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l. Introduction And Preliminaries

From last few years, the metric fixed point theory has become an important field of research in both
pure and applied sciences. The first result in the direction was obtained by Ran and Reurings [6], in this, the
authors presented some applications of their obtained results of matrix equations. In [7,8], Nieto and Lopez
extended the result of Ran and Reurings [6] for non decreasing mappings and applied their result to get a unique
solution for first order differential equation. While Agarwal et al. [9] and O’Regan and Petrutel [10] studied
some results for a generalized contraction in ordered metric spaces. Banach’s contraction Principle gives
appropriate and simple condition to establish the existence and uniqueness of a solution of an operator equation
Fx = x. Then there are many generalizations of the Banach’s contraction mapping principle in the literature.

Bhaskar and Lakshmikantham [11] introduced the concept of coupled fixed point of a mapping F
from X x X into X . They established some coupled fixed point results and applied their results to the study of
existence and uniqueness of solution for a periodic boundary value problem. Lakshikantham and Ciric [12]
introduced the concept of coupled coincidence point and proved coupled coincidence and coupled common
fixed point results for a mapping F from X xX into X and g from X into X satisfying nonlinear
contraction in ordered metric space. Then many results of coupled fixed point are obtained by many authors in
many spaces refer as [6-9]. Recently, Azam et al. [1] introduced the concept of complex coupled metric spaces
and proved some result. The idea of complex valued metric spaces can be exploited to define complex valued
normed spaces and complex valued Hilbert spaces, additionally, it offers numerous research activities in
mathematical analysis.

Let £ be the set of complex numbers and let z;,z, € £ . Define a partial order < and £ as follows:

71 <7, ifand oly if Re(z) <Re(z,), Im(z;) <Im(z,) .
It follows that z; < z, if one of the following is satisfied:
() Re(z) =Re(zp), Im(z) < Im(z)
(i) Re(z) <Re(z), Im(z) =1Im(z,)
(iii)  Re(z) <Re(z,), Im(z;) < Im(z,)
(iv)  Re(z) =Re(z;), Im(z) = Im(z,)
In particular, we will write z; < z, if one of (i), (ii) and (iii) is satisfied and we will write z <z, ifand ol y if
(iii) is satisfied.
Note that
0<z<z, =73 |<]|2,|
) <12,,2, <23 =7 <13

Definition 1 ([1)]. Let X be a nonempty set. Suppose that the mapping d : X x X — £ satisfies the following:
(i) 0<d(x,y) forall x,ye X and d(x,y)=0 ifandonly if x=1y;
(ii) d(x,y) =d(y,x) forall x,ye X;
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(iii) d(x,y) <d(y,x)+d(z,y) forall x,ye X.
Then d is called complex valued metric on X, and (X,d) is called a complex valued metric space.

Definition 2 ([18]). Let X be a nonempty set. If a mapping d : X x X — £ satisfies:
(iv) 0<d(xy) forall x,ye X and d(x,y)=0 ifandonly if x=1y;
(v) d(x,y) =d(y,x) forall x,y e X ;
(vi) d(x,y) <d(x,u) +d(u,v)+d(v,y) for all x,y e X and all distinct u,v e X each one is different
from x and vy .
Then d is called a complex valued generalized metricon X and (X,d) is called a complex valued generalized
metric space.

The following definition is due to Altun [15]:

Definition 3 ([15]). Let (X,9) be a partially ordered set. A pair (f,g) of self maps of X is said to be weakly

increasing if fxq gfx and gx 9§ fgx forall xe X . If f =g, then we have fxq f2x forall xe X and in
case, we say that f is weakly increasing map.

For coupled, we extend this as follows:
Let (X,q) be a partially ordered set. Let f,g: X x X — X two mapping is said to be weakly increasing if

fFYT a(fxy), F(v, ) F(y, 2T g(f(y,x), f(xy)
and

g1 £ y).9(y,x); g(y.x) 1 f(a(y,x).g(x,y)) forall x,y e X .
A point x e X is called interior point of a set A< X whenever there exist 0 <r € £ such that

B(x,r)={ye X:d(x,y)<r}cA.
A point x € X isa limit point of A whenever, forevery O<r e £

B(x,r)n(A-{x})=¢.
A is called open whenever each element of A is an interior point of A. Moreover, a subset B < X is called
closed whenever each limit point of B belongs to B . The family,

F ={B(x,r):xe X,0<ret}
is a sub basis for a Haudorff topology = on X . Let {x,} be a sequence in X and xe X . If for every ce £
with 0 <c there is ny € N such that, for all n>ny, d(x,,x) <c, then {x,} is said to be convergent, {x,}
converges to x, and x is the limit point of {x,}. We denote this by r!m Xp =X, OF X, = X as n—oo. If for

every ce£ with O<c thereis ng e N, d(X,,%,,m) <C then {x,}is called Cauchy sequence in (X,d). If
every Cauchy sequence is convergent in (X,d), then (X,d) is called a complete complex-valued generalized
space.

Lemma 1. Let (X,d) be a complex-valued generalized metric space, and let {x,} be a sequence in X . Then
{x,} convergesto x ifand only if |d(x,,X)| >0 as n —> 0.

Lemma 2. Let (X,d) be a complex-valued generalized metric space, and {x,} be a sequence in X . Then
{x,} is Cauchy sequence if and only if | d(X,, Xp+m) | — 0 as n — 0.

Definition 4 ([11]). An element (X, y) € X x X is called a coupled fixed point of the mapping F : X x X — X
if
F(x,y)=x and F(y,x)=Y.

Definition 5 ([12]). (i) A coupled coincidence point of the mapping F: X xX — X and g: X — X

F(x,y)=g(x) and F(y,x)=g(y).
(if) A common coupled coincidence point of the mapping F: X xX —> X and g: X —» X if

F(x,y)=9g(X)=x and F(y,x)=g(y)=Y.
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In this paper, we extend the result of M. Abbas et al [18] fixed point to coupled fixed point in complex valued
generalized metric space.

Il.  Main Results
Theorem 1. Let (X,9) be a partially ordered set such that there exist a complete complex valued generalized

metric d on X and (S,T) a pair of weakly increasing which defined as S,T : X x X — X . Suppose that, for
every comparable x,y,u,v e X , we have either
aq[d (U, S(x, Y))d (%, T (u,v))* +d (%, T (u,v))d (U, S(x,¥))*]
d(x,T(u,v)? +d(u,S(x,Yy))?
N d(x, T (u,v))d(u,S(x,Y))
2d(x,T(u,v)+d(u,S(xy))

d(S(x,y), T(u,v)<

+azd(x,S(x,¥))+a, d(u,T(u,v)) Q)

4
incase d(x,T(u,v))+d(u,S(x,y)) =0, g >0,i=212,34 and Zai <1l,o0r
i=1
d(s,(x,y),T(u,v)) =0 if d(x,T(u,v))+d(u,S(x,y)) =0 2
If S or T is continuous or for any nondecreasing sequences {x,} and {y,} with x, >z and y, »>2z', we
necessary have X, 9 z and y, 9 z' forall ne N, then S and T have a common coupled fixed point.

Moreover, the set of common coupled fixed point of S and T is totally ordered if and only if S and
T have one and only one common coupled fixed point.

Proof. First of all, we show that if S or T has a coupled fixed point, then it has a common coupled fixed point
of S and T . Suppose (x,Y) is a coupled fixed point of S, thatis S(x,y) =x and S(y,x) =y. Then we shall

show that (x,y) is a coupled fixed point of T also. Let if possible (x,y) is not a coupled fixed point of T .
Then from (1), we get

d(x,T(x,y)) =d(S(x,y), T(x,Y))

<a [d (%, S(x, YA (T (%, ¥))* +d (%, T (X, ¥))d (X, S(x, ¥))*]
d(T(x ¥))? +d(x,S(x,y))?
ra, d(x,T(x y)d(x,S(x, Y))
d(x,T(x,y)) +d(x,S(x,y))

which implies that |d(X,T(x,y))|<a,|d(X,T(X,¥))|, which is a contradiction as a, <1, so we get
d(x,T(x,y)) =0, this implies that T(x,y) = X.
Similarly, we can show that T(y,x) =Y.
In the same way if we take (x,y) is coupled fixed point of T thatitisalso S .
Now let (Xg,Yo) be an arbitrary point of X x X . If S(Xg,Yo) =X and S(Yg,Xo) = Yo, then proof is finished.
Let either S(Xg, Yo) # %o OF S(Yo,%g) # Yo-
Define the sequences {x,} and {y,} in X as follows:

X =S(X0, ¥0) 1 T(S(X0, Y0): S(Yo, %)) =T (%, Y1) = X2

Y1 =5(Yo, %) T T(S(Yo. %), S(X0, Yo)) =T (Y1, %) = Y2

Xo =T (x4, Y1) 1 S(T (X0, Y1), S(Y1, %)) = S(X2, Y2) = X3

Y2 =T (Y, %) 9 S(T (Y1, %), SO Y1) = S(Y2, X2) = Y3
In similar fashion, we get

T %1 % T T % T Xoa I -

+azd (X, S(x, ¥))+a, d(X,T(x,Y))

and

ViT Yo T Y3 T YT Your T
Let d(Xzn,X2ns1) >0 and d(Yzq, Yania) >0 for every ne N . If not, then Xp, =Xon,1 and Yaq = Yanua for

some n. Forall those n, Xo, = Xon1 = S(Xon, Yon) aNd Yon = Yonis = S(Yon, Xon) , and proof is finished.
Now, let d(Xo,,Xna) >0 and d(Ysn,Yonst) >0 for n=0,1,23,.... AS Xo,, Xony1 and VYo,, VYonui are
comparable, so we have

d(Xans1, Xons2) = A(S(Xan, Y2n ), T (Xans1, Yans1))
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<a +d (Xan, T (Xans1s Y20:1))d (Xons1, S (Xan, Yan )
d (X2n :T(X2n+l: )/2n+1))2 + d (X2n+lv S(XZn ' y2n))2

+ 8.2 [d (X2n :T (X2n+1: y2n+1))d (X2n+11 S(XZn ) yZn))]
d(X2ns T (X2n41s Yons1)) + d (Xons1, S(X2n s Y2n))

+a3 d(Xan, S(X2n» Y2n)) + a4 d(Xons1, T (Xons1s Yoni)
=a3 d(Xon, Xon41) + &4 d(Xon11, Xons2)

{ d (X2n+1, S (Xans X2n))d (X2n, T (Xan1, Y2n+1))2 }
<

which implies that

a
1—214 d (Xon, Xonsy) forall n>0.

d (X2n+11 X2n+2) <
Hence
d(X2n41, Xons2) < hd(Xen, Xonsg) forall n>0,

where 0 < h <23

1. Similarly,

d(Xon s Xons1) <hd(Xon_1, Xo,) forall n>0.
Hence for all n>0, we have d(X,,1,Xq.2) <hd(X,, Xp.1) -
Consequently,

d (X1, Xns2) <hd (X, Xps1) < ... <h™d (%9, %) forall n>0.
In similar way,

d(Y2ns1s Yoni2) <hd(Yan, Yonia) forall n>0 and 0<h <1
and like above

d(Yon, Yons1) < hd(Yon_1, Yon) forall Nn>0 and 0<h<1.
We have

d(Yns1: Yne2) Shd(Yn, Ynu) -

Consequently,
d(Yns1 Ynez) < Dd(Yn, Ynsa) <. <h™Hd(yo, 1)
Now for m > n, we have
d(Xn ' Xm) < d(Xn, Xn+1) + d(Xn+1l Xn+2) +..+ (Xm—lv Xm)
<h"d (X, %) +h"d (X, %) +... + ™ d (X9, %)

hn
T d(x,4)

n
1h_h|d(xo,x1)|. So |d(Xy, Xn) | — 0 as n,m—>o gives that {x,} is a

Cauchy sequence in X . Since X is complete. So there exist a point u’ in X such that {x,} convergesto u’.
Similarly, we can easily show that the sequence {y,} is a Cauchy sequence in X and due to completeness of
X, {yn} converges to a point v' in X .

If S or T is continuous, then it is clear that
SW,v)=u=T@U'V")

<

1

Therefore, | d(Xy, Xm) | <

and
S(V,u)=v'=TW\,u").
If neither S nor T is continuous, then by given assumption x, § u’ and vy, g v’ forall ne N . We claim that
(u',v") is a coupled fixed point of S . Let if possible d(S(u’,v"),u’)=z >0 and d(S(v',u’),v)=2z">0.
From (1), we have
z=d(S@’,v"),u"
<d (U’ Xans1) + d(Xane1s Xons2) + d (Xans2, S(U', V)
= d(l.l', X2n+1) +d (X2n+lv X2n+2) +d (S (u’vV,)aT(X2n+l’ y2n+l))
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{ d (Xona1, SU, VN U, T (Xona1, Yonsa))? }
+d (U',T (X2n+1l y2n+1))d (X2n+1a S(U,, V’))z
d (U, T (Xans1s Y2n1))® + A (Xnan, S, V1)
+a, d (U',T (X2n+ln y2n+1))d (X2n+1r S(U,, V,))
d(U", T (X241, Y2n+1)) + A (Xansa, S(U', V)
+agd(u’, S(U', V")) + a4 d(Xansa, T (X2ns1s Yons1))
{d(xzm,S(UCV'))d(U',in+z)2 }
+d (U’ Xon2)d (Xnes, S(U', V1)
d(U’, Xons2)? +d (Xans1, S(U',V))?
, d (U’ Xan12)d (Xans1, S(U', V')
d(U’, Xan12) +d(Xons1, S(U',V))

< d(U', Xon41) + A (Xonsas Xons2) + &

=d(U', Xon41) + d(Xons1, Xons2) +&

+agd(u’,S(U',V")) + a4 d(Xons1, X2n+2))

and so
{I d (Xnea, S V) I (U’ Xoni2) [ }
+1d (U, Xons2) 141 d (Xans1, SW', V) [¥
A (u', Xans2) [ +{d (Xans2, S V)Y
, [d (U’ Xons2) | | d(Xons1, S(U',V)) |
[ d(U', Xan42) +d (Xans1, S(U' V) |
which on taking limit as n—>o0, we get |z|<ag|z|, a contradiction, and so S(u’,v’)=u’. Similarly
S(,u)=Vv".
Hence

[ Z]=]d(U’ Xons2) | + | d(Xons1, Xons2) | +@

+ag[d(U', S(U',V)) |+ a4 d(Xoni1, Xon+2)) |

SW,v)=u=T@U'V")
and
SMV,u)=v' =TU'"V)
Now suppose that the set of common coupled fixed point of S and T is totally ordered. Now we shall
show that the common coupled fixed point of S and T is unique.
Let (x,y) and (u,v) are two distinct common coupled fixed pointof S and T .
From (1), we obtain
[d(u, S(x, ¥)d (T (U, v))? +d (x,T (u,v))d (U, S(x, ¥))’]
d (X, T (u,v))? +d(u,S(x, y))?
ra, d(x,T(u,v))d(u,S(x,Y))
d(x, T(u,v))+d(u,S(x,y))
[d(u, x)d(x,u)? +d(x,u)d (u,x)?] d(x,u)d(u, x)
=q +a
d(x,u)? +d(u,x)? d(x,u) +d(u, x)
+ azd(x,x)+a,d(u,u)

d(S(Xv y),T(U,V)) < al

+azd(x,S(x,y)) +a, d(u,T(u,Vv))

and so

1460 TM = 2+ 3 JIdS( . Tw V)|

where (al +%a2j<1.

Which is a contradiction, so S(x,y) =T (u,v).
Similarly, S(y,x) =T(v,u).
Hence x=u and y =v which proves the uniqueness.

Conversely, if S and T have only one common coupled fixed point then the set of common coupled
fixed point being singleton is totally ordered.
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Corollary 1. Let (X,q) be a partially ordered set such that there exist a complete complex valued generalized

metric d on X and let T: X xX — X be weakly increasing map. Suppose that, for every comparable

u,v,Xx,y € X, either

[d(u,T (X, y)d (T (U, v))* +d(x,T(u,v)du,T(x y))]

AT TUV) <2 d(x,T(u,v)% +d(u,T(x,y))?

N d(x, T(u,v))d(u,T(x,¥))
2d(x,T(u,v))+d(u, T(x Y))

+agd(x,T(x,y)) +a,du,T(u,v)) ?3)

If d(x, T(u,v))+d(u,T(x,y)) =0, & >0,i=1234 and Zai <1or
i=1
d(T(x, ), T(uv)) =0 if d(x,T(u,v))+d(u,T(x,y))=0 (4)
If T is continuous or for a nondecreasing sequences {x,} and {y,} with x, -z and x, »> z" in X,
we necessary have x, 9 z and x,q z' forall ne N then T has a coupled fixed point. Moreover, the set of
coupled fixed point of T is totally ordered if and only if T has one and only one coupled fixed point.

Proof. Take S =T in Theorem 1.

Theorem 2. Let (X,9) be a partially ordered set such that there exist a complete complex valued generalized
metric d on X and a pair (S,T) weakly increasing which defined as S,T : X x X — X . Suppose that, for
every comparable x,y,u,v e X , either
[d(x,S(x, y))d (x, T (u,v)) +d(u,T(u,v))d(u,S(x y))]
d(x, T(u,v))+d(u,S(x,y))
d(x,T(u,v))d(u,S(x,¥))
d(x,S(x,y)) +d(u,T(u,v))
if d(x,T(u,v))+d(u,S(x,y)) #0 and d(x,S(x,y))+d(u,T(u,v)) =0, with a+b<1,or
d(S(x¥), T(u,v)) =0 if d(x,T(u,v))+d(u,S(x,y)) =0 or d(x,S(x,y))+d(u,T(u,v)) =0 (6)
If S or T is continuous of for a nondecreasing sequences {x,} and {y,} with x, >z and y, —> 2’
in X, we necessarily have x, § z and y, q z' forall ne N.
Then S and T have a common coupled fixed point.

d(S(x,y), T(u,v)) <a

(®)

Proof. First of all we shall show that if S or T has a coupled fixed point, then it has a common coupled fixed
point of S and T . Suppose that (X,y) is a coupled fixed point of S . Then we shall show that (X, y) is coupled

fixed point of T also. Let if possible (x,y) is not a coupled fixed point of T . Then from (5), we obtain
d(x,T(xy)) =d(S(x,y),T(x,y))
2L S YDNA(X T (X ) + d(x,T(x y)d(x S(x, y))]
d(x,T(x y))+d(x,S(x,y))
d(x,T(x, y))d(x,S(x,y))
d(x,S(x,¥)) +d(x,T(xY))
2L X)X, T(X, y)) + d(x.T(x, y))d(x, X))]
d(x, T(x,y))+d(x,x)
d(x, T(x,y)d(x,x)
d(x,x) +d(x,T(x,y))

=0
Hence d(x,T(x,y))=0 and this shows that T(x,y)=x. Similarly, we can easily, show that
Ty, x)=y
Hence (Xx,y) is a common coupled fixed point of S and T . In the same way if we take (X,y) is a
coupled fixed point of T thenitisalso S .
Now let (Xg,Yo) be an arbitrary point of X x X . If S(Xg, Vo) =X and S(Yop, %) = Yo, then proof is

hold. Let either S(Xg, Yo) # Xo Or S(Yo,%) # Yo -
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Construct the sequences {x,} and {y,} in X such that:
X =S(X0, Yo) I T(S(X0, Y0):S(Yo: %)) =T (X0, Y1) = %,
Y1 = S(Yo, %) <T(S(Yo,%0), S(Xo, ¥0)) =T (Y1,%) = Y2
Xo =T (%, Y1) I ST (X, Y1), S(¥1, %)) =S(X2, ¥2) = X5
Y2 =T(Y1, %) T ST (Y1, %), S(X¢, V1)) = S(Y2, %) = Y3
In the same way, we obtain
%% T X T T X T Xa T -
and

Vil Y291 Y39 -1 ¥l Ynua I -
Let d(Xon,Xonss) >0 and d(VYon, Yone) >0, for every ne N . If not, then X, = Xopq and Yo, = Yo for

some ne N . Forall those n, Xon, = Xoni1 = S(Xon, Yan) @A Yon = Yonia = S(Yon, Yon) » @nd proof is hold.
Now, let d(X;,,Xon.a) >0 and d(Yon, Yonsg) >0 for n=0,1,2,3,.... AS X, Xonyg and VYo,, VYon,g are
comparable, so we have
d(Xani1, Xons2) = d(S(Xzn, Y2n), T (Xans1, Yan+1))
{ d(Xan, S(Xan, Y2n))d (X2n, T (Xon+1, Yon1)) }
+d (X2n+1’T (X2n+1’ y2n+1))d (X2n+1l S (X2n ' y2n))
d (X2n :T (X2n+1: y2n+l)) +d (X2n+lv S(XZn » Yon ))
d(Xen, T (X2ns15 Yan+1))d (Xoni1, S (Xan, Yon))
d (XZn ’ S (X2n »Yon )) +d (X2n+er (X2n+1a y2n+l))
—a [d (X2n ’ X2n+1)d (X2n ’ X2n+2) +d (X2n+1’ X2n+2)d (X2n+l: X2n+l)]
d(Xan, X2n+2) + A (X2ns1s Xon+1)
b d (Xan, X2n+2)d (X2ns1, X2n41)
d (Xan, X2n41)d (Xon+15 Xon+2)
d (Xan, X2n41)d (Xan, X2ns2)
d(Xan, X2n+2)
:ad(XZn ) x2n+l) .
Similarly, d(X,,Xons1) < ad(Xon_1,Xon), forall n>0.
Thus d(Xni1, Xns2) < ad(X,, Xp41) , forall n>0.
Consequently,
A (X1, Xns2) < @d(Xy, Xpig) < ... <a"d(xg, %), forall n>0.
In similar way,
d(Yna: Yns2) < @d(Yn, Ynsr) <. <@"d(yo, y1) , forall n>0.
Now for m > n, we have
d(Xn ' Xm) < d(Xn’Xn+l) + d(Xm—ll Xn+2) +o.t (Xm—lv Xm)

<a"d(xy, %) +a™d(Xg, %) +...+a™d (Xg, %)

an
< d (X, %) .
a (X0, %)

1-—
an
l1-a
Cauchy sequence in X . Since X is complete. So there exist a point u’ in X such that {x,} convergesto u’.
Similarly, we can easily show that the sequence {y,} is a Cauchy sequence in X and due to completeness of
X, {yn} convergestoa point v’ in X .If S or T iscontinuous, then it is clear that

SW,v)=u=T@U'V")

So, [d(Xn,Xm) | < |d(Xg,%)|. SO |d(Xy,%y)|—0 as m,n—oo. It follows that {x,} is a

and

S(V,u)=v'=T(\,Uu").
If neither S nor T is continuous, then by given assumption x, <u’ and y, <V’ forall ne N . We claim that
(u’,v") is a coupled fixed point of S . Let if possible d(S(u’,v"),u’)=z>0 and d(S(v',u’),v)=2">0.
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From (5), we have
z=d(S@u',v"),u")
< d(U', Xons1) + A (Xans1s Xons2) +d (Xons2, S(U, V)
=d(U’, Xons1) + A (Xens1, Xons2) + A (S, V), T (Xens1s Yanea))
< d(U', Xone1) +d(Xans1s Xon+2)
{d U, S, v)dU, T (Xan41s Ynia)) }
+0 (Xons1, T (X415 Yons1))d (Xansa, S(U', V1))
d(U', T (X2n+1: Y2ns1)) + A (Xansa, S(U V)
b9 T (Xons, Yan:a))d (Kana, S(U', V)
d(u’, S(U',u") +d(Xone1, T (X2ns1s Yonea))

{d(u', S(U',V))d(U', Xan:2) }
+d (X2n41, Xon+2)d (Xan41, S(U', V7))
d (U’ Xan12) +d(Xons1, S(U',V))

90U Xon,2)d 0.1, SUVY)
d(u’, S(U',v)) +d(Xans1, Xons2)
Taking modulas and limn — oo, on both side, we have |z |<0, a contradiction. So S(u’,v')=u’.
Similarly S(v',u") =Vv'.
Hence

+a

=d(U’, X2n41) + d(Xoni1, Xons2) +a

S,v)=u=T(",Vv)
and
S(V,u)=v'=T@U',V)
Then S and T have a common coupled fixed point.

Remark. In Theorem 2, if in (5), we take b =0, then point of S and T is totally ordered if and only if S and
T have one and only, one common coupled fixed point.

Corollary 2. Let (X,q) be a partially ordered set such that there exist a complete complex valued generalized
metric d on X and let T: X xX — X be weakly increasing map. Let for every comparable x,y,u,ve X,
either
[d(x,T(x,y)d(x,Tu,v)) +d(u,Tu,v))du,T(x y))]
d(x, T(u,v))+d(u,T(x,Y))
d(x,T(u,v))d(u,T(x,Y))
d(x, T(x,y))+d(u,T(u,v))
if d(x,T(u,v))+d(u,T(x,y)) #0 and d(x,T(x,y))+d(u,T(u,v)) #0 with a+b<1,or
d(T(x,y), T@u,v) =0 if d(x,T(u,v))+d(u,T(x,y))=0
or d(x,T(x,y))+d(u,T(u,v)) =0 9
If T is continuous or for a nondecreasing sequences {x,} and {y,} with x, >z and y, >z in X
necessarily have x, 9 z and y, 9 z’' forall ne N.
Then S and T have a common coupled fixed point.

d(T(x,y),T(uv)) <a

(®)

Proof. Put S =T in Theorem 2.
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