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Abstract: This article extends the Wilcoxon signed rank test for testing whether the median of a population is a 

specified constant by treating the observations as imprecise values. The test procedure is developed by using the 

concepts of “Credibility Theory” for studying the behavior of fuzzy phenomena. Numerical illustration of the 

proposed test is provided by representing the observations as trapezoidal fuzzy numbers. 
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I. Introduction 
Statistical tests are used to draw inference about the underlying population distribution based on certain 

hypothesis concerning one or more parameters of the distribution. The basic assumption in these tests is that the 

underlying probability distribution of the population is known except perhaps for the parameters involved. Such 

tests are generally referred to as parametric tests. Neyman-Pearson based approach and likelihood based 

approach are two popular approaches used in carrying out parametric tests. Details about these approaches are 

available in Lehmann and Romano [1]. Sometimes no information is available even about the functional form of 

the probability distribution except the information that it is continuous. In such situations, non-parametric 

approach is usually used. Gibbons and Chakraborti [2] contain details about various non-parametric tests. One 

popular non-parametric test that is used to test whether the median of a population is a specified constant is 

Wilcoxon signed rank test. This test makes use of the ranks of the signed differences of the sample observations 

from the median.  

Generally, in dealing with the above tests, it is assumed that the observations are accurately measured 

or expressed. However, in practice there are situations wherein observed values are imprecise or expressed in 

vague terms. This happens especially with data that are measured on a continuous scale because exact 

measurement is not possible. Examples are measurement on body temperature, physical measurements like 

length, height, weight etc. Fuzzy set theory proposed by Zadeh [3] can be used in these cases to express the 

measured values as fuzzy numbers with pre-defined membership functions. Zadeh’s theory has been applied in 

developing statistical techniques for univariate and multivariate data. Kruse [4] discusses some methods for 

statistical estimation. Kruse and Meyer [5], Manton et al. [6] and Viertl [7] have developed statistical methods 

for imprecise data sets. Testing of statistical hypothesis with fuzzy information can be found in Casals et al. [8], 

Romer and Kandel [9] and Grzegorzewski [10]. Chen [11] has proposed statistical inference procedures for 

imprecise data using possibility theory. Recently Liu [12] has developed a new theory to deal with fuzzy 

phenomena called credibility theory. This theory is based on certain axioms and has nice mathematical 

properties. Details about credibility theory and its associated results can be found in Liu [12]. The primary 

advantage of credibility theory approach is that it does not make use of  -cuts for performing arithmetic and 

relational operations. Based on credibility theory, Vaidyanathan [13] has proposed a correlation measure 

between triangular fuzzy variables. Recently Hesamian and Taheri [14] have developed non-parametric sign test 

for imprecise data using credibility theory. Also Taheri and Hesamin [15] have proposed a generalization of the 

Wilcoxon signed rank test using the concept of fuzzy random variables in which the test statistic as well as the 

critical value is fuzzy. 

In this article, an extension of Wilcoxon signed rank test for imprecise data is proposed  

using the concepts of credibility theory. The rest of the paper is organized as follows.  

In Section 2, certain important concepts, definitions and results based on credibility theory are discussed. 

Section 3 contains a brief description about Wilcoxon signed rank test. Section 4 describes the proposed 

Wilcoxon test for imprecise data. In Section 5, a numerical illustration of the proposed test is given. Section 6 

concludes the article with discussion and future work. 

 

II. Preliminaries 
 To model imprecise values using fuzzy sets, Liu [12] has developed a mathematical theory based on 

axioms called ‘Credibility Theory’. This section contains the definitions of certain important concepts and some 

results based on credibility theory. For detailed proofs of the results, readers may refer Liu [12]. 
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Credibility measure 

 Let   be a nonempty set, and   the power set of   i.e., the largest  -algebra over  . Each 

element in   is called an event. The set function Cr is called a credibility measure if it satisfies the following 

axioms. 

Axiom 1: (Normality)  Cr  = 1. 

Axiom 2: (Monotonicity)    BCrACr   whenever BA . 

              Axiom 3: (Self duality)     1 CACrACr for any event A .  

       Axiom 4: (Maximality)  ii

i

i ACrACr sup







  for any event  iA with  

                              5.0sup ii ACr . 

 ACr
 
indicate the credibility that the event A  will occur.  The triplet  Cr,,  is called a credibility space.  

 

Fuzzy variable: A fuzzy variable is a (measurable) function from the credibility space  Cr,,   to the set of 

real numbers.  

Remark: Any function of fuzzy variables defined on the same credibility space is again a fuzzy variable 

i.e., the sum or product of two or more fuzzy variables is again a fuzzy variable. 

 

Membership function: The membership function 
 
of a fuzzy variable 

 
defined on the credibility space 

 Cr,,
 
is given by       xxCrx ,1,2min  . 

Remark: Membership function represents the degree that the fuzzy variable 
 

takes on some 

prescribed value and it always takes values in the interval [   ]. Depending on the shape of the curve of 

membership functions, fuzzy variables are defined appropriately. Often used fuzzy variables are triangular and 

trapezoidal fuzzy variable.  

 

Triangular fuzzy variable: A fuzzy variable fully determined by the triplet  cba ,,
 
of crisp numbers with 

 cba   and whose membership function is given by 
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is called a triangular fuzzy variable. If bcab   then the triangular fuzzy variable is said to be symmetric. 

 

Trapezoidal fuzzy variable: A fuzzy variable fully determined by the quadruplet  dcba ,,,
 
of crisp numbers 

with  dcba   and whose membership function is given by 
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otherwise
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is called a trapezoidal fuzzy variable. If cdab   then the trapezoidal fuzzy variable is said to be 

symmetric. Also if cb   then the trapezoidal fuzzy variable reduces to a triangular fuzzy variable. 
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Credibility Inversion theorem: Let be ξ be fuzzy variable with membership function  . Then for any set   of 

real numbers,   {   }  
 

 
           )                 ) ). 

  

Credibility distribution: The credibility distribution  1,0:   of a fuzzy variable   is defined by 

    xCrx   | .That is,  x  is the credibility that the fuzzy variable   takes a value less 

than or equal to x .      

     

Expected value of a fuzzy variable: The expected value of a fuzzy variable   denoted by  E  is defined as 

      





0

0

drrCrdrrCrE   provided that atleast one of the integrals is finite. 

Variance of a fuzzy variable: The variance of a fuzzy variable   with finite expected value e  and denoted by 

 V  is defined as       



0

22
 drreCreEV  . Variance of a fuzzy variable provides a 

measure of spread of the membership function around its expected value.   

 

Ordering fuzzy variables: Let   and   be two fuzzy variables defined on the credibility space  Cr,,  . 

The ordering of    and   is defined as follows (see Li et al. [16]): 

1.   if and only if     EE   or     EE   and     VV  . 

2.   if and only if     EE   or     EE   and     VV  . 

3.  ~ if and only if     EE   and     VV  . 

Thus   is greater than or equal to   if and only if   or  ~  and   is lesser than or equal to   if and 

only if   or  ~ . 

 

III. Wilcoxon Singed rank test 
This test is used to determine whether the median   of a population (taking continuous values) is a 

specified constant say    i.e.,        based on random observations from the population. The test is carried 

out by determining the ranks of the absolute differences of the observations from   , namely  , with the 

assumption that no    is zero, and no two     have the same magnitude. The ranks are assigned + and – signs 

depending on whether the difference is positive or negative. Let      ) denote the absolute sum of positive 

(negative) signed ranks. If there are   observations, then sum of    and    will be equal to  
     )

 
. Therefore, 

under  ,      ) is expected to be around 
     )

 
. Thus if    is much different from 

     )

 
, then the hypothesis 

  is likely to be not true.    is known as Wilcoxon statistic and its probability distribution under   is given by 

 [    | ]  
  

  , where    is the number of ways of assigning + and – signs to the ranks         such that 

    . Thus a decision to accept   is made by computing the above probability. However for large  , one may 

use the standardized    statistic given by   
       )

√    )
       ), with     )  

     )

 
  and     )  

     )     )

  
. More details about the test can be found in Rajagopalan and Dhanavanthan [17].    

 

IV. Proposed Wilcoxon test 
In the proposed test, the sample observations are assumed to be fuzzy numbers. The hypothesis to be 

tested is    ̃    ̃ where  ̃ denote the population median and   ̃ is its specified value (also a fuzzy number). 

Thus the hypothesis to be tested is also fuzzy. Let there be   sample observations denoted by            with 

corresponding membership functions     )     )       ). The procedure to carry out the test is given in the 

following steps. 

 

Step 1: Obtain the difference    of the observation    from   ̃ i.e.,         ̃  
          and determine the absolute value of the difference.  

Step 2: Find the expectation and variance of the absolute value of the differences. 
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Step 3: Arrange in increasing order the absolute value of the differences using the method of ordering fuzzy 

numbers given in section 2 after omitting those observations that have equal or zero absolute difference. 

Step 4: Rank the absolute differences based on the ordered arrangement obtained in Step 3 and assign + and – 

signs depending on whether the difference is positive or negative.   

Step 5: Determine    the sum of positive signed ranks. 

Step 6: Calculate the  -value of the test using the probability distribution of    i.e.,  [    | ]  
  

  , where    

is the number of ways of assigning + and – signs to the ranks         such that     . 
Step 7: Reject the hypothesis    ̃    ̃ at level   if  [    | ]   .  

For large samples, the standardized    statistic may be used. It is emphasized that in the proposed test the 

hypothesis is fuzzy but the test statistic is crisp. The advantage of the above test is that it does not depend on the 

 -cut approach for performing arithmetic and relational operations on fuzzy numbers thereby making the 

calculations simpler. 

 

V. Numerical illustration 
As an illustration of the proposed test, the example of a fuzzy data set mentioned in Hesamian and 

Taheri [14] is considered. The data relate to the performance evaluation of workers in an aerospace firm made 

on a fuzzy scale by expressing the scores as trapezoidal fuzzy numbers. The scores pertaining to a random 

sample of 16 workers is given below. 

    

Table 1: Performance scores of workers 
Sample No. Score Sample No. Score 

1 (60,65,65,70) 9 (60,65,65,75) 

2 (60,65,65,75) 10 (75,80,85,90) 

3 (80,85,85,90) 11 (80,90,90,100) 

4 (55,60,70,75) 12 (40,50,55,75) 

5 (65,70,75,80) 13 (50,55,55,70) 

6 (60,75,75,80) 14 (60,65,65,70) 

7 (70,80,80,90) 15 (70,75,75,80) 

8 (75,85,85,90) 16 (60,65,75,80) 

                                        

The hypothesis to be tested is    ̃              ) where  ̃ denote the median score of the workers in 

the firm. To implement the proposed test, the following results about trapezoidal fuzzy numbers are used. 

Result 1: Let           ) denote a trapezoidal fuzzy number. Then the negative of   is given by 

                ). Also   is said to be positive if     and negative if    . 

Result 2: Let            ) and            ) denote two trapezoidal fuzzy numbers. Then the difference 

between    and    is given by                       ). 

Result 3: The expected value of a trapezoidal fuzzy number           ) is given by    )  
       

 
  and its 

variance is given as below.  

Case 1: When    ,    )  
       )    

  
 

Case 2: When    ,    )  {
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    ) 

 
 

      ) 

 
 

            )) 

      ) 
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Case 3: When    ,    )  {
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where             and      ).  

 

The following table shows the difference ( ) of each sample observation from the median  ̃ given 

under  , the absolute difference (| |) and the corresponding expected value ( ), variance ( ) and rank  

(ignoring tied values). 
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Table 2: Ranks based on absolute difference 
Sample 

No. 
  | |     Rank 

1 (-30,-15,-15,0) (-30,-15,-15,0) -15 121.875 *** 

2 (-30,-15,-15,5) (-30,-15,-15,5) -13.75 3868.321398 *** 

3 (-10,5,5,20) (-10,5,5,20) 5 121.875 10 

4 (-35,-20,-10,5) (-35,-20,-10,5) -15 121.875 *** 

5 (-25,-10,-5,10) (-25,-10,-5,10) -7.5 121.875 5 

6 (-30,-5,-5,10) (-30,-5,-5,10) -7.5 1453.75 4 

7 (-20,0,0,20) (-20,0,0,20) 0 216.6666667 7 

8 (-15,5,5,20) (-15,5,5,20) 3.75 916.2109375 9 

9 (-30,-15,-15,5) (-30,-15,-15,5) -13.75 3868.321398 *** 

10 (-15,0,5,20) (-15,0,5,20) 2.5 121.875 8 

11 (-10,10,10,30) (-10,10,10,30) 10 216.6666667 11 

12 (-50,-30,-25,5) (-50,-30,-25,5) -25 5169.097222 1 

13 (-40,-25,-25,0) (-40,-25,-25,0) -22.5 3338.958333 2 

14 (-30,-15,-15,0) (-30,-15,-15,0) -15 121.875 *** 

15 (-20,-5,-5,10) (-20,-5,-5,10) -10 121.875 6 

16 (-30,-15,-5,10) (-30,-15,-5,10) -5 121.875 3 

*** denote tied values 

Since all differences are positive, the value of   (sum of positive signed rank) is 66 and the 

standardized test statistic   is obtained as 2.934. The corresponding  -value (assuming two sided alternative) is 

found to be 0.003. Thus at 1% level the hypothesis    ̃              ) is rejected.   

 

VI. Conclusion 
A new approach to test hypothesis about the median of a population using Wilcoxon signed rank test is 

discussed in this paper when the underlying observations take imprecise/fuzzy values. The proposed test orders 

fuzzy numbers based on their expected values and variances using the concepts available in credibility theory. 

This method of ordering fuzzy numbers is easy to implement when compared to other existing methods that 

make use of  -cut approach for performing arithmetic and relational operations. Steps involved in computation 

of the proposed test are explained through numerical illustration by assuming the observations to be trapezoidal 

fuzzy numbers. Further research is being carried out to extend other non-parametric tests for imprecise 

observations.  
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