a layered 

half-space composed of homogeneous and isotropic layers. 
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The study is based on two vertical trajectories between source and receiver along the borehole: first, 

the direct wave downwards informing the average velocity of the overburden; second, the reflection from the 

bottom of the target zone, informing the desired local velocity of the target medium interval. An important piece 

of information is that, for the shown experiments, the distance between the source and the borehole top is small 

enough to consider the trajectory as zero-offset. 

A little more general geological and physical description would consider gentle dipping layers, a 

marine water layer on the top of a pack of sedimentary layers resting on a metamorphic basement, the P-S 

scattering in the elastic medium, the reverberation process of the borehole fluid, anisotropy, and ambient noise. 

Several aspects of VSP make it attractive, and one of them is due to the receiver’s proximity to a potential 

reservoir; besides, ray trajectory is considered to have less distortion concerning surface methods and with less 

interference from lateral variations of the upper layers. 

The major propagation energy observed in a borehole environment is P and S waves, as upgoing and 

downgoing modes and their conversions, exhibiting spherical spreading and the so-called tube waves that travel 

along the cylindrical fluid-solid boundary at a low and almost fixed velocity without exhibiting spherical 

spreading, and we can also add the metal casing effect to these fluid waves. The tube waves are considered as 

noise, and they are transversal in the VSP section, where the main interest is to pick the direct downwards and 

reflected upwards P and S events. Of course, other noise components from the source, medium, sensor, and 

reception system can be added to the model to explain the data [16]. 

A central aspect of the VSP technology is filtering for the separation of upgoing and downgoing wave 

fields, as described in Seeman and Horowicz [31], where a linear stack trajectory can be used for velocity 

recuperation based on a correlation method like the semblance measure. Data treatment must consider geology 

as a 3D spatial ambient, where trial-and-error, as well as success, has been accomplished considering 3D-VSP 

seismic imaging by Li and Hewett [20] based on first arrivals of high registered amplitudes. In a similar 

technique, Nguyen Dac et al. [25] applied VSP techniques based on primaries and multiples in a marine 

environment. 

Considering a more complex process, Soni and Verschuur [33] applied methods of full wave inversion 

(FWI) to estimate the subsurface reflectivity, and as a next step, Owusu et al. [28] applied methods of FWI 

considering an anisotropic model to real data as a 3D-VSP. The physics of reverberation in the borehole fluid 

has been described by White [38], and mathematically modeled by Mattheij et al. [23]. 

Alai and Wapenaar [2], among others, summarize the major advantages of VSP survey concerning 

seismic surface survey and propose to transform surface data into pseudo-VSP data by a numerical wavefield 

extrapolation using a macro model of the subsurface. This important study represents an improvement to the 

integration of surface data with real VSP data. 

 

The Negative Gamma Ratio Problem 

The present work is justified based on Gregory [14]’s laboratory experiments. Our numerical 

experiment was designed by including a layer with an anomalous gamma ratio (γ =
𝑣𝑆

𝑣𝑃
) in the seismic model to 

obtain the VSP sections. Gregory [14] divided rock porosity into classes. For the first class, the velocity 

behavior does not contradict qualitatively with Frenkel-Biot theory; i.e., the shear wave velocity decreases with 

the increase of liquid saturation. In the second class, there is a qualitative contradiction with Frenkel-Biot 

theory; namely, the shear wave velocity increases with the increase of liquid saturation. In the third class, the 

velocity is pressure-dependent. 

The Poisson’s ratio (ν) is an important measure in elastic solid mechanics related to pressure 

prediction, where the γ ratio serving as control quantity. The Poisson’s ratio is defined as the negative of the 

transverse strain rate divided by the axial deformation, expressed as ν = −
𝑑ϵtrans

𝑑ϵaxial
. Relating to Lamé’s 

parameters, we have that ν =
λ

2(λ+μ)
. The practical range of values are −1 < 𝜈 ⩽ 0.5 [8]. The relationships 

between Poisson and γ parameters are shown in Fig. 1 and given by the pair:  

ν =
1

2

(1 − 2γ2)

(1 − γ2)
,     γ = √

1 − 2ν

 2(1 − ν)
. 

 (1) 

In Fig. 1 we observe the points of discontinuity and the general behavior of the expressions (1), which 

are like inverses of each other. These figures intend to show the general mathematical behavior and not 

laboratory or field experiments. In other words, we open the possibility that field and laboratory measurements 

may differ and serve as physical bounds. 

An important Gregory’s [14] lab result is the dynamic experimental detection of abnormal high γ ratios 

for high porosity rocks. If the γ ratio exceeds 
1

√2
≈ 0.707, then we have λ < 0, and as a result, Poisson’s ratio 
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has a negative value (see Fig. 1). It has long been considered that Poisson’s ratio can only assume positive 

values within the range of 0 to 
1

2
. Negative values of Poisson’s ratio, in particular, imply that stretching a thin 

rod by its end faces does not decrease in thickness, but on the contrary, its thickness increases, as a static 

experiment. 

 

Figure 1: Plot of formulas (1) for the Poisson’s and gamma parameters considering a range of theoretical 

values. Some typical values for the reservoir, source rock, and Poisson’s solid values are present in both graphs. 

The gray and white areas correspond to practical values and purely theoretical values, respectively. Note the 

discontinuity of the Poisson’s ratio, ν(γ), around the value γ=1 (it is not admitted γ<0), the complex 

discontinuity of the gamma ratio, γ(ν), around the value ν=0.5, and the discontinuity around ν=1. The range 

0.5<ν<1 gives the γ ratio a complex value [4]. 

 
 

The results of Gregory [14] are not strange, because it does not contradict the fundamentals of 

thermodynamics about the deformation of a body that demands positive free energy F; i.e., positive values 

calculated according to the formula   

F = μ (ϵ𝑖𝑘 −
1

3
δ𝑖𝑘ϵ𝑙𝑙)

2

+
𝐾

2
ϵ𝑙𝑙

2 . 

 (2) 

This means that positive values should be for μ and K = 𝜆 +
2

3
𝜇, but not for λ; hence, Poisson’s ratio is 

not strictly given by positive values [32]. Also, we are dealing with a dynamic measure under wave 

propagation, and not with a static measure. 

The results of Gregory [14] were obtained through dynamic measurements in the laboratory, while 

other authors, through field experiments, found abnormally high relationships of γ up to 0.77. Static 

measurements give positive values for the Poisson and gamma ratios. But, there is no complete clearness 

concerning reasons for such a phenomenon as described by Sibiryakov [32]. For this reason, we assigned the 

reservoir formation the arbitrarily chosen value γ = 0.816 to ensure that we can measure the anomaly. 

Some questions can be raised as to how sensitive is the estimation of velocities based on the VSP 

method, taking into account the source pulse, the sampling intervals, the geometry and physical parameters of 

the model, and the semblance stack operator. To analyze these questions, we tested several different models and 

parameters and selected for presentation a specific model and semblance correlation techniques using 

geological information from the sedimentary basins, where exploration for oil and gas is conducted [4]. 

We constructed testing models with a systematic increase in velocity, but with the intercalation of 

high- and low-velocity layers, representing geological transgression and regression processes. Sedimentary 

basin modeling, aiming at oil and gas exploration, contains many theoretical and practical aspects of geology, 

geochemistry, geophysics, and engineering to characterize the reservoirs, as described by Hantschel and 

Kauerauf [15] and Ameem [3], among others, which can be included in the model for more practical aspects. 
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II. Theory 
To construct the numerical simulations, the first problem we faced with the VSP method was the 

interpretation and classification of the events present in the records (useful signal and noise). The second 

problem was the time-picking process of the event arrivals, where we pointed to the higher amplitudes 

admitting a minimum phase causal source pulse. Therefore, considering the source pulse, we subtracted the 

correspondent amount of time Δ𝑡 to bring the arrival time to a more consistent position. In this process, we 

considered the pulse with a peak-and-trough form, such that Δ𝑡 =
1

4
𝑇0 (𝑓0 =

1

𝑇0
, the dominant frequency). The 

vertical and horizontal resolutions should be maintained in the filtering operations in the spectral domain. 

The modeling simulated onshore and offshore acquisitions under similar geophysical parameters. The 

simulated time sections were calculated using the reflectivity method, as is described shortly by Aki and 

Richards [1], but fully implemented by Sandmeier [30]. 

The first part of the numerical simulation was surface surveys with onshore and offshore 

configurations. The source was placed three meters deep, with the explosion represented by a symmetrical 

pressure field. For a more realistic situation, the records should be affected by local noise, borehole 

reverberation, the presence of the free surface, and a source pulse of the type that can be more emergent than 

impulsive. The source pulse had a dominant frequency band, Δ𝑓, with a peak frequency 𝑓𝑝 ≈ 𝑓0 = 35 Hz, and a 

compatible time sampling interval, Δ𝑡 based on the sampling theorem. The presence of aliasing is more due to 

the space sampling interval, Δ𝑥; therefore, we interpolated traces to have the f − k spectra restricted to the first 

and second quadrants to better visualize the filtering process. 

The VSP simulation used the same basic elastic models for the onshore and offshore cases, where the 

difference was the water layer on the top of the sequence. The seismic processing of multi-coverage data is 

based on stack principles, where a functional is optimized for best correlation of the traces along a time 

trajectory. In a few words, the normalized correlation semblance, S(𝑣s; 𝑡0), measures the degree of fitting of 

processed amplitudes, 𝑢, of the traces of a CMP gather for a certain moveout and stack velocity, 𝑣s [5]. 

 

Adapted Semblances 

For our specific VSP purpose, the conventional functional 𝑆𝐶(𝑣s; 𝑡0) is adapted as a sum from a first 

depth z = 𝑧𝐹  to a last depth z = 𝑧𝐿 (with 𝑁𝑧 points), over a temporal window δ𝑡 (with 𝑁𝑡 points) centered at the 

target reflection time 𝑡0 = 𝑡0(nΔ𝑡). The functional is explicitly written as: 

 

𝑆𝐶(𝑣s; 𝑡0) =
{ 

1
𝑁𝑡

∑𝑡0+𝛿𝑡/2
𝑡=𝑡0−𝛿𝑡/2

1
𝑁𝑧

∑𝑧𝐿
𝑧=𝑧𝐹

𝑢[𝑡(𝑧; 𝑡0, 𝑣s)] }
2

1
𝑁𝑡

∑𝑡0+𝛿𝑡/2
𝑡=𝑡0−𝛿𝑡/2

1
𝑁𝑧

∑𝑧𝐿
𝑧=𝑧𝐹

{ 𝑢[𝑡(𝑧; 𝑡0, 𝑣s)] }2
 

. (3) 

The measure 𝑆𝐶(𝑣s; 𝑡0) admits values in the interval [0,1], irrespective of the signal amplitude, and it 

quantifies the uniformity of the signal polarity throughout the traces. The quantity 𝑆𝐶(𝑣s; 𝑡0) is proportional to 

the energy ratio between the numerator and denominator of equation (3). The resulting moveout corrected 

section represents the validity of the event picking process, and this coherence measure showed to be very 

effective in our experiments, which we classify as manual picking. 

Another semblance coherence measure used was the complex semblance, which can be followed in 

Bernabini et al. [5]. In this case, we have a complex continuous function ψ expressed by: 

ψ(z, t) = 𝑢(z, t) + 𝐢 q(z, t); (4) 

where q(z, t) is obtained from 𝑢(z, t) by applying the Hilbert transform, 𝐇𝐭, to the traces (with respect 

to the independent variable t), i.e., 

q(z, t) = 𝐇𝐭{𝑢(z, t)}, (5) 

therefore, we deal with an analytical signal, where the amplitudes are taken from the trace envelope 

instead of directly from 𝑢(z, t). The complex semblance, 𝑆𝑋, is defined as: 

 

𝑆𝑋(v, 𝑡0) =
∑𝑡0+𝛿𝑡/2

𝑡=𝑡0−𝛿𝑡/2 |
1

𝑁𝑧
∑𝑧2

𝑧=𝑧1
𝜓(𝑧, 𝑡; 𝑣)|

2

∑𝑡0+𝛿𝑡/2
𝑡=𝑡0−𝛿𝑡/2

1
𝑁𝑧

∑𝑧2
𝑧=1

|𝜓(𝑧, 𝑡; 𝑣)|2
 

 (6) 

where the vertical bars denote the modulus of the complex number; hence the value of 𝑆𝑋(v, 𝑡0) is real. 

This coherence measure was shown to be effective in our experiments, and complementary to the conventional 

semblance, 𝑆𝐶(v, 𝑡0). 
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The so-called AB-semblance, as described by Fomel [11], was also implemented and analyzed together 

with the conventional and complex semblance measures. However, only the solutions given by the conventional 

and complex semblance measures were consistent enough and chosen for demonstration. 

 

Time Trajectories 

For the VSP numerical experiments, the NMO correction used the velocity values, 𝑣nmo, from the 

optimization of the 𝑆(𝑣nmo; 𝑡0) functional along a specific linear trajectory 𝑡(𝑧; 𝑡0, 𝑣nmo) given by: 

 

𝑡(𝑧; 𝑡0, 𝑣nmo) = 𝑡0 +
𝑧 − 𝑧0

𝑣nmo

. 

 (7) 

That is, we define a linear trajectory to describe the up-going field reflected from the bottom (at depth 

𝑧0) of the target zone. In another optimization process for reference, we implemented an automatic search for 

the estimation of the parameter 𝑣nmo in the semblance domain, as described by Leite e Vieira [19], which can 

be used in a future numerical experiment. 

For comparison reasons, time trajectories in surface seismic reflection, the NMO correction and stack, 

based on the function 𝑆(𝑣s; 𝑡0), gives the optimum value of 𝑣s in 𝑆(𝑥; 𝑡0, 𝑣s) for the hyperbolic trajectory: 

 

𝑡(𝑥; 𝑡0, 𝑣s) = √𝑡0
2 +

𝑥2

𝑣s
2

, 

 (8) 

which is the conventional hyperbolic trajectory. Other 𝑡(𝑥; 𝑡0, 𝑚) trajectories are given for different 

stack methods as the CRS described by Mann [22], with a specific hyperbolic trajectory given by: 

 

𝑡(𝑥𝑚 , ℎ; 𝑡0, 𝐦) = √[𝑡0 + 2
sin(𝛼0)

𝑣0

(𝑥𝑚 − 𝑥0)]

2

+ 2𝑡0

cos2(𝛼0)

𝑣0

[
(𝑥𝑚 − 𝑥0)2

𝑅N

+
ℎ2

𝑅NIP

] , 

 (9) 

where 𝐦 = (𝛼0, 𝑅N, 𝑅NIP) is the parameter vector of the wave field attributes which are determined in 

the optimization process. The CRS stack method was applied by Von Steht [35] and Goertz [37] by tracing 

different paraxial ray trajectories, and Von Steht [36] looking at real VSP data problems. 

 

The Tubes Waves 

The phenomenon of hydraulic tube waves is rather complex for modeling but well-registered. The 

phenomenon is related to the borehole shape and construction, water content, mud properties, casing, cables, 

pressure stage around the borehole, microearthquakes, dispersion, resonance, soft and hard formations, 

multiples, and frequency band of the power source. The physical mechanism of tube waves called attention and 

research interest [13]. This complexity signalizes that the survey should be conducted in a depth interval 

involving the desired target, which is translated in the VSP time-depth section as a rectangle with the corners 

(𝑡1, 𝑧1), (𝑡2, 𝑧1), (𝑡1, 𝑧2) and (𝑡2, 𝑧2). 

Hydraulic compressional waves (HW) propagate with high amplitude along the cylindrical column 

filled with fluid and represent the major source of systematic noise in the VSP recorded data. The velocity for 

the uncased borehole is given by: 

𝑣 = 𝑣0√
𝜇

𝜇+𝐾0
, (10) 

where 𝜇 is the shear module of the borehole rock, 𝑣0 is the velocity of the fluid (mud filling) contained 

in the borehole, and 𝐾0 is the bulk modulus of the mud material. Typical values of these parameters are 

described by Carcione and Poletto [7]. 

 

The presence of the metal casing makes the velocity of the HW to increase, which is then expressed by: 

𝑣 = 𝑣0√1 +
𝐾0𝐷

𝐸𝑑
, (11) 

where 𝐷 and 𝑑 are, respectively, the diameter and the thickness of the casing, and 𝐸 is the Young 

modulus of the casing metal. The physics of this process is described, for instance, by Noris [26]. 

 

Modeling by the Reflectivity Method 

The construction of a numerical experimental model can have many options, and an obvious selection 

is one as close as possible to a real geological case. We follow here the line of thought of Steeghs and 
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Drijkoningen [34] that clearly satisfies our present 1D forward modeling. The experimental models were 

designed with a velocity gradient, periodic and random distribution of parameters, and mixed patterns; besides, 

we focused at a depth interval and velocity. Therefore, the velocity-depth model has been divided into three 

parts: the top (considered statistically known), the target interval, and the bottom which can produce some 

events as noise. 

The full wave displacement field modeling used is known as the reflectivity method, and its description 

can be followed in Fertig and Muller [10], Aki and Richards Error! Reference source not found., Muller [24], 

and Ma et al. [21], among others. The reflectivity method includes the effects of geometrical spreading and 

conversions between P and S waves. It simulates seismic sections along surface profiling or depth in the 

borehole. Its limitations for treating real data from complex geology can be recognized directly from the model 

shown in Fig. 15, formed by plane, homogeneous, isotropic layers. This model is usual in stack and migrations 

processes; the postulate is that this geometry serves to treat data in a small source-sensor aperture. 

 

The problem solved by the reflectivity method is the integration of the elastodynamic equation given by: 

 

(𝜆 + 2𝜇)∇(∇ ⋅ 𝐮) − 𝜇∇ × (∇ × 𝐮) − 𝜌�̈� = 𝐟, 
 (12) 

for the displacement vector 𝐮 = (𝑡, 𝑢𝑥, 𝑢𝑦 , 𝑢𝑧), under the geometry and boundary conditions described 

with the multilayer model of Fig. 15, which allows for a convenient separation of the displacement components. 

Using the radial symmetry in the cylindrical coordinates, the solution for the 3D spectral components (𝑈𝑧, 𝑈𝑟 , 

𝑈𝜙) is expressed by: 

 

𝑈𝑧(𝑟, 𝑧 | 𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝑧
0(𝑘, 𝑚, 𝑧, 𝜔)𝜔2𝑝𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟), 

                                                                                            (13) 

𝑈𝑟(𝑟, 𝑧 | 𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝑟
0(𝑘, 𝑚, 𝑧, 𝜔)𝜔2𝑝

𝑑

𝑑(𝜔𝑝𝑟)
𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟), 

                                                                                            (14) 

𝑈𝜙(𝑟, 𝑧 | 𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝜙
0 (𝑘, 𝑚, 𝑧, 𝜔)

1

𝑟2
𝜔2

𝑑

𝑑(𝜔𝑝𝑟)
𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟), 

                                                                                            (15) 

where 𝑢𝑧
0, 𝑢𝑟

0 and 𝑢𝜙
0  are the propagation reflection-transmissions coefficients. The computation is 

performed for a large 𝜔 frequency band, and the inverse Fourier transform gives the time response considering 

the traces as real functions. The Green’s function, 𝐺𝑖𝑗, for the problem is a tensor in cylindrical coordinates, 

𝐺𝑖𝑗 , (𝑖, 𝑗 = 𝑟, 𝜙, 𝑧), with the radial, 𝑟, transversal, 𝜙, and vertical, 𝑧, components. 

 

III. Numerical Results 
VSP Configuration and Sequence of Results 

The specific VSP configuration used is named VSP-SO (single offset). For the numerical experiments, 

the chosen source positions were 100, 300, and 600 meters away from the top of the borehole and measured 

along the surface. The borehole is considered vertical; therefore, the trajectories (primaries and multiples) are 

close to the vertical with a small incidence angle; for large angles, the possible effects are analyzed by 

Error! Reference source not found. in the 𝐴𝐵 semblance method, where the P-SV-SH spreading across the 

interfaces are taken into consideration. 

The different experiments had in general 512 points, 60 sensors distributed around the target layer, and 

variable offsets producing tables and figures. The models were constructed under the following geological 

criteria: 

1.  Transgressive and regressive periodical phenomena; 

2.  Random distribution of parameters; 

3.  General increasing velocities with depth; 

4.  General increasing velocities with depth, and random distribution of parameters; 

5.  Presence of anomalous Poisson ratio in the target layer. 

 

The figures for analysis of the computational results follow an order that reflects the algorithm’s sequence: 

1.  Distributions for P and S velocities and density in the layered medium; 

2.  VSP sections for 𝑢𝑧, 𝑢𝑟, 𝑢𝜙, and their aliased spectrum; 
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3.  Interpolated VSP sections (𝑢𝑧, 𝑢𝑟, 𝑢𝜙) and their non-aliased spectrum; 

4.  Filtered spectral sections (for 𝑢𝑧, 𝑢𝑟, 𝑢𝜙) to obtain the desired ascending field; 

5.  Inverse Fourier transform to obtain 𝑢𝑧, 𝑢𝑟, 𝑢𝜙 VSP sections; 

6.  Interpretation of VSP sections by simple straight ray tracing; 

7.  Calculation of the semblance maps and their interpretation; 

8.  NMO correction based on the interpretation of the semblance map; 

9.  Table of P and S velocities estimation and the gamma ratio for the target zone and surroundings. 

 

Geometrical and Physical Model 

Figure 2 shows a complex geological input model used in the computational experiments, and chosen 

for display. The model is formed by six (6) layers over a half-space, where the necessary parameters for the 

simulation can be seen. The parameters used are also displayed in Table 1. The results for 𝑢𝑧, 𝑢𝑟, and 𝑢𝜙, with 

the correspondent figures, are limited by the number of pages for the article. Other numerical results can be 

found in [9]. 

 

 
Figure 1: Model named 6-layers over a half-space. The target is the layer number 5 (see Table 1). 

 

Table  1: Layer number, thickness, P and S velocities, density, and the 𝛾 ratio for the 6-layer model over a half-

space. The fifth layer has an anomalous 𝛾 value, the goal for discrimination in the semblance domain, and is the 

target layer. 
Layer Thickness (𝑚) 𝑣𝑝(𝑘𝑚/𝑠) 𝑣𝑠(𝑘𝑚/𝑠) 𝜌(𝑔/𝑐𝑚3) 𝛾 

1 87 2.200 1.2702 1.0854 0.577 

2 540 2.300 1.3279 1.1232 0.577 

3 641 2.400 1.3857 1.1611 0.577 

4 972 2.500 1.4434 1.1990 0.577 

5 1133 3.400 2.7760 2.3710 0.816 

6 2344 4.500 2.5982 1.9566 0.577 

Half-space +∞ 5.200 3.0023 2.2218 0.577 

 

Time Sections: Vertical, Transversal, and Radial Components 

P-wave picking is normally done in the vertical component, but the radial component can also be used 

for this purpose. Similarly, the SH-wave picking is normally done in the transversal component, but the radial 

component can also give such information regarding the SV-wave. The picking process depends on the intrinsic 

angle of reflectivity (and the P-SV-SH spreading according to Snell’s law) from the bottom of the target zone 

(layer). 

Figures 3, 4, and 5 are, respectively, the vertical, transversal, and radial components representing the 

time section for systematic analysis, and constructed with the reflectivity method; their input model is shown in 

the Fig. 2. For processing the time sections, we first performed trace interpolation along the depth axis for the 

spectrum to have the least aliasing along the 𝑓𝑧 frequency axis; i.e., we constrained the information to the first 

and second spectral quadrants. Also, to be more realistic, a 5% (of the maximum amplitude) random noise level 

was added systematically to the reflectivity output. A full interpolated section can blur the figure. 
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The major part of the process is the filtering to separate the up and down events. This part showed that 

one needs forward modeling, experience, and try-and-error practice. In figures 3, 4, and 5 we can observe the 

events that correspond to the direct wave, the tubular wave, and reflection, where the discriminant is the 

velocity (event’s inclination in the time section with a convenient scale). In the filtered time section (ascending 

field), the time of the direct wave increases linearly, while for the desired reflection event the time decreases 

linearly. 

 

 
Figure 2: Vertical component, uz, of the VSP time section, P-SV field, with trace interpolation along the z axis, 

additive noise, and gain. The events are interpreted as the direct waves, tubular waves, and reflections. For the 

direct waves, the time increases linearly with depth. For the weak target bottom reflections, the time decreases 

linearly with depth. 
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Figure 3: Transversal component, uϕ, of the VSP time section, SH field, with trace interpolation along the z 

axis, time gain, and additive noise. The events are interpreted as the direct waves, tubular waves, and 

reflections. For the direct wave, the time increases linearly with depth. For the weak target bottom reflection, 

the time decreases linearly with depth. 

 
Figure 4: Radial component, ur, of the VSP section, P-SV field, with trace interpolation along the z axis, time 

gain, and additive noise. The present events are interpreted as direct waves, tube waves, and reflections. For the 

direct waves, the time increases linearly with depth. For the weak target bottom reflections, the time decreases 

linearly with depth. 

 

Filtering Sections: Vertical, Transversal, and Radial Components 

Figures 6, 7, and 8 show the sequence of 𝑓 − 𝑘 spectra of Fig. 3, 4, and 5, respectively, and the applied 

ideal band-pass velocity filter. On the top of each figure, we have the original spectrum showing the strong 

aliasing; in the middle, the trace interpolated spectrum showing the constraint spectrum to the first and second 

quadrants; on the bottom, the band-pass filtered desired event. The desired event is placed in the second 

quadrant and slightly dipping left. This sequence of figures represents an important part of our research efforts 

because the up and down fields must be separated before the velocity estimation be performed. From the bottom 
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figures, we can see that the 2D band-pass filter has the property of an ideal (sharp cut-off) band-pass filter; 

smooth edge filters should be tested for resolution. After the application of the filter, the inverse Fourier 

transform is performed to obtain the VSP seismic section back for further processing, and coherence semblance 

velocity analysis for P and S waves. 

 

 
Figure 5: Stages of the 𝑓 − 𝑘 band-pass filtering of Fig. 3. (Top) original (not interpolated) amplitude 

spectrum, first and second quadrants. (Middle) the spectrum of the section with interpolated traces along the 𝑧 

axis to increase the space Nyquist frequency. (Bottom) ideal band-pass velocity filter applied. 

 
Figure 6: Stages of the f − k band-pass filtering of Fig. 4. (Top) the original (not interpolated) amplitude 

spectrum, first, and second quadrants. (Middle) the spectrum of the section with the interpolated traces along 

the z axis to increase the space Nyquist frequency. (Bottom) the ideal band-pass velocity filter applied. 
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Figure 7: Stages of the f − k band-pass filtering of Fig. 5. (Top) the original (not interpolated) amplitude 

spectrum, first, and second quadrants. (Middle) the spectrum of the section with the interpolated traces along 

the z axis to increase the space Nyquist frequency. (Bottom) the ideal band-pass velocity filter applied. 

 

Semblance Sections: Vertical, Transversal, and Radial Components 

Figures 9, 10, and 11 show on the left the inverse Fourier transform of the entire section from the 

band-pass filtered data of figures 6 (bottom), 7 (bottom), and 8 (bottom), respectively, where the shown main 

events are the desired reflection from the bottom of the target zone. On the right side of figures 9, 10, and 11, 

we have the output of the semblance algorithm showing the coherent high concentration of the desired P- and S-

wave primary events. From the interpreted conventional semblance map, the arrow-pointed events give a sharp 

velocity picking summarized in Table 2 for the 3D sensors positioned in the target layer, as shown in Fig. 2, and 

given in Table 1. The three-digit decimal values are given by the picking on the computer monitor. 

 

 
Figure 8: Upward field and semblance map. (Left) inverse Fourier transform of the band-pass filtered data of 

Fig. 6 (bottom), which corresponds to the vertical component, uz, of the upward reflection field from the bottom 
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of the target zone. (Right) the conventional semblance map that corresponds to the coherence measure for the 

left section along linear trajectories. The arrow points to the P-wave at 1.616 s and a vnmo = 3425 m/s. At 2.70 

s there is a multiple with the same velocity of 3425 m/s. 

 

 
Figure 9: Upward field and semblance map. (Left) inverse Fourier transform of the band-pass filter data of Fig. 

7 (bottom), which corresponds to the transversal component, uϕ, of the upward reflection field from the bottom 

of the target zone. (Right) the conventional semblance map that corresponds to the coherence measure for the 

left section along linear trajectories. The arrow points to the SH-wave at 2.458 s and a vnmo = 2778 m/s. The 

multiples are present but relatively weak in this plot. 

 
Figure 10: Upward field and semblance map. (Left) inverse Fourier transform of the band-pass filter data of 

Fig. 8 (bottom), which corresponds to the radial component, ur, of the upward reflection field from the bottom 
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of the target zone. (Right) the conventional semblance map that corresponds to the coherence measure for the 

left section along linear trajectories. The arrow points to the SV-wave at 2.439 s and a vnmo = 2736 m/s. At 

4.26 s there is a multiple with the same velocity of vnmo = 2736 m/s. 

 

Stages of VSP Sections: Vertical, Transversal, and Radial Components 

Figures 12, 13, and 14 summarize the three stages of the VSP field separation for qualitative analysis. 

Starting left, the original interpolated time section; in the middle, the upward seismic field component; and on 

the right, the NMO corrected upward field after the semblance velocity picking. The NMO section is the strong 

validation technique for the semblance velocity-picking process in the present study. 

 

 
Figure 11: Stages of the VSP processing, P-SV field. (Left) original interpolated time section. (Middle) 

upwards filtered component. (Right) NMO corrected time section showing the expected flattened event from 

the semblance velocity picking around 1.616 s for the P wave with vnmo = 3425 m/s. At t = 2.70 s there is a 

multiple arrival with the velocity of the P wave. 

 
Figure 12: Stages of the VSP processing, SH field. (Left) original interpolated time section. (Middle) upwards 

filtered component. (Right) NMO corrected time section showing the expected flattened event from the good 

semblance velocity picking at 2.458 s for the SH wave with velocity vnmo = 2778 m/s. Early internal arrivals 

and multiples are placed above the focus event. 
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Figure 13: Stages of the VSP processing, P-SV field. (Left) original interpolated time section. (Middle) 

upwards filtered component. (Right) NMO corrected time section showing the expected flattened event from 

the good semblance velocity picking around 1.616 s for the P wave with velocity vnmo = 3425 m/s, and at 

2.439 s for the SV wave with velocity vnmo = 2736 m/s. 

 

Results Summary Table 

Table 2 summarizes the velocity picking process in the semblance domain for the three seismic 𝑢𝑧, 𝑢𝑟, 

and 𝑢𝜙 components. The P-wave was easily picked from the 𝑢𝑧 component, and the SH-wave from the 𝑢𝜙 

component. In the numerical experiment, the 𝑢𝑟 component allowed also for picking the SV-wave mode, as a 

double check. The P-SV-SH spreading is expected to be an important issue in this modeling for different normal 

incidence angles. The figures shown are only for a set of values when the sensors are positioned in the target 

layer, otherwise, too many figures would have to be shown in this paper. 

 

Table  2: Example of the picked time, 𝑡0, and velocities, 𝑣nmo, for the anomalous layer in the correspondent 

semblance map, S-conventional and S-complex, and the 𝑢𝑧, 𝑢𝜙 and 𝑢𝑟 sections. The 3D sensors are positioned 

in the target layer of the 6-layer model, as can be seen in Fig. 2. We did not show similar table for the layers 

above and below the target layer to spare space. 
P-wave, component: 𝑢𝑧(𝑡0, 𝑣) 

𝑡0 (s) 𝑆𝐶-conventional: 𝑣 𝑡0 𝑆𝑋-complex: 𝑣 

1.616 3425 1.616 3448 

SH-wave, component: 𝑢𝜙(𝑡0, 𝑣) 

𝑡0 (s) 𝑆𝐶-conventional: 𝑣 𝑡0 𝑆𝑋-complex: 𝑣 

2.458 2778 2.458 2724 

SV-wave, component: 𝑢𝑟(𝑡0, 𝑣) 

𝑡0 (s) 𝑆𝐶-conventional: 𝑣 𝑡0 𝑆𝑋-complex: 𝑣 

2.400 2736 2.439 2805 

 For the sensors positioned in the layer above the target layer, the calculation of the gamma ratio from the 

conventional and complex semblance maps gives the following results: 

𝛾 =
𝑣𝑠

𝑣𝑝
=

1448

2517
= 0.575,    where    Δ𝛾 = 0.35%, (16) 

𝛾 =
𝑣𝑠

𝑣𝑝
=

1448

2494
= 0.580,    where    Δ𝛾 = −0.51%. (17) 

For this experiment, the deviation Δ𝛾 from the real values is smaller for the conventional semblance. 

The real values are in Table 1. 

For the sensors positioned in the target layer, the calculation of the 𝛾 ratios from the conventional and 

complex semblance maps gives the following results: 

𝛾 =
𝑣S

𝑣P
=

2778

3425
= 0.811,    where    Δ𝛾 = 0.61%, (18) 

𝛾 =
𝑣S

𝑣P
=

2724

3448
= 0.790,    where    Δ𝛾 = 3.18%, (19) 

which shows a rather good agreement measured by the deviation in percentage, concerning Table 1. 

For the sensors positioned in the layer below the target layer, the calculation of the gamma ratios from 

the conventional and complex semblance maps gives the following results: 

𝛾 =
𝑣𝑠

𝑣𝑝
=

2425

4184
= 0.579,    where    Δ𝛾 = −0.34%, (20) 

𝛾 =
𝑣𝑠

𝑣𝑝
=

2437

4230
= 0.576,    where    Δ𝛾 = 0.17%. (21) 

For this model, the deviation Δ𝛾 is smaller for the complex semblance. The real values are in Table 1 



VSP Modeling With The Reflectivity Method And Semblance Processing 

DOI: 10.9790/0990-1205013552                             www.iosrjournals.org                                                 49 | Page 

 

IV. Conclusions 
Our main conclusions are related to the initially established goals to look at how sensitive is the 

gamma ratio, 𝛾 =
𝑣S

𝑠𝑃
, estimation in a layered medium with variation of velocity, principally around an 

anomalous 𝛾 ratio. The theory says that a geological reservoir can be characterized by an anomalous high 𝛾 

ratio surrounded by normal 𝛾 (values around the Poisson’s solid, with physical Lamé’s parameters 𝜇 ≈ 𝜆). The 

results are displayed over the 𝑡 − 𝑧 seismic sections and geological images are simply interpreted. 

The first point to highlight is the necessity of full control of the geology converted to a geophysical 

model expressed by geometry and physical parameters. The second is to properly describe the target zone for 

investigation. The third is the band-pass filtering process to separate the upward from the downward field 

propagation components. The fourth is the importance of having a non-aliased spectrum that can be obtained by 

interpolation. The fifth is the full control of the semblance method for picking events which should be described 

by a specific time trajectory that will be dependent on the source-sensor offset. 

The results obtained in the experiments for the measure of the 𝛾 ratio showed a relatively small error 

less than 5%, concerning the real value, which we consider a good numerical result. The effect of higher noise 

in the data is to smear off the velocity picking in the semblance domain. 

A further investigation should be done to compare the reflectivity method with the classical ray theory 

on the same model. It is clear that ray tracing takes better care of complex geological cases due to lateral 

variations, like the presence of domes, but it needs more explicit parameter control. Naturally, the application to 

real 3C data is certainly the next step up to examine the possibility of anomalous 𝛾 ratios, in a strategic picking 

procedure, as in the case of velocity analysis and stack followed by migration. 
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Short Resume of The Reflectivity Method 

The forward modeling used the reflectivity method as described by Aki and Richards [1], implemented 

by Sandmeier [30], and shortly discussed by Ma et al. [21], among other authors. The reflectivity method is 

mostly used to simulate body waves, and it includes geometrical spreading, conversions P-SV-SH, and 

simulates seismic sections along a surface profiling, 𝑥 − 𝑦, or along the depth, 𝑧. The limitations for analyzing 

real data from complex geology can be recognized directly from the geometrical model of Fig. 15, which is 

formed by plane, homogeneous, and isotropic layers. However, this model is usual in stack and migration 

processing. The postulate is that this geometry serves to treat data in a small source-sensor aperture. 

 

 
Figure 14: The geometry and parameter distribution in the reflectivity model, following Aki and Richards [1]. 

 

The basic idea of the reflectivity method is to decompose the solution of the non-homogeneous 

elastodynamic equation: 
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𝜌�̈� = 𝐟 + (𝜆 + 2𝜇)∇(∇ ⋅ 𝐮) − 𝜇∇ × (∇ × 𝐮), 
 (22) 

in terms of vertical and horizontal propagation. Therefore, the model is represented by vertically 

stratified earth, where 𝐮 = (𝑡, 𝑢𝑥, 𝑢𝑦 , 𝑢𝑧) is the temporal displacement vector, 𝐮 = 𝐮(𝑡, 𝐱), �̈� the second order 

time derivative, 𝜌 the density of the layer with 𝜆 and 𝜇 its Lamé’s parameters, ∇ the vector operator for the field 

gradient, divergence and curl. The vector 𝐟 = 𝐟𝐈 plays the role of the internal body forces (gravity and magnetic 

between internal particles), that is considered null; this condition makes the system (22) homogeneous. Then, 𝐟 

takes another format as the external source function distributed in time and space, 𝐟 = 𝐟𝐄, and the system (22) 

becomes inhomogeneous; therefore, we expect a convolution between the source function and the medium 

impulse response. 

Equation (22) is submitted to the Lamé-Helmholtz decomposition theorem for the source vector 

function 𝐟, and displacement vector 𝐮, in terms of displacement potentials (𝜙 scalar and 𝚯 vectorial) as 

described by Saada [29]. The decomposition is: 

 

𝐮 = ∇𝜙 + ∇ × 𝚯,    ∇ ⋅ 𝚯 = 0, 
(23) 

 

𝐟 = ∇Φ + ∇ × 𝚿,    ∇ ⋅ 𝚿 = 0. 
(24) 

The vector potential 𝚯 in (23) represents the S-wave, and is further decomposed into two scalar 

potentials, 𝜓 for the SV component, and 𝜒 for the SH component, then we have that: 

 

𝐮 = ∇𝜙 + ∇ × ∇(0,0, 𝜓) + ∇ × (0,0, 𝜒). 
 (25) 

The source vector term (considering only the external contribution, 𝐟 = 𝐟𝐄) is similarly expressed with 

Greek capital letters by: 

 

𝐟 = ∇Φ + ∇ × ∇(0,0, Ψ) + ∇ × (0,0, 𝑋). 
 (26) 

The result of the algebraic is the set of equations of motion for the P, SV, and SH-waves, in terms of 

displacement potentials, as given by: 

 

𝛼2∇2𝜙 − �̈� = −
Φ

𝜌
,    𝛽2∇2𝜓 − �̈� = −

Ψ

𝜌
,    𝛽2∇2𝜒 − �̈� = −

𝑋

𝜌
, 

 (27) 

where 𝛼2 =
𝜆+2𝜇

𝜌
, 𝛽2 =

𝜇

𝜌
; 𝛼 = 𝑣P, and 𝛽 = 𝑣S. 

This summary exposes the propagation of the potentials in terms of the wave equations in the form 

((27)); besides, this independent propagation is valid for one layer with constant physical parameters (𝛼, 𝛽, 𝜆, 

and 𝜌). The transmission of energy between sequential layers is set by the boundary conditions. The non-

homogeneous partial differential equations (27) is solved in circular-cylindrical coordinates (radial, azimuthal, 

depth), to account for the horizontal symmetrical (lateral) propagation, allowing the heterogeneity of the model 

to the vertical axis (𝑧). 

The solution to equation (25) is obtained by the method of separation of variables, and Fourier 

transformation from time to frequency. Then, the superposition of basic infinite Fourier components is written 

in the general form: 

 

𝑓(𝜔) = ∫
∞

−∞

𝑓(𝑡)𝑒+𝑖𝜔𝑡 ,      𝑓(𝑡) =
1

2𝜋
∫

∞

−∞

𝑓(𝜔)𝑒−𝑖𝜔𝑡 ,    (time), 

(28) 

𝑓(𝑘) = ∫
∞

−∞

𝑓(𝑥)𝑒−𝑖𝑘𝑥 ,    𝑓(𝑥) =
1

2𝜋
∫

∞

−∞

𝑓(𝑘)𝑒+𝑖𝑘𝑥 ,    (space). 

(29) 

 

Vertical and Horizontal Propagations 

The solution for the displacement potentials in circular-cylindrical coordinates is: 
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𝜙(𝐱, 𝜔) = 𝐽𝑚(𝑘𝑟)𝑒𝑖𝑚𝜙(𝐴𝑒−𝛾𝑧 + 𝐵𝑒𝛾𝑧)𝑒−𝑖𝜔𝑡 , 
(30) 

 

𝜓(𝐱, 𝜔) = 𝐽𝑚(𝑘𝑟)𝑒𝑖𝑚𝜙(𝐶𝑒−𝜈𝑧 + 𝐵𝑒𝜈𝑧)𝑒−𝑖𝜔𝑡 , 
(31) 

 

𝜒(𝐱, 𝜔) = 𝐽𝑚(𝑘𝑟)𝑒𝑖𝑚𝜙(𝐸𝑒−𝜈𝑧 + 𝐹𝑒𝜈𝑧)𝑒+𝑖𝜔𝑡 . 
(32) 

where 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, and 𝐹 are the integration constants, 𝑚 is an integer, 𝐽𝑚(𝑘𝑟) the 𝑚th-order Bessel 

function, 𝛾 = (𝑘2 − 𝜔2/𝛼2)1/2, 𝜈 = (𝑘2 − 𝜔2/𝛽2)1/2. 

With the above potential constructions, the propagation is separated into two parts: the horizontal, 

(𝑟, 𝜙), and the vertical (𝑧) components. The horizontal propagation is expressed by the term 𝑌𝑘
𝑚(𝑟, 𝜙) =

𝐽𝑚(𝑘𝑟)𝑒𝑖𝑚𝜙. The vertical component is represented in the exponential terms 𝑒±𝛾𝑧  and 𝑒±𝜈𝑧, where the layer 

strata are represented by the physical parameters, and by the geometry (layer thickness and depth). 

In the 𝑓 − 𝑘 spectral domain, the vertical propagation is summarized in terms of plane waves as a 

matrix differential equation in the form: 

 
𝜕𝐟

𝜕𝑧
= 𝐀𝐟, 

 (33) 

where 𝐀 is a constant square matrix composed of elastic parameters of a particular layer, and 𝐟 is a 

column matrix for particle displacement and stress starting at the source level. Therefore, the construction of the 

matrices 𝐀 and 𝐟 start from the equation of motion in the stress form for the basic SH and P-SV, as given by: 

 

𝜌�̈�𝑖 = 𝜏𝑖𝑗,𝑗 + 𝑓𝑖 . 

 (34) 

Equation (34) allows the construction of the propagation in terms of a matrix product from depth 𝑧𝑛 to 

𝑧𝑚, and boundary conditions, as: 

 

𝐟(𝑧𝑚) = 𝐏(𝑧𝑚, 𝑧𝑛)𝐟(𝑧𝑛), 
 (35) 

where the propagator matrix 𝐏(𝑧𝑚, 𝑧𝑛) is known explicitly and carries the information through the 

layering, and 𝐟 the amplitudes at both ends (source and receiver). 

As a summary, the solution formulas for the reconstruction of the long-distance field are written in the 

following form: 

 

𝑈𝑧(𝑟, 𝑧|𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝑧
𝑜(𝑘, 𝑚, 𝑧, 𝜔)𝜔2𝑝𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟), 

(36) 

𝑈𝑟(𝑟, 𝑧|𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝑟
𝑜(𝑘, 𝑚, 𝑧, 𝜔)𝜔2𝑝

𝑑

𝑑(𝜔𝑝𝑟)
𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟), 

(37) 

 

𝑈𝜙(𝑟, 𝑧|𝜔) =
1

2𝜋
∑

∞

𝑚=−∞

∫
∞

0

𝑢𝜙
𝑜 (𝑘, 𝑚, 𝑧, 𝜔)

1

𝑟2
𝜔2

𝑑

𝑑(𝜔𝑝𝑟)
𝐽𝑚(𝜔𝑝𝑟)𝑑(𝑝𝑟). 

(38) 

where 𝑢𝑧
𝑜(𝑘, 𝑚, 𝑧, 𝜔), 𝑢𝑟

𝑜(𝑘, 𝑚, 𝑧, 𝜔), and 𝑢𝜙
𝑜 (𝑘, 𝑚, 𝑧, 𝜔) are the reflection-transmission coefficients 

obtained from the propagator matrix equation (33) and (35), and the physical parameters and boundary 

conditions are included. The symbol 𝑝 represents the ray parameter, 𝑟 is the distance source-receiver on the 

surface, and 𝐽𝑚 is the Bessel function of the first kind and 𝑚th order. A second integration over 𝜔 (IFT) is 

applied to obtain the correspondent displacement, where it is necessary to calculate over a complete set of 

frequencies in the pass-band of the source pulse and fold over the real (even function) and imaginary (odd 

function) parts. 

The source pulse 𝐟 = 𝐟𝐄 = 𝐹(𝑡, 𝐱) is conveniently separated in time and space factors, 𝐹(𝑡, 𝐱) =
𝐹(𝑡)𝐹(𝐱). The space factor is to localize the source by a Dirac delta function, 𝐹(𝐱) = 𝛿(𝐱0) at 𝐱0, where a 
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source directivity can be introduced. For the time factor there are several convenient functions like Ricker and 

Berlage, and a common time function used is given by: 

𝐹′(𝑡) = {
sin(𝛿𝑡) −

1

𝑚
sin(𝑚𝛿𝑡), [ 0 ≤ 𝑡 ≤ 𝑇 ],

0, [ 𝑡 < 0 and 𝑡 > 𝑇 ],
 (39) 

where 𝛿 = 𝜋
𝑁

𝑇
, 𝑚 =

𝑁+2

𝑁
, 𝑁 = (1,2, … ). Typical values for the parameters are 𝑁 = 2; 𝑇 = 30 ms; 

Δ𝑡 = 4 ms, corresponding to a Nyquist frequency of 125 Hz. The peak frequency of the pulse is around 35 Hz, 

and the spectral content above 100 Hz can be neglected [see Figs. 15 and 15] 

Error! Reference source not found.. 

 

 
Figure  16: The Muller-Fertig temporal source function is represented by the equation (39), and its amplitude 

and phase spectra are plotted using the same frequency axis. (a) The parameters used were 𝑇 = 30 ms and 𝑁 =
2, which represent the dominant period and the number of extrema in the pulse. (b) Amplitude and phase 

spectra of the Muller-Fertig temporal function. In this example, most of the spectral content is below 100 Hz. 
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