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Hamiltonian-T*- Laceability in Jump Graphs Of Diameter Two
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Abstract: Let G be the nonempty graph. The Jump graph J[G] of G is the graph whose vertices are edges of G,
and where two vertices of J[G] are adjecent if and only if they are not adjacent in G, equivalently , the Jump
graph J[G] is the complément of line graph L[G]. In [2] the authors have obtained Hamiltonian Jump graphs.
In this paper we charecterised Hamiltonian laceability of Jump graph and also explore the Laceability in jump
graph of Star, Friendship and Ladder graphs.
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. Introduction

Let G be a finite, simple, connected and undirected graph. Let u and v be two vertices in G. The
distance between u and v denoted by d(u,v) is the length of a shortest u-v path in G. G is Hamiltonian laceable
if there exists a Hamiltonian path between every pair of vertices in G at an odd distance. G is Hamiltonian-t-
laceable (Hamiltonian-t*-laceable) if there exists a Hamiltonian path between every pair (at least one pair) of
vertices u and v in G with the property d(u,v)=t, 1 <t < diamG.

The Line graph L[G] of G has the edges of G as its vertices and two vertices of L[G] are adjacent if
and only if they are adjacent in G. The complement of the line graph L[G] is called the Jump graph J[G] of G.
That is, the Jump graph J[G] is the graph defined on E[G] and in which two vertices are adjacent if and only if
they are not adjacent in G.

In [3], [4] and [5], the authors have studied Hamiltonian-t-laceability and Hamiltonian-t*-laceability of
various graph structures. In this paper we explore the Hamiltonian-t*-laceablity properties of the Jump graph
J[G] of the Star graph, the Friendship graph and the Ladder graphs.

Definition 1:
The Jump graph J [G] of a graph G is a graph defined on E [G] and in which two vertices is adjacent if
and only if they are not adjacent in G.

Definition 2:

A Graph is called a Friendship graph if every pair of its nodes has exactly one common neighbor. This
condition is called the friendship condition. Furthermore, a graph is called a windmill graph, if it consists of
k>1 tringles, which have a unique common node, known as the “politician”. Clearly, any windmill graph is a
friendship graph

The Friend ship Graph (or Dutch Windmill graph or n-Fan graph) F, is a planar undirected graph with
2n+1 vertices and 3n edges.

Definition 3:
The Ladder graph L,, is a planar undirected graph with 2n vertices and n+2(n-1) edges.

Figures 1, 2 and 3 below illustrate the Jump Graph of the Star K; s the Friendship graph F,
and the Ladder Graph L respectively.
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Fig.1: Kis L[Kys] J[Kys]
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Il. Results

Theorem 1: The Jump Graph J[G] of the star Graph G =K , us Hamiltonian-t*-laceable for 1<t<diamG;
n>6.

Proof: Consider Jump Graph J[G], which is a complement of Line graph of G, denote the vertices of J[G] by
ay—a—a,—————-— ya, 4,8, =a, under modulo n.

Now we have the following cases
Case 1: Fort=1
Sub case 1: If nis even

In J[G] d(a,a;)=1 and the path P:(a,a5)(as, 8, 1) (@ 4,8,5) V(8,5 8,5)U———U
(a,8,) V(8@ ,) V(@ .8, ) V(@ 48, ) V————U(8.8,) V(. 8) U(a,a;) is a
Hamiltonian path from @, to a,.

a,

Fig.4: Hamiltonian path from the vertex @, to @, in Jump Graph J [Kqg]
Sub case 2: If n is odd (n#7)
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In J[G] d(a;,a;)=1 and the path P:(a,,a;)v(as,a,,)v(a, ,,a, )@, ,,a, ) v——
——(a7,8,) (8,8, 1) (@, 1,8, 5) (8, 5.8, 5) U ———U(8,8,) (8, 8,) U (8, 8;) is a

Hamiltonian path.
Sub case 3 : If nis odd (n=7)

In J[G] d(a,a;)=1 and the path P:(a,a)u(a;,a,)u(a,,a)v(ag,a,)u(a,,a;) is a

Hamiltonian path

Fig.5: Hamiltonian Path from the vertex a, to a; in Jump Graph J [K,7]

Case 2: For t=2=diamJ[G]
Sub case 1: If nis even

In J[G] d(a,,a,)=2 and the path P:(a,,a,,)u(a,, a,,)v(, ., a,
U(a,,a,4) v, . a, 3)u(@, . a, ) u———u(as,a;) U(a,,a,) isaHamiltonian path from @,

to a,.

Fig.6: Hamiltonian Path from the vertex &, to &, in Jump Graph J [Ky 1]
Sub case 2: If nis odd

In J[G] d(a,a,)=2 and the path
P: (ai’ an—1) o (anfli an—s) o (anf?;’ an—s) U (an75’ an—?) A
(84,8,)V(8,,8, ,) (@, 5,8,4) (8, 48, 6) V———U (a5,8,) U (a;,ay)

is a Hamiltonian path from &, to a,. Therefore G is a Hamiltonian-t*-laceable for t=2.
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Fig.7: Hamiltonian Path from the vertex a, to &, in Jump Graph J [Ky ]

Remarks:
1. If 1<n<4, J[G] is either trivial or disconnected graph.
2. If n=5, then in J[G], we consider the following cases

Fort=1and in d(a,,8,) =1 then the path P:(a,,a,) v (a,,a,)v(a,,a,)v(a,,a,)
is a Hamiltonian path.

dy

3 a,

Fig.8. Hamiltonian path from the vertex @, to a; in Jump Graph J [Kys]
For t=2, Hamiltonian Path does not exists.

Theorem 2: The Jump Graph J[G] where G=F, n>2, the Friendship Graph is Hamiltonian-t*-laceable for
1<t<diamG.

Proof: Consider Jump Graph J [G], which is a complement of Line graph of G, denote the vertices of J[G] by
Q- - —————— 18, 1,89 =&,
Case 1: Fort=1

Sub case 1: If niseven

InJ[G] d(a,,a,) =1 and the path P:(a,,ay)u(ay,a;) v (a,,a,)u———U (8,7, 85,9) I———
— == (8,1, 855) U (B3, 819) U (g, 815) U (45, 817) U (g7, Bg5) W (By3,85) U (85, 83) W

(a3, 850) Y

(B10s A12) U (A2, 814) U (14, 36) U (85, 836) U (R, Bpp) U ——— U (141 Big6) U~ —— Y

(g @yu1)

U (@18 850) Y (8y0,85) U (3g,8,) U (a,,8,) U (8y,a,) is a Hamiltonian path.
Hence J [G] is Hamiltonian-t*-laceable for t=1.
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Fig.8. Hamiltonian path from the vertex @, to a, in Jump Graph J [F,]
Sub case 2: If nis odd

InJ[G] d(a;,a,)=1and the path P: (a;,85) U (85, 8;) W ————— (83011 Bzn6) I (g Bnis)
=== (8, A1) Y (B4, A1) U (A5 14) U (A4, &15) V(B0 330) U (15, 85) U (85, 35) U
(ag,8) v

— == (@21 @n15) Y (Bopisr Boni3) U (B30 B10) U (B1g, 817) U (B17, 815) Y (845, 845) (315, 8g)

U(ag,a,,) Y (8,8, (8,,8;,)U(a,,a,) is a Hamiltonian path. Hence J[F,] is a Hamiltonian- t*-
laceable for t=1.
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Fig.9. Hamiltonian path from the vertex @, to a, in Jump Graph J [Fs]

Case 2: Fort=2
Sub case 1: If nis even

In J [G] d(a,,a,)=2 and the path P:(a,a;)u(as,a,)(a;a,)v————U(a,., &)
U (8y9,8y7) (17, 845) (85, 815) (813, 89) (85,8, ) (87, 8,) U (84, 85) VU (Bg, 85)
(aﬁ'a10)

U (8491 314) U (8145 315) U (8421 846) U= —— =A@y, 1) U —— == U(yn,6, Qg 4) Y (Bpiar B22) Y
(a,,,a8,) U (a,,a,) is a Hamiltonian path. Hence J[F,] is a Hamiltonian- t*-laceable for t=2
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Fig.10: Hamiltonian path from the vertex @, to a, in Jump Graph J [F,]

Case (ii): If nis odd

In J [G] d (ai’ a2) = 2 and the path P : (ai’ a'S) o (a'S ' aS) o (a'2n+7 ! a‘2n+5) o (a2n+51 a‘2n+3)

o (a2n+3 | a2n+2) N

—————— (Ag,a17) Y (847, 8y5) Y (Bu5:345) U (a3, 89) U (89, 3y,) U (843, 87)

U (8y,85) U (35, 86) U (3, 8y0) Y

(Qypra14) U (B34, 815) U (@5, 8y6) U ————(8y,5, 8yp) VU (Ay0, Ayg)

U———U(8y,6,8pp.) I————— (ay,a,) is Hamiltonian path. Hence J[F,] is a Hamiltonian- t*-laceable

for t=2.
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Fig.10: Hamiltonian path from the vertex @, to a, in Jump Graph J [Fs]
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Theorem3: The Jump Graph J[G] where G=L,, n>3, the Ladder graph is Hamiltonian-t*-laceable for

I1<t<diamG.

Proof: Consider Jump Graph J [G], which is a complement of Line graph of G, denote the vertices of J[G] by

ay—aq —a,—————— &, 4,8y =a,.
Now we have the following cases
Case 1: For t=1

Sub case 1: If nis even
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In J [Gld(a,,8,)=1 and the path P:(a,a)u(as,a,)u(a,,a,, ;) u———U(a,,a,)
(819:837) Y (A7, &45) U (85 813) U (B3, 8y5) U (3, 89) U (g, 85, 4) U——— U

(850, 8,5) U (ayg, a5) U
(B46y 310) U (A4, A1) L (A1, 85) (85, 850) U (45, 8,) U (@4, 85) U (86, 8,) U (3, 89) U (@y, )

is a Hamiltonian path. Hence J[L,] is a Hamiltonian- t*-laceable for t=1.

Fig.11: Hamiltonian path from the vertex @, to @, in Jump Graph J [L,]
Sub case 2: If nis odd
In J [G] d(&,3;)=1 and the pathP:(a,85)\ (a3, 4,3, ¢) V———U (g a,) U (,, a5)
U (a5, a13) Y (8y3,817) Y (&41,89) U (8g,8,) U (ay,8,) U (@,,8,,) U (8y,,80) U (B4, 85)
U (ag,85)
U———U(@, 5, 36) U (845, 14) U (@14, 815) U (815, 8,) U (84, 8y) U (8, 83) is @ Hamiltonian path.

Hence J[L,] is a Hamiltonian- t*-laceable for t=1
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Fig.12: Hamiltonian path from the vertex @, to @, in Jump Graph J [Ls]

Case 2: For t=2
Sub case 1: If nis even
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In J [G] d(a,,a,)=2 and the path
P:(a,a,)u(a,,8) U (ay,8,) U (a5,a) U(as,a;) U(a;,a,) v

(A3, 845) U (Bg53) B3y 5) U ——— U

(812, B40) (B, Bs) B AW BR B, 6) W —— = (820 814)

is a Hamiltonian path. Hence J[L,] is a Hamiltonian- t*-laceable
for t=2
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Fig.13: Hamiltonian path from the vertex @, to a, in Jump Graph J [Lg]
Sub case 2: If nis odd
InJ[G] d(a;,a,)=2 and the path P (a,8,)\(8,,8,) (8, 8,) (85, 85) (85, 8,,) (&, &)

U———— (8355, 83n5) V=~ U (@5, 81,) (@14, 81) U (86, 83) U (85, 87) U (87, 89)

(ay, &)V
(813, 5) Y (843, 835) U (Qy5: & 7) U (@7, 854) Y Qg 40 g 6) Y (g6, 85) U (@5, @,) is @ Hamiltonian

path. Hence J [L,] is a Hamiltonian- t*-laceable for t=2

Fig.14: Hamiltonian path from the vertex @, to @, in Jump Graph J [Ls]
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