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I. Introduction And Preliminaries 
From last few years, the metric fixed point theory has become an important field of research in both 

pure and applied sciences. The first result in the direction was obtained by Ran and Reurings [6], in this, the 

authors presented some applications of their obtained results of matrix equations. In [7,8], Nieto and Lopez 

extended the result of Ran and Reurings [6] for non decreasing mappings and applied their result to get a unique 

solution for first order differential equation. While Agarwal et al. [9] and O’Regan and Petrutel [10] studied 

some results for a generalized contraction in ordered metric spaces. Banach’s contraction Principle gives 

appropriate and simple condition to establish the existence and uniqueness of a solution of an operator equation 

Fx x . Then there are many generalizations of the Banach’s contraction mapping principle in the literature.  

Bhaskar and Lakshmikantham [11] introduced the concept of coupled fixed point of a mapping F  

from X X  into X . They established some coupled fixed point results and applied their results to the study of 

existence and uniqueness of solution for a periodic boundary value problem. Lakshikantham and Ciric [12] 

introduced the concept of coupled coincidence point and proved coupled coincidence  and coupled common 

fixed point results for a mapping F  from X X  into X  and g  from X  into X  satisfying nonlinear 

contraction in ordered metric space. Then many results of coupled fixed point are obtained by many authors in 

many spaces refer as [6-9]. Recently, Azam et al. [1]  introduced the concept of complex coupled metric spaces 

and proved some result. The idea of complex valued metric spaces can be exploited to define complex valued 

normed spaces and complex valued Hilbert spaces, additionally, it offers numerous research activities in 

mathematical analysis. 

Let £  be the set of complex numbers and let 1 2,z z £ . Define a partial order   and £  as follows: 

1 2z z  if and oly if 1 2Re( ) Re( )z z , 1 2Im( ) Im( )z z . 

It follows that 1 2z z  if one of the following is satisfied: 

(i) 1 2Re( ) Re( )z z , 1 2Im( ) Im( )z z  

(ii) 1 2Re( ) Re( )z z , 1 2Im( ) Im( )z z  

(iii) 1 2Re( ) Re( )z z , 1 2Im( ) Im( )z z  

(iv) 1 2Re( ) Re( )z z , 1 2Im( ) Im( )z z  

In particular, we will write 1 2z z  if one of (i), (ii) and (iii) is satisfied and we will write 1 2z z  if and ol y if 

(iii) is satisfied. 

 

Note that   

 
1 2 1 2

1 2 2 3 1 3

0 | | | |

,

z z z z

z z z z z z

   

   
 

 

Definition 1 ([1)]. Let X  be a nonempty set. Suppose that the mapping :d X X  £  satisfies the following: 

(i) 0 ( , )d x y  for all ,x y X  and ( , ) 0d x y   if and only if x y ; 

(ii) ( , ) ( , )d x y d y x  for all ,x y X ; 
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(iii) ( , ) ( , ) ( , )d x y d y x d z y   for all ,x y X . 

Then d  is called complex valued metric on X , and ( , )X d  is called a complex valued metric space. 

 

Definition 2 ([18]). Let X  be a nonempty set. If a mapping :d X X  £  satisfies: 

(iv) 0 ( , )d x y  for all ,x y X  and ( , ) 0d x y   if and only if x y ; 

(v) ( , ) ( , )d x y d y x  for all ,x y X ; 

(vi) ( , ) ( , ) ( , ) ( , )d x y d x u d u v d v y    for all ,x y X  and all distinct ,u v X  each one is different 

from x  and y . 

Then d  is called a complex valued generalized metric on X  and ( , )X d  is called a complex valued generalized 

metric space. 

 

 The following definition is due to Altun [15]: 

 

Definition 3 ([15]). Let ( , )X ¶  be a partially ordered set. A pair ( , )f g  of self maps of X  is said to be weakly 

increasing if fx gfx¶  and gx fgx¶  for all x X . If f g , then we have 2fx f x¶  for all x X  and in 

case, we say that f  is weakly increasing map. 

 For coupled, we extend this as follows: 

Let ( , )X ¶  be a partially ordered set. Let , :f g X X X   two mapping is said to be weakly increasing if  

 ( , ) ( ( , ), ( , )); ( , ) ( ( , ), ( , ))f x y g f x y f y x f y x g f y x f x y¶ ¶  

and 

 ( , ) ( ( , ), ( , )); ( , ) ( ( , ), ( , ))g x y f g x y g y x g y x f g y x g x y¶ ¶  for all ,x y X . 

A point x X  is called interior point of a set A X  whenever there exist 0 r £  such that 

 ( , ) { : ( , ) }B x r y X d x y r A    . 

A point x X  is a limit point of A  whenever, for every 0 r £  

 ( , ) ( { })B x r A x    . 

A  is called open whenever each element of A  is an interior point of A . Moreover, a subset B X  is called 

closed whenever each limit point of B  belongs to B . The family, 

 { ( , ) : ,0 }B x r x X r   £F  

is a sub basis for a Haudorff topology   on X . Let { }nx  be a sequence in X  and x X . If for every c£  

with 0 c  there is 0n N  such that, for all 0n n , ( , )nd x x c , then { }nx  is said to be convergent, { }nx  

converges to x , and x  is the limit point of { }nx . We denote this by lim n
n

x x


 , or nx x  as n  . If for 

every c£  with 0 c  there is 0n N , ( , )n n md x x c   then { }nx is called Cauchy sequence in ( , )X d . If 

every Cauchy sequence is convergent in ( , )X d , then ( , )X d  is called a complete complex-valued generalized 

space. 

 

Lemma 1. Let ( , )X d  be a complex-valued generalized metric space, and let { }nx  be a sequence in X . Then 

{ }nx  converges to x  if and only if | ( , ) | 0nd x x   as n  . 

 

Lemma 2. Let ( , )X d  be a complex-valued generalized metric space, and { }nx  be a sequence in X . Then 

{ }nx  is Cauchy sequence if and only if | ( , ) | 0n n md x x    as n  . 

 

Definition 4 ([11]). An element ( , )x y X X   is called a coupled fixed point of the mapping :F X X X   

if 

 ( , )F x y x   and ( , )F y x y . 

 

Definition 5 ([12]).  (i) A coupled coincidence point of the mapping :F X X X    and :g X X  

 ( , ) ( )F x y g x   and ( , ) ( )F y x g y . 

(ii)  A common coupled coincidence point of the mapping :F X X X    and :g X X  if  

 ( , ) ( )F x y g x x    and ( , ) ( )F y x g y y  . 
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In this paper, we extend the result of M. Abbas et al [18] fixed point to coupled fixed point in complex valued 

generalized metric space. 

 

II. Main Results 

Theorem 1. Let ( , )X ¶  be a partially ordered set such that there exist  a complete complex valued generalized 

metric d  on X  and ( , )S T  a pair of weakly increasing which defined as , :S T X X X  . Suppose that, for 

every comparable , , ,x y u v X , we have either  

 
2 2

1

2 2

[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , )) ]
( ( , ), ( , ))

( , ( , )) ( , ( , ))

a d u S x y d x T u v d x T u v d u S x y
d S x y T u v

d x T u v d u S x y





 

     2 3 4

( , ( , )) ( , ( , ))
( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T u v d u S x y
a a d x S x y a d u T u v

d x T u v d u S x y
  


    (1) 

in case ( , ( , )) ( , ( , )) 0d x T u v d u S x y  , 0ia  , 1,2,3,4i   and 

4

1

1i
i

a


 , or  

 ( ,( , ), ( , )) 0d S x y T u v   if ( , ( , )) ( , ( , )) 0d x T u v d u S x y         (2) 

If S  or T  is continuous or for any nondecreasing sequences { }nx  and { }ny  with nx z  and ny z , we 

necessary have nx z¶  and ny z¶  for all n N , then S  and T  have a common coupled fixed point.  

Moreover, the set of common coupled fixed point of S  and T  is totally ordered if and only if S  and 

T  have one and only one common coupled fixed point. 

 

Proof. First of all, we show that if S  or T  has a coupled fixed point, then it has a common coupled fixed point 

of S  and T . Suppose ( , )x y  is a coupled fixed point of S , that is ( , )S x y x  and ( , )S y x y . Then we shall 

show that ( , )x y  is a coupled fixed point of T  also. Let if possible ( , )x y  is not a coupled fixed point of T . 

Then from (1), we get  

 ( , ( , )) ( ( , ), ( , ))d x T x y d S x y T x y  

                     
2 2

1 2 2

[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , )) ]

( , ( , )) ( , ( , ))

d x S x y d x T x y d x T x y d x S x y
a

d x T x y d x S x y





 

     2 3 4

( , ( , )) ( , ( , ))
( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T x y d x S x y
a a d x S x y a d x T x y

d x T x y d x S x y
  


  

which implies that 4| ( , ( , )) | | ( , ( , )) |d x T x y a d x T x y , which is a contradiction as 4 1a  , so we get 

( , ( , )) 0d x T x y  , this implies that ( , )T x y x . 

Similarly, we can show that ( , )T y x y . 

In the same way if we take ( , )x y  is coupled fixed point of T  that it is also S . 

Now let 0 0( , )x y  be an arbitrary point of X X . If 0 0 0( , )S x y x  and 0 0 0( , )S y x y , then proof is finished. 

Let either 0 0 0( , )S x y x  or 0 0 0( , )S y x y . 

Define the sequences { }nx  and { }ny  in X  as follows: 

 1 0 0 0 0 0 0 1 1 2( , ) ( ( , ), ( , )) ( , )x S x y T S x y S y x T x y x  ¶  

 1 0 0 0 0 0 0 1 1 2( , ) ( ( , ), ( , )) ( , )y S y x T S y x S x y T y x y  ¶  

 2 1 1 1 1 1 1 2 2 3( , ) ( ( , ), ( , )) ( , )x T x y S T x y S y x S x y x  ¶  

 2 1 1 1 1 1 1 2 2 3( , ) ( ( , ), ( , )) ( , )y T y x S T y x S x y S y x y  ¶  

In similar fashion, we get 

 1 2 3 1... ...n nx x x x x ¶ ¶ ¶ ¶ ¶ ¶  

and 

 1 2 3 1... ...n ny y y y y ¶ ¶ ¶ ¶ ¶ ¶  

Let 2 2 1( , ) 0n nd x x    and 2 2 1( , ) 0n nd y y    for every n N . If not, then 2 2 1n nx x   and 2 2 1n ny y   for 

some n . For all those n , 2 2 1 2 2( , )n n n nx x S x y   and 2 2 1 2 2( , )n n n ny y S y x  , and proof is finished.  

Now, let 2 2 1( , ) 0n nd x x    and 2 2 1( , ) 0n nd y y    for 0,1,2,3,...n  . As 2nx , 2 1nx   and 2ny , 2 1ny   are 

comparable, so we have  

 2 1 2 2 2 2 2 1 2 1( , ) ( ( , ), ( , ))n n n n n nd x x d S x y T x y     
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2
2 1 2 2 2 2 1 2 1

2
2 2 1 2 1 2 1 2 2

1 2 2
2 2 1 2 1 2 1 2 2

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

n n n n n n

n n n n n n

n n n n n n

d x S x x d x T x y

d x T x y d x S x y
a

d x T x y d x S x y

  

  

  

 
 
 




 

   2 2 1 2 1 2 1 2 2
2

2 2 1 2 1 2 1 2 2

[ ( , ( , )) ( , ( , ))]

( , ( , )) ( , ( , ))
n n n n n n

n n n n n n

d x T x y d x S x y
a

d x T x y d x S x y
  

  




 

   3 2 2 2 4 2 1 2 1 2 1( , ( , )) ( , ( , ))n n n n n na d x S x y a d x T x y     

             3 2 2 1 4 2 1 2 2( , ) ( , )n n n na d x x a d x x     

which implies that 

 3
2 1 2 2 2 2 1

4

( , ) ( , )
1

n n n n

a
d x x d x x

a
  


 for all 0n  . 

Hence 

 2 1 2 2 2 2 1( , ) ( , )n n n nd x x hd x x    for all 0n  , 

where 3

4

0 1
1

a
h

a
  


. Similarly, 

 2 2 1 2 1 2( , ) ( , )n n n nd x x hd x x   for all 0n  . 

Hence for all 0n  , we have 1 2 1( , ) ( , )n n n nd x x hd x x   . 

Consequently, 

 1
1 2 1 0 1( , ) ( , ) ... ( , )n

n n n nd x x hd x x h d x x
      for all 0n  . 

In similar way, 

 2 1 2 2 2 2 1( , ) ( , )n n n nd y y hd y y    for all 0n   and 0 1h   

and like above  

 2 2 1 2 1 2( , ) ( , )n n n nd y y hd y y   for all 0n   and 0 1h  . 

We have  

 1 2 1( , ) ( , )n n n nd y y hd y y   . 

 

Consequently, 

 1
1 2 1 0 1( , ) ( , ) ... ( , )n

n n n nd y y hd y y h d y y
     . 

Now for m n , we have 

 1 1 2 1( , ) ( , ) ( , ) ... ( , )n m n n n n m md x x d x x d x x x x        

    1 1
0 1 0 1 0 1( , ) ( , ) ... ( , )n n mh d x x h d x x h d x x      

    0 1( , )
1

nh
d x x

h



. 

Therefore, 0 1| ( , ) | | ( , ) |
1

n

n m

h
d x x d x x

h



. So | ( , ) | 0n md x x   as ,n m   gives that { }nx  is a 

Cauchy sequence in X . Since X  is complete. So there exist a point u  in X  such that { }nx  converges to u . 

Similarly, we can easily show that the sequence { }ny  is a Cauchy sequence in X  and due to completeness of 

X , { }ny  converges to a point v  in X . 

If S  or T  is continuous, then it is clear that  

 ( , ) ( , )S u v u T u v       

and 

 ( , ) ( , )S v u v T v u      . 

If neither S  nor T  is continuous, then by given assumption nx u¶  and ny v¶  for all n N . We claim that 

( , )u v   is a coupled fixed point of S . Let if possible ( ( , ), ) 0d S u v u z      and ( ( , ), ) 0d S v u v z     . 

From (1), we have 

 ( ( , ), )z d S u v u    

    2 1 2 1 2 2 2 2( , ) ( , ) ( , ( , ))n n n nd u x d x x d x S u v         

     2 1 2 1 2 2 2 1 2 1( , ) ( , ) ( ( , ), ( , ))n n n n nd u x d x x d S u v T x y          
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2
2 1 2 1 2 1

2
2 1 2 1 2 1

2 1 2 1 2 2 1 2 2
2 1 2 1 2 1

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))
( , ) ( , )

( , ( , )) ( , ( , ))

n n n

n n n
n n n

n n n

d x S u v d u T x y

d u T x y d x S u v
d u x d x x a

d u T x y d x S u v

  

  
  

  

   
 

     
  

 

2 1 2 1 2 1
2

2 1 2 1 2 1

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))
n n n

n n n

d u T x y d x S u v
a

d u T x y d x S u v
  

  

  


  
 

3 4 2 1 2 1 2 1( , ( , )) ( , ( , ))n n na d u S u v a d x T x y       

    2 1 2 1 2 2( , ) ( , )n n nd u x d x x   

2
2 1 2 2

2
2 2 2 1

1 2 2
2 2 2 1

( , ( , )) ( , )

( , ) ( , ( , ))

( , ) ( , ( , ))

n n

n n

n n

d x S u v d u x

d u x d x S u v
a

d u x d x S u v

 

 

 

   
 

   


  
 

2 2 2 1
2

2 2 2 1

( , ) ( , ( , ))

( , ) ( , ( , ))
n n

n n

d u x d x S u v
a

d u x d x S u v
 

 

  


  
3 4 2 1 2 2( , ( , )) ( , ))n na d u S u v a d x x      

and so 

    2 1 2 1 2 2| | | ( , ) | | ( , ) |n n nz d u x d x x   

2
2 1 2 2

2
2 2 2 1

1 2 2
2 2 2 1

| ( , ( , )) | {| ( , ) |}

| ( , ) | {| ( , ( , )) |}

| { ( , ) |} { ( , ( , ))}

n n

n n

n n

d x S u v d u x

d u x d x S u v
a

d u x d x S u v

 

 

 

   
 

   


  
 

2 2 2 1
2

2 2 2 1

| ( , ) | | ( , ( , )) |

| ( , ) ( , ( , )) |
n n

n n

d u x d x S u v
a

d u x d x S u v
 

 

  


  
3 4 2 1 2 2| ( , ( , )) | | ( , )) |n na d u S u v a d x x      

which on taking limit as n  , we get 3| | | |z a z , a contradiction, and so ( , )S u v u   . Similarly 

( , )S v u v   . 

Hence  

 ( , ) ( , )S u v u T u v       

and 

 ( , ) ( , )S v u v T u v       

Now suppose that the set of common coupled fixed point of S  and T  is totally ordered. Now we shall 

show that the common coupled fixed point of S  and T  is unique. 

Let ( , )x y  and ( , )u v  are two distinct common coupled fixed point of S  and T . 

From (1), we obtain 

 
2 2

1 2 2

[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , )) ]
( ( , ), ( , ))

( , ( , )) ( , ( , ))

d u S x y d x T u v d x T u v d u S x y
d S x y T u v a

d x T u v d u S x y





 

        2

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T u v d u S x y
a

d x T u v d u S x y



3 4( , ( , )) ( , ( , ))a d x S x y a d u T u v   

   
2 2

1 2 2

[ ( , ) ( , ) ( , ) ( , ) ]

( , ) ( , )

d u x d x u d x u d u x
a

d x u d u x





2

( , ) ( , )

( , ) ( , )

d x u d u x
a

d x u d u x



 

    3 4( , ) ( , )a d x x a d u u   

and so 

 1 2

1
| ( ( , ), ( , )) | | ( ( , ), ( , )) |

2
d S x y T u v a a d S x y T u v

 
  
 

 

where 1 2

1
1

2
a a

 
  

 
. 

Which is a contradiction, so ( , ) ( , )S x y T u v . 

Similarly, ( , ) ( , )S y x T v u . 

Hence x u  and y v  which proves the uniqueness. 

Conversely, if S  and T  have only one common coupled fixed point then the set of common coupled 

fixed point being singleton is totally ordered.  
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Corollary 1. Let ( , )X ¶  be a partially ordered set such that there exist a complete complex valued generalized 

metric d  on X  and let :T X X X   be weakly increasing map. Suppose that, for every comparable 

, , ,u v x y X , either 

 
2 2

1 2 2

[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , )) ]
( ( , ), ( , ))

( , ( , )) ( , ( , ))

d u T x y d x T u v d x T u v d u T x y
d T x y T u v a

d x T u v d u T x y





 

2

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T u v d u T x y
a

d x T u v d u T x y



3 ( , ( , ))a d x T x y 4 ( , ( , ))a d u T u v     (3) 

If ( , ( , )) ( , ( , )) 0d x T u v d u T x y  , 0ia  , 1,2,3,4i   and 

4

1

1i
i

a


  or  

( ( , ), ( , )) 0d T x y T u v   if ( , ( , )) ( , ( , )) 0d x T u v d u T x y         (4) 

If T  is continuous or for a nondecreasing sequences { }nx  and { }ny  with nx z  and nx z  in X , 

we necessary have nx z¶  and nx z¶  for all n N  then T  has a coupled fixed point. Moreover, the set of 

coupled fixed point of T  is totally ordered if and only if T  has one and only one coupled fixed point. 

 

Proof. Take S T  in Theorem 1. 

 

Theorem 2. Let ( , )X ¶  be a partially ordered set such that there exist a complete complex valued  generalized 

metric d  on X  and a pair ( , )S T  weakly increasing which defined as , :S T X X X  . Suppose that, for 

every comparable , , ,x y u v X , either  

 
[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , ))]

( ( , ), ( , ))
( , ( , )) ( , ( , ))

d x S x y d x T u v d u T u v d u S x y
d S x y T u v a

d x T u v d u S x y





 

    
( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T u v d u S x y
b

d x S x y d u T u v



       (5) 

if ( , ( , )) ( , ( , )) 0d x T u v d u S x y   and ( , ( , )) ( , ( , )) 0d x S x y d u T u v  , with  1a b  , or  

( ( , ), ( , )) 0d S x y T u v   if ( , ( , )) ( , ( , )) 0d x T u v d u S x y   or ( , ( , )) ( , ( , )) 0d x S x y d u T u v     (6) 

If S  or T  is continuous of for a nondecreasing sequences { }nx  and { }ny  with nx z  and ny z  

in X , we necessarily have nx z¶  and ny z¶  for all n N . 

Then S  and T  have a common coupled fixed point. 

 

Proof. First of all we shall show that if S  or T  has a coupled fixed point, then it has a common coupled fixed 

point of S  and T . Suppose that ( , )x y  is a coupled fixed point of S . Then we shall show that ( , )x y  is coupled 

fixed point of T  also. Let if possible ( , )x y  is not a coupled fixed point of T . Then from (5), we obtain 

 ( , ( , )) ( ( , ), ( , ))d x T x y d S x y T x y  

         
[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , ))]

( , ( , )) ( , ( , ))

d x S x y d x T x y d x T x y d x S x y
a

d x T x y d x S x y





 

   
( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T x y d x S x y
b

d x S x y d x T x y



 

         
[ ( , ) ( , ( , )) ( , ( , )) ( , ))]

( , ( , )) ( , )

d x x d x T x y d x T x y d x x
a

d x T x y d x x





 

   
( , ( , )) ( , )

( , ) ( , ( , ))

d x T x y d x x
b

d x x d x T x y



 

         0  

Hence ( , ( , )) 0d x T x y   and this shows that ( , )T x y x . Similarly, we can easily, show that 

( , )T y x y . 

Hence ( , )x y  is a common coupled fixed point of S  and T . In the same way if we take ( , )x y  is a 

coupled fixed point of T  then it is also S . 

Now let 0 0( , )x y  be an arbitrary point of X X . If 0 0 0( , )S x y x  and 0 0 0( , )S y x y , then proof is 

hold. Let either 0 0 0( , )S x y x  or 0 0 0( , )S y x y . 
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Construct the sequences { }nx  and { }ny  in X  such that: 

 1 0 0 0 0 0 0 1 1 2( , ) ( ( , ), ( , )) ( , )x S x y T S x y S y x T x y x  ¶  

 1 0 0 0 0 0 0 1 1 2( , ) ( ( , ), ( , )) ( , )y S y x T S y x S x y T y x y     

 2 1 1 1 1 1 1 2 2 3( , ) ( ( , ), ( , )) ( , )x T x y S T x y S y x S x y x  ¶  

 2 1 1 1 1 1 1 2 2 3( , ) ( ( , ), ( , )) ( , )y T y x S T y x S x y S y x y  ¶  

In the same way, we obtain 

 1 2 3 1... ...n nx x x x x ¶ ¶ ¶ ¶ ¶ ¶  

and 

 1 2 3 1... ...n ny y y y y ¶ ¶ ¶ ¶ ¶ ¶  

Let 2 2 1( , ) 0n nd x x    and 2 2 1( , ) 0n nd y y   , for every n N . If not, then 2 2 1n nx x   and 2 2 1n ny y   for 

some n N . For all those n , 2 2 1 2 2( , )n n n nx x S x y   and 2 2 1 2 2( , )n n n ny y S y y  , and proof is hold.  

Now, let 2 2 1( , ) 0n nd x x    and 2 2 1( , ) 0n nd y y    for 0,1,2,3,...n  . As 2nx , 2 1nx   and 2ny , 2 1ny   are 

comparable, so we have  

 2 1 2 2 2 2 2 1 2 1( , ) ( ( , ), ( , ))n n n n n nd x x d S x y T x y     

   

2 2 2 2 2 1 2 1

2 1 2 1 2 1 2 1 2 2

2 2 1 2 1 2 1 2 2

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

n n n n n n

n n n n n n

n n n n n n

d x S x y d x T x y

d x T x y d x S x y
a

d x T x y d x S x y

 

   

  

 
  




 

          2 2 1 2 1 2 1 2 2

2 2 2 2 1 2 1 2 1

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))
n n n n n n

n n n n n n

d x T x y d x S x y
b

d x S x y d x T x y
  

  




 

  2 2 1 2 2 2 2 1 2 2 2 1 2 1

2 2 2 2 1 2 1

[ ( , ) ( , ) ( , ) ( , )]

( , ) ( , )
n n n n n n n n

n n n n

d x x d x x d x x d x x
a

d x x d x x
     

  





 

       2 2 2 2 1 2 1

2 2 1 2 1 2 2

( , ) ( , )

( , ) ( , )
n n n n

n n n n

d x x d x x
b

d x x d x x
  

  

  

  2 2 1 2 2 2

2 2 2

( , ) ( , )

( , )
n n n n

n n

d x x d x x
a

d x x
 



  

     2 2 1( , )n nad x x  . 

Similarly, 2 1 2 1 2( , ) ( , )n n n nd x x ad x x  , for all 0n  . 

Thus 1 2 1( , ) ( , )n n n nd x x ad x x   , for all 0n  . 

Consequently, 

 1
1 2 1 0 1( , ) ( , ) ... ( , )n

n n n nd x x ad x x a d x x
     , for all 0n  . 

In similar way, 

 1
1 2 1 0 1( , ) ( , ) ... ( , )n

n n n nd y y ad y y a d y y
     , for all 0n  . 

Now for m n , we have 

 1 1 2 1( , ) ( , ) ( , ) ... ( , )n m n n n n m md x x d x x d x x x x        

    1 1
0 1 0 1 0 1( , ) ( , ) ... ( , )n n ma d x x a d x x a d x x      

    0 1( , )
1

na
d x x

a



. 

So, 0 1| ( , ) | | ( , ) |
1

n

n m

a
d x x d x x

a



. So | ( , ) | 0n md x x   as ,m n  . It follows that { }nx  is a 

Cauchy sequence in X . Since X  is complete. So there exist a point u  in X  such that { }nx  converges to u . 

Similarly, we can easily show that the sequence { }ny  is a Cauchy sequence in X  and due to completeness of 

X , { }ny  converges to a point v  in X . If S  or T  is continuous, then it is clear that  

 ( , ) ( , )S u v u T u v       

and 

 ( , ) ( , )S v u v T v u      . 

If neither S  nor T  is continuous, then by given assumption nx u  and ny v  for all n N . We claim that 

( , )u v   is a coupled fixed point of S . Let if possible ( ( , ), ) 0d S u v u z      and ( ( , ), ) 0d S v u v z     . 
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From (5), we have 

 ( ( , ), )z d S u v u    

    2 1 2 1 2 2 2 2( , ) ( , ) ( , ( , ))n n n nd u x d x x d x S u v         

    2 1 2 1 2 2 2 1 2 1( , ) ( , ) ( ( , ), ( , ))n n n n nd u x d x x d S u v T x y          

     2 1 2 1 2 2( , ) ( , )n n nd u x d x x     

  

2 1 1

2 1 2 1 2 1 2 1

2 1 2 1 2 1

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

n n

n n n n

n n n

d u S u v d u T x y

d x T x y d x S u v
a

d u T x y d x S u v

 

   

  

    
   


  

 

2 1 2 1 2 1

2 1 2 1 2 1

( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))
n n n

n n n

d u T x y d x S u v
b

d u S u u d x T x y
  

  

  


   
 

    2 1 2 1 2 2( , ) ( , )n n nd u x d x x   

2 2

2 1 2 2 2 1

2 2 2 1

( , ( , )) ( , )

( , ) ( , ( , ))

( , ) ( , ( , ))

n

n n n

n n

d u S u v d u x

d x x d x S u v
a

d u x d x S u v



  

 

    
   


  

 

2 2 2 1

2 1 2 2

( , ) ( , ( , ))

( , ( , )) ( , )
n n

n n

d u x d x S u v
b

d u S u v d x x
 

 

  


   
. 

Taking modulas and lim n  , on both side, we have | | 0z  , a contradiction. So ( , )S u v u   . 

Similarly ( , )S v u v   . 

Hence  

 ( , ) ( , )S u v u T u v       

and 

 ( , ) ( , )S v u v T u v       

Then S  and T  have a common coupled fixed point. 

 

Remark. In Theorem 2, if in (5), we take 0b  , then point of S  and T  is totally ordered if and only if S  and 

T  have one and only, one common coupled fixed point. 

 

Corollary 2. Let ( , )X ¶  be a partially ordered set such that there exist a complete complex valued generalized 

metric d  on X  and let :T X X X   be weakly increasing map. Let for every comparable , , ,x y u v X , 

either  

 
[ ( , ( , )) ( , ( , )) ( , ( , )) ( , ( , ))]

( ( , ), ( , ))
( , ( , )) ( , ( , ))

d x T x y d x T u v d u T u v d u T x y
d T x y T u v a

d x T u v d u T x y





 

    
( , ( , )) ( , ( , ))

( , ( , )) ( , ( , ))

d x T u v d u T x y
b

d x T x y d u T u v



       (8) 

if ( , ( , )) ( , ( , )) 0d x T u v d u T x y   and ( , ( , )) ( , ( , )) 0d x T x y d u T u v   with 1a b  , or  

 ( ( , ), ( , )) 0d T x y T u v   if ( , ( , )) ( , ( , )) 0d x T u v d u T x y    

or ( , ( , )) ( , ( , )) 0d x T x y d u T u v            (9) 

If T  is continuous or for a nondecreasing sequences { }nx  and { }ny  with nx z  and ny z  in X  

necessarily have nx z¶  and ny z¶  for all n N . 

Then S  and T  have a common coupled fixed point. 

 

Proof. Put S T  in Theorem 2. 

 

References 
[1] A. Azam, B. Fisher and M. Khan, Common fixed point theorems in complex valued metric spaces, Numerical Functional Analysis 

and Optimization, 32 (3) (2011), 243-253. 
[2] T. Ghana Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applications, Nonlinear 

Analysis: Theory, Methods & Applications 65(1) (2006), 1379-1393.   

[3] V. Lakshmikantham and L. Ciric, Coupled fixed point theorems for nonlinear contractions in partially ordered metric spaces, 
Nonlinear Analysis 70(12) (2009), 4341-4349.    

[4] J.X. Fang, Common fixed point theorems of compatible and weakly compatible maps in Menger spaces, Nonlinear Analysis 71(5-6) 

(2009), 1833-1843.    
[5] M. Abbas, M.A. Khan and S. Radenovic, Common coupled fixed point theorems incone metric spaces for w-compatible mappings, 

Applied Mathematics and Computation 217 (1) (2010), 195-202.     



Common Coupled Fixed Point of Mappings Satisfying Rational Inequalities in Ordered Complex  

www.iosrjournals.org                                                    77 | Page 

[6] A.C.M. Ran and M.C.B. Reurings, A fixed point theorem in partially ordered sets and some applications to matrix equations, Proc. 

Am. Math. Soc. 132, 1435-1443 (2004). doi:10.1090/S0002-9939-03-07220-4. 
[7] J.J. Nieto and R.R. López, Contractive mapping theorems in partially ordered sets and applications to ordinary differential 

equations, Order. 22, 223-239 (2005). doi:10.1007/s11083-005-9018-5. 

[8] J.J. Nieto and R.R. López, Existence and uniqueness of fixed point in partially ordered sets and applications to ordinary differential 
equations, Acta Math Sinica Engl Ser. 23(12), 2205–2212 (2007). doi:10.1007/s10114-005-0769-0. 

[9] R.P. Agarwal, M.A. El-Gebeily and D. O’Regan, Generalized contractions in partially ordered metric spaces, Appl Anal. 87, 1-8 

(2008). doi:10.1080/00036810701714164. 
[10] D. O’Regan and A. Petrutel, Fixed point theorems for generalized contractions in ordered metric spaces, J. Math. Anal. Appl. 341, 

1241-1252 (2008). 

[11] G. Bhaskar, and V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applications, Nonlinear Anal. 65 
1379-1393(2006). doi:10.1016/j.na.2005.10.017. 

[12] V. Lakshmikantham and L.J. Cirić, Coupled fixed point theorems for nonlinear contractions in partially ordered metric spaces, 

Nonlinear Anal. 70, 4341-4349 (2009). doi:10.1016/j.na.2008.09.020. 
[13] M. Abbas, Y.J. Cho and T. Nazir, Common fixed point theorems for four mappings in TVS-valued cone metric spaces, J. Math. 

Inequal. 5, 287-299 (2011) 

[14] M. Abbas, M.A. Khan and S. Radenović, Common coupled fixed point theorem in cone metric space for w-compatible mappings, 
Appl. Math. Comput. 217, 195-202 (2010). doi:10.1016/j.amc.2010.05.042 

[15] I. Altun and H. Simsek, Some fixed point theorems on ordered metric spaces and application, Fixed Point Theory Appl., vol. 2010, 

Article ID 621492. 
[16] A. Azam, B. Fisher and M. Khan, Common fixed point theorems in complex valued metric spaces, Numer. Funct. Anal. Optim. 

32(3), 243-253 (2011). 

[17] F. Rouzkard and M. Imbdad, Some common fixed point theorems on complex valued metric spaces, Comput. Math. Appl. (2012). 
doi:10.1016/j.camwa.2012.02.063. 

[18] M. Abbas, V.C.R.T. Nazir and S. Radenović, Common fixed point of mappings satisfying rational inequalities in ordered complex  

valued generalized metric spaces, Afr. Mat. (2013), doi: 10.1007/s13370-013-0185-z. 
 


