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Abstract: Using short-time dynamics and analytical solution of Heisenberg equation of motion for the
Hamiltonian of quadratically-coupled optomechanical system for different field modes, we have investigated the
existence of higher-order single mode squeezing, sum squeezing and difference squeezing in absence of driving
and dissipation. Depth of squeezing increases with order number for higher-order single mode squeezing.
Squeezing factor exhibits a series of revival-collapse phenomena for single mode, which becomes more
pronounced as order number increases. In case of sum squeezing amounts of squeezing is greater than single
mode higher-order squeezing (n = 2). It is also greater than from difference squeezing for same set of
interaction parameters. Sum squeezing is prominently better for extracting information regarding squeezing.
Keywords: nonclassical, higher-order squeezing, optomechanical.

I.  Introduction

A single mode light has two components in terms of two quadrature operators which obey Heisenberg
uncertainty relation and are non-commutating [1, 2]. The variance of quadrature has equal lower bound, for
nonclassical character of the optical field. Variance of one quadrature may be less than the lower bound due to
cost of other variance. This nonclassical feature is hamed as squeezing. Nonclassical fields are those for which
Glauber-Sudarshan P function is negative or more singular than delta function. As P function is not observed
directly through experiments, it is necessary to talk about other criteria to characterize nonclassicality. These are
Fano Factor, Wigner function negativity etc. There are several nonclassical features such as entanglement,
antibunching, quantum beats, collapse-revivals [3] etc. Revivals are true quantum effects, which are due to
discreteness of particle number states. It is well known that uncertainty of any one of the quadrature in the
squeezed state is reduced in comparison to the coherent state. Any one of the squeezed state be less noisy than
coherent one. Squeezing may be of different nature such as amplitude squeezing, phase squeezing, spin squeezing, sum
squeezing, difference squeezing etc. These nonclassical features have potential application in interferometric technique [4],
optical waveguide tap [5], optical communication [6], quantum cryptography [7], quantum dense coding [8], teleport
entangled quantum bits [9], nonlinear beam splitter [10], multi-wave mixing Process [11], enhance sensitivity of the
gravitational wave detector [12, 13]. Squeezing has been theoretically predicted and experimentally observed in different
nonlinear optical processes such as four-wave mixing [14], free electron laser[15], Optomechanical system[16, 17] etc.
Optomechanical system (OMS) lies at the boundary between nanoscience and quantum optics. It also provides quantum
effects at macroscopic scale. In OMS there are coherent coupling between electromagnetic and mechanical
degrees of freedom via radiation pressure [18, 19]. In general, optomechanical coupling may be linear or
quadratic according to the coupling term proportional to x or x2 where x is the mechanical displacement of the
membrane. For quadratic coupling there will be a change in resonant frequency of the cavity resonator. Recently
different methods or proposals are stated to increase the coupling strength for studying the features of the
optomechanics in single photon strong coupling regime [20, 21]. As there is photon phonon interaction in the
cavity, there is also a possibility of phonon squeezing. It is observed that phonon squeezed states reduces
quantum noise in solids [22]. Lower order squeezing in quadratic-coupled OMS for different field modes have
already been studied [16]. In this article we focus our attention on higher-order squeezing. For higher-order the
definition of amplitude-squared squeezing, amplitude-cube squeezing, nth order single mode squeezing [23] are
well known. Higher-order two-mode squeezing has been studied in-terms of sum and difference squeezing [24].
Regarding the generation of higher-order squeezed states for electromagnetic field, a lot of work has been done
on both experimental and theoretical investigations. Hillery has shown that amplitude squared squeezed states
can be used for reduction of noise for nonlinear optical systems [25]. Higher-order squeezing has useful
application in prototype gravitational wave detection [26], higher harmonic generation [27, 28], hyper- Raman
scattering [29], parametric amplification [30], Six-wave mixing process [31], and so forth.The present article is
organized as follows: at first we describe the model Hamiltonian of quadratically coupled OMS and its
perturbative solutions for Heisenberg equation of motion corresponds to various field modes. Using the criteria
for different higher order squeezing we have investigated the existence of squeezed states for various field
modes. At last, we have discussed results with conclusions.
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Il. The Model and its solutions

Quadratic-coupled OMS is a system (a cavity) in which a dielectric membrane (may be Si;N, [32]) is
placed at the middle between two macroscopic, rigid and high-finesse mirrors i.e. a Fabry-P erot cavity. The
coupling between mechanical motion of the membrane and the optical cavity depends on the position of the
membrane, relative to a node (or antinode) of the intra-cavity standing wave. The Hamiltonian for such a system
is given by (A = 1) [32, 33]

H = w.a'a + w,b™h + gata(bt + b)? + iE (aTe®dt — gelwat) 1)

The single mode cavity field is characterized by the annihilation (creation) operators a(a’) and the
field operators b(b1) for the mechanical motion of the membrane having resonant frequency w, and that of
mechanical mode w,, respectively. These operators are satisfying bosonic commutation relation[a,a’] =
[b,bT] = 1. g is the coupling strength between cavity field and the membrane. Recent studies [34, 35] shown
that the value of g can be order of several kHz. For near field optomechanical system there is a proposal to
estimate the coupling strength to be of the order of few MHz [21]. E is the external driving parameter which
drives the system by frequency w,. As optomechanical system is closed, the environmental effects are
negligible and experiment [36] is directed towards optomechanical system in which environmental effects are
less. Here we consider system Hamiltonian in absence of zero driving as used in references [16, 37, 38, 39] in
different situation for optomechanical system. So, in absence of driving (i.e.E = 0) and other losses, the
Hamiltonian of the system takes the form

H=w.a'a+ w,bth + gata(b’ + b)? )

In order to investigate the existence of higher-order squeezing of a generic quadratically coupled OMS
we use Heisenberg equations of motion for cavity field mode and mechanical mode which corresponds to the
above Hamiltonian. We write the equations of motion for a and b as follows:

a(t) = —ifwea(t) + ga®){b2(t) + b%(t) + 2bT(t)b(t) + 1}]

b(t) = —i[wnb(t) + 2gat(®)a@®{bT () + b(D)}] ®3)
Using short-time dynamics we may expand any operator a(t) in Taylor series as a(t) = a(0) + it[H,a(0)] +
--- . From the evaluation of commutation we get the time development of operator a(t) in-terms of a(0).
The solutions of the equation (3) assumes the following form

a(t) = g,a(0) + g,a(0)b™(0) + g;a(0)b*(0) + g4a(0)b*(0)b(0) + gsa(0)

b(t) = 1;b(0) + L,at(0)a(0)b(0) + I,a*(0)a(0)b*(0) 4)

where the parameters g; (i = 1, ...,5) and [; (i = 1, ...,3) are function of time and can be evaluated from initial
boundary conditions g, =y, =1 and g; =1, = (i =2,...,5).
The solutions of g;(t) and [;(t) are given by

g1(t) = e7 g, (1) = igl(t)G(t); 93(t) = _ﬁgﬂt)G*(t) ; 94(8) = —2igtg,(t) ;

gs(t) = —igtg,(t); L () = e~ ; ,(t) = —2igtly(t) ; 3() = :;m[ll(t) = L(®)] ®)

where G(t) = 1 — e?i@mt,

The above solutions are valid up to first order in g such that gt < 1 and perturbation calculation holds good.
For checking the solutions we use Equal time commutation relation (ETCR) as [a(t), a(t)] = [b(t), bT(t)] =
1 has been used. Here the operator a(0) commutes with b (0) and b(0). Similarly, b(0) commutes with at(0)
and a(0).

During the analytical solution, we choose parameters of the system based on experiment for optomechanical
systems, which are used in references [20, 32, 40] .

I11. Quadrature squeezing
Squeezing is defined as a quantum mechanical fluctuation of quadratures. For investigating squeezing
we have to define two quadratures X; and X,, which express the real(electric) and imaginary(magnetic) parts of
the radiation field respectively. We assume the quadrature operators satisfy the following commutation relation

(X1, X,] = %C , where C is an operator or C-number. Using the uncertainty relation the commutation rule can be
written as

((AX1)2K(8X)?) = - 1(C) I2 (®)

where ((AX;)?) = (Xiz) — (X;)2. The system is said to be squeezed in the quadrature if
((AX)?) =2 1(CY1<0 (7)
where equality sign holds for minimum uncertainty.
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111.1 The n-th order single mode squeezing:
For n-th order single mode squeezing the operators are [23]
Xy =2{a"(®) + a™(O)}, X, = - {a"(t) — a™(1)}
€ =a*®a™(®) —a™®)a"() €)
The field mode is said to be squeezed in the X; direction if S;(n) < 0 where we define S;(n) = ((AX;)?) —
2 (C) 10 withi=12.

For n = 2 i.e. for amplitude squared squeezing the above condition takes the form

(AX:)?) = (Vo + D) <0 ©
Where i = 1,2. Similarly, for n = 3 i.e. for the state to be amplitude cube squeezed if
<(AXia(t))2> —((9N2 + 9N, +6)) <0 (10)

The number operator for the field mode a and b are
N, = a’(®)a(t) = a’(0)a(0)gig; + [aT(0)a(0)b*(0)g;9: + at(0)a(0)b1?(0)g59:
+a?(0)a(0)b'(0)b(0)g19: + at(0)a(0)gsg, + h.c.]
N, = bt (t)b(t) = bT(0)b(0)I;1; + [at(0)a(0)bT(0)b(0)131; + at(0)a(0)b?(0) 51, + h.c] (11)

In order to calculate the fluctuations of the quadratures, we assume that photon and phonon modes are initially
in coherent state (i.e. composite bosonic field consisting photon and phonon). So initial state is the product of
two coherent states | «)® | B) where | a) and | B8) are the eigenkets of field operators a and b respectively. If
the operator a(t) operates on the state, it gives complex eigenvalue a. Using these we obtain

S1a(m) \ —
(Sem)=0 (12)
2
(2%) - inT la 21172 + c.c.) (13)

where c.c. indicates complex conjugates.
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Figure 1: Plot of squeezing parameter S;;,(2) and S,;, (2) with w,,t for b mode with n=2, « = 3, f = 2,
g = 2m x 10 KHz and = = 0.1.

m

From above results it is evident that there is no signature of higher-order single mode squeezing for
cavity field mode. To investigate the possibility of higher-order single mode squeezing for b mode we have
plotted the result of the equation (13) in figures - 1,2 as a function of w,,t. Figure 1 and 2 represent the variation
of squeezing parameters for n = 2 i.e. amplitude squared squeezing and n = 3 i.e. amplitude cube squeezing
respectively. From these variations one can observe that any quadrature of the mechanical mode always be
squeezed due to cost of other which is a consequence of Heisenberg uncertainty relation. The depth of squeezing
increases with g, order number n and also with coupling strength g. From figures 1 and 2 it is clear that
amount of squeezing increases almost ten times when we increase order number from n = 2 ton = 3 for same
values of interaction parameters. If we consider g as real it can be said that the term n282"~2 plays the role of
amplification factor. Again, for a given order number n the coupling strength g plays the same role. The
presence of the function I5(t) in the expression is the key factor for that. It is also seen that as order number n
increases, time period for oscillations decreases due to decrease in energy exchange. Here monotonous
increasing of envelope for both the quadratures is observed due to truncation of perturbation calculation for
coupling strength g in the solutions. Figure 3 represents the variation of the equation (13) as a function of time.
From this representation it is observed that there is a collapse-revival phenomenon. The occurrence of this
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phenomenon in quadratically coupled OMS may be explained as follows. Here S;;, () is function of time which
includes two forms of periodic function which are f(w,t) and f(nw,t). For a fixed value of membrane
frequency w,,, when the period of energy exchange between the modes decreases many oscillations occur, up to
interaction time w,,t = sm ( is positive integer). At this moment the field is trapped due to presence of the
nonlinearity in the cavity membrane, so S;;,(n) collapse. As phononic interaction proceeds, this phenomenon
repeats periodically. The number of revival pattern increases with increasing the order number n , because the

period of each revival is controlled by the factor t = @D According to our calculation the factor I5(t)
- m

plays an important role for revival phenomenon and envelope function [, (t) provides main contribution to the
collapse.

100 s=T A
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Figure 2: Plot of squeezing parameter S;,(3) and S,;, (3) with w,,t for b mode withn=3, « = 3, 8 = 2,
g =2mx10 KHzandwi= 0.1
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Figure 2: Plot of squeezing parameter S;, (4) and S,;, (4) with t (ms) for b mode with n=4, a = 3, 8 = 2,
g =2mx 10 KHzand = = 0.1,

111.2 Sum squeezing and Difference squeezing:

In this portion we have to find out existence of sum squeezing and difference squeezing of a generic
quadratically-coupled OMS and how its depth depends on coupling strength g. Here we consider cavity field
mode is initially coherent and mechanical mode is in vacuum state. So, initial state is | a)® | 0) where eigenket
of field operator a is | a).

For sum-squeezing the quadrature operators Y; and C have the form [24]

Y, = a(b(®) +at (b (D}, Y = = (a(Db(®) — ' (Db (@)},

C=N,+N,+1

(14)

The system is said to be sum squeezed in the Y; direction if S; , < 0 where we define squeezing factor S; , =

1

((AY)?) — 7| (C) 1 <0 withi = 1,2. Using above squeezing conditions and solutions we find that

(slab ) = i%[glzl3lla2(2 + |a|?) + c.c.]

S2ap

(15)

lab
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Figure 4: Plot of squeezing parameter S; , and S, , with wp,t for ab compound mode with a =3, g = 2r X
10 KHz and - = 0.1,

In order to illustrate the possibility of observing sum squeezing for cavity field mode and mechanical
mode we have plotted S; , from equation (15) as function of w,,t in figure 4. From the plot it is cleared that
sum squeezing is observed for the system and output of sum-squeezing depends on sum of the frequency of the
cavity mode and mechanical mode i.e. w. + w,,. The amount of squeezing is more pronounced with increasing
of coupling strength g and same explanation for monotonous increasing of envelope of the curve has already
been discussed. Here, we also note that although sum squeezing is one type of higher-order squeezing but the
depth of squeezing is more pronounced for sum squeezing than nth order single mode phonon squeezing for
n = 2 under same values of interaction parameter. Although both the processesses of interactions are
instantaneous but energy transfer for photon-phonon interaction is more than phonon-phonon interaction. The
amount of squeezing also depends on relative phase angle of a.

Using quadrature operators Z, , Z, and , we have to investigate possibilities of difference squeezed states for
the quadratically coupled OMS, where the operator take the form [24] as

Zy = 2{a®bT(©) + a" (Ob®), Z; = 5 {a®ObT(®) - a"(Ob(B)},

C = Nb_Na (16)
The system is said to be sum squeezed in the Z; direction if Q;, , < 0 where we define squeezing factor Q;,, =
((AZ)?) —% [ (C) 1 <0 withi=1,2.Using above squeezing conditions and solutions we obtain

(Qlab ) = +1[g7l " a® +c.c.] 17)
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Figure 5: Plot of squeezing parameter Q,, and Q,,, With wp,t for ab compound mode with a« =3, g = 2r X
10 KHz and - = 0.1,

m

To find out existence of difference squeezing in present system we have plotted the Q;,, as given by
equation (17) as a function of w,,t in figure 5. From the above plot it is observed that the squeezing depends on
difference of frequency of the cavity field mode and mechanical mode. In our calculation N, > N, which
satisfies the condition of difference squeezing as stated in reference [24]. For difference squeezing, depth of
squeezing is more than 2nd order single mode (b-mode) but almost fifty percent of the sum squeezing for same
values of interaction parameters. This is probably due to dephasing of photon and phonon. Difference squeezing
also depends on relative phase of « i.e. if we replace a by |ale™ .

DOI: 10.9790/4861-0901019095 www.iosrjournals.org 94 | Page



Higher-Order Squeezing of a Generic Quadratically-Coupled Optomechanical System

IV. Conclusions
In this article, for the first time higher-order squeezing is investigated by us of a generic quadratically-
coupled OMS. For nth order single mode squeezing it is found that the depth of squeezing increases as order
number increases and with decreasing time period of fluctuations. Due to nonlinearity of dielectric constant of
the membrane squeezing factors exhibit revival-collapse phenomenon. The number of revival patterns increases
with order number and the depth of it depend on both the order number and also the coupling strength. Sum
squeezing provides sum-frequency and difference squeezing gives difference-frequency generation. The amount
of all the nonclassical effects i.e. three types of squeezing increases considerably with coupling strength. In case
of sum squeezing the depth of squeezing is more than other two types i.e. 2nd order single mode and difference
squeezing for same values of interaction parameters. So, sum squeezing is the best measure for extracting
information regarding squeezing for quadratically-coupled OMS.
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