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Abstract: The object of the present paper is to study generalized projective ¢-recurrent Sasakian manifolds.
Here we find a relation between the associated 1-forms A and B. We also proved that the characteristic vector
field & and vector field p associated to the 1-forms A and B are co-directional. Finally we proved that
generalized projective ¢-recurrent Sasakian manifold is of constant curvature.
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. Introduction
In 1977, T.Takahashi [13] introduced the notion of locally ¢-symmetric Sasakian manifold and obtain
few of its interesting properties. The authors like [7] and [15] have extended this notion to 3-dimensional
Kenmotsu and trans-Sasakian manifolds respectively. Also ¢-recurrent Sasakian and Kenmotsu manifolds was
studied by authors [6]. In this paper, we study generalized projective ¢-recurrent Sasakian manifold.

The paper is organized as follows. In preliminaries, we give a brief account of Sasakian manifolds. In
section 3, we find a relation between the associated 1-forms A and B. We also proved that the characteristic
vector field & and vector field p associated to the 1-forms A and B are co-directional. Finally we proved that a
generalized projective ¢-recurrent Sasakian manifold is of constant curvature.

I1.  Preliminaries
Let M?"™*1 (¢,&,m,g) be a Sasakian manifold with the structure (¢,&,n,g). Then the following
relations hold [1]:

(2.1) P2(X) = —X + n(X)¢, ¢ = 0,

(2.2) n) =1 gXs3$) =nX), n(@Xx) =0,
(2.3) 9(@X,9Y) = g(X,Y) — n(X)n(¥),

(2.4) RE X)Y = (Vxp)Y = g(X,Y )§ — n(¥)X,

(2.5) (@ W =-9X, (b)) (Iym¥) = gX,¢Y),
(2.6) RX,Y)$ = n(¥ )X — nX)Y,

(2.7) RX, )Y = n(V)X — g(X,Y)S,

(2.8) nRX,Y)Z) = g(¥,Z2)n(X) — g(X,Z)n(Y),

(2.9) S(X,$) = 2nn(X),

(2.10) S(pX,¢Y) = S(X,Y) — 2nn(X)n(Y),

for all vector fields X,Y, Z where V denotes the operator of covariant differentiation with respect to g, ¢ is a
(1,1) tensor field, S is the Ricci tensor of type (0, 2) and R is the Riemannian curvature tensor of the manifold.
Definition 2.1. A Sasakian manifold is said to be locally ¢-symmetric if

(2.11) ¢* ((VwR)(X,Y)Z) =0,

for all vector fields X,Y,Z, W orthogonal to ¢.

Definition 2.2. A Sasakian manifold is said to be locally projective ¢-symmetric if

(2.12) > (VwP)(X,Y)Z) = 0,

for all vector fields X, Y, Z, W orthogonal to ¢.
Definition 2.3. A Sasakian manifold is said to be projective ¢-recurrent manifold if there exists a non-zero 1-
form A such that

(2.13) P2 (WWP)X,Y)Z) = AW)P(X,Y)Z,
for arbitrary vector fields X,Y,Z, W, where P is a projective curvature tensor given by
(2.14) P(X,Y)Z = R(X,Y)Z — i [S(Y,2)X — S(X,Z2)Y ].

If the 1-form A vanishes, then the manifold reduces to locally projective ¢-symmetric manifold.

I11.  Generalized Projective ¢-Recurrent Sasakian Manifold
Definition 3.1. A Sasakian manifold M?"*? is called generalized projective ¢-recurrent if its curvature tensor R
satisfies the condition
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(3.1) P*(VwP)(X,Y)Z) = AW)P(X,Y)Z + BW)[g(Y,2)X — g(X,2)Y],
where A and B are 1-forms, B is non-zero and these are defined by
AW) = gW,p1), BW) = g(W,p,),
and where p, and p, are vector fields associated with 1-forms A and B respectively.
Let us consider generalized projective ¢-recurrent Sasakian manifold. Then by virtue of
(2.1) and (3.1) we have
—((VwP)X,Y)Z) + n((V,,P)(X,Y)Z)E
(3.2) =AWPX,Y)Z + B(W)[g(Y,Z)X — g(X,Z)Y].

From which it follows that

—g((MwPY(X,Y)Z,U) +n((V,P)(X,Y)Z)n(U)
(3.3) = AW)g(P(X,Y)Z,U) + BW)[g(¥,2)g(X,U) — g(X,Z)g (¥, U)].
Let{e;},i=1,2,..., 2n + 1 be an orthonormal basis of the tangent space at any point of the manifold. Then
putting Y = Z = e; in (3.3) and taking summation over i,1 <i < 2n + 1, we get
(34) — (BSX,U) + 25 g(x,U) - L2ED 4 (7,9(X, HnW) -2 (X)) +

2n
CIED ) = AW ZESX,U) - = g(X,U)] + 2nBW)g(X, ).

Replacing U by ¢ in (3.4) and using (2.2)(b) and (2.9), we get

(3.5) AW)[@2n + 1) = ] n(X) + 2rBW)N(X) = 0.
Putting X = £ in (3.5), we obtain
(3.6) BW) = [ — ZX2Aw).

This leads to the following result:

Theorem 3.1. In a generalized projective ¢ —recurrent Sasakian manifold M?2"*! | the 1-forms A and B are
related as in (3.6).
From (3.2) we have,

(3.7) (WPYX,NZ = n((VWP)(X,Y)Z)§ — AW)P(X,Y)Z - BW)[g(Y,Z)X — g(X,Z)Y],

this implies,
(wRX YZ = n((PwR)(X,Y)Z)§ - AW)IR(X,Y)Z

1
+ 5 (W)Y DX = (TwS)(X 2)Y]

- i[(VwS)(Y,Z)n(X) - (X, 2N
+ % AMWSY, )X — S(X,2)Y]
(3.8) +BW)[gY,2)X — g(X,2)Y].
From (3.8) and the Bianchi identity we get
AWINRKX,Y)Z) + AX)nRY,W)Z) + AX)n(RW,X)Z)

1
= ZA(W)[S(Y,Z)U(X) =SX,Z)n(M)]+BW)[g(Y,Z)nX) — g(X,Z)n(Y)]
1
+o AX)[SW,Z)n(Y) =S, Z2)nW)] + BX)[gW,Z)n(Y)- g(¥,Z)n(W)]
(3.9) + ﬁA(Y)[S(X,Z)n(W) - SW,Z)n(X)] + BN [g&X, Z)n(W) — g(W, Z)n(X)].
By virtue of (2.8) we obtain from (3.9) that
AW)[g(Y, Z2mX) — gX, Z2m(V)] + A [gW, Z)n(Y) — g(¥, Z)n(W)]
+AY)[gX, Z)n(W) — g(W, Z)n(X)]
= iA(W)[S(Y.Z)n(X) —SX,Z2nM)] + BMW)[g(Y,ZmX) — g(X, Z)n(Y)]

1
+ o AQOISW, (V) =S¥, 2nW)] + BUOLgW, 2n(Y) — g(¥, Z)n(W)]

(3.10) + iA(Y)[S(X,Z)n(W) = SW,Z2nX]+ BNIgX, Z2mW ) — gW, Z2)n(X)].
Putting Y = Z = e; in (3.10) and taking summation over i, 1 <i < 2n + 1, we get
(@ AW)nX) = AX)n(W)
(3.11) (b) B(W)n(X) = BX)n(W),
for all vector fields X, W.
Replacing X by & in (3.11), we get
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(@AW) = n(W)n(ps)

(3.12) (b)BW) = n(W)n(p.),
for any vector field W, where A(§) = g(&,p1) =n(p,) and B(&) = g(&, p2) = n(p,), p,and p,being the
vector fields associated to the 1-forms A and B.
From (3.11) and (3.12), we state the following theorem:
Theorem 3.2. In a generalized projective ¢ -recurrent Sasakian manifold ( M2"*1, g),n > 1, the
characteristic vector field ¢ and the vector fields p, and p, associated to the 1-forms A and B respectively are
codirectional and the 1-forms A and B are given by (3.12).

From (2.14) it follows that

(3.13) (MwP)(X,Y)§ = (MwR)(X,Y)§ — i [(VwS (X, X — (TwSH(X, Y]
Using (2.5), (2.6) and (2.9) in the above equation, we have

(3.14) MwP)X,Y)E = [gW,9Y)X — g(W,pX)Y ] + R(X,Y)pW.

By virtue of (2.8) and (2.9) it follows from (3.14) that,

(3.15) n(VwP)(X,Y)¢ = 0.

Also in a Sasakian manifolds, the following result holds:
RX, Y)W = g(¢pX, W)Y — g(Y,W)¢X

(3.16) — gy, WX + gX,W)¢Y + ¢RX,YIW.
Using (3.14) and (3.16) it follows that
(3.17) ("WwPYX, V)¢ = g X, W)Y — gV, W)pX + ¢R(X,YIW.

In view of (3.14) and (3.16), we obtain from (3.1) that
gX, W)Y — g(Y,W)pX + pR(X, Y)W
(3.18) = —AW)R(X,Y )¢ — BW)[g(Y,Z)X — g(X,2)Y].
Using (2.6) and (3.12) in (3.18) we have
gX, W)Y — g(Y,W)pX + ¢R(X, Y)W
(3.19) = —(WnE)MMX — nX)Y] = BW)[(I)X — n(X)Y].
Thus if X and Y are orthogonal to &, (3.19) reduces to
(3.20) GRX, VW = g(¥,W)pX — g(X,W)eY.
Operating ¢ on both sides of (3.20) and using (2.1), we get
(3.21) RX, V)W = g(¥,W)X — g(X, W)Y,
forall X,Y, W.
Hence we can state the following:
Theorem 3.3. A generalized projective ¢ -recurrent Sasakian manifold (M?"*1, g),n > 1, is a space of
constant curvature, provided that X and Y are orthogonal to é.
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