IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-1ISSN:2319-765X. Volume 10, Issue 4 Ver. | (Jul-Aug. 2014), PP 08-15
www.iosrjournals.org

A new approach to attenuate the effects of disturbances: A
discrete linear systems
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Abstract: In this article, we consider the perturbed controlled linear system described by the difference
equationx/; = Ax{” + Bu; , x§’ = xo + wand the corresponding outputy” = Cx°, we suppose that o is a
disturbance which infects the system. Obliged to take into account the undesirable perturbation ®, we
investigate also in this work a feedback control uw; = Kx{°which allows to eliminate or to attenuate the effects of
o. To illustrate the obtained results, various examples are presented.
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I.  Introduction

During the modeling of a physical system, we cannot avoid some unwanted parameters that can have
very negative effects on the evolution of the latter. Theses disturbances that are generally unavoidable could
affect the different components of the system such as dynamic, control, observations, initial conditions ...

To solve this problem scientist came up with several approaches and techniques.

In [2] [10] [11] Rachik and al have proposed on approach which, instead of eliminating the effects of
the disturbances, allows us to localize those whose effects don't go beyond the tolerance level that was fixed
before. To follow this approach naturally, we consider in this paper the discrete disturbed linear system given by

x{1, = Ax{ + By,
{ x¢ =xp+w
and augmented by the output
v =Cx®

Our aim is to determine under certain conditions the control u; = Kx{*, which allows us to reach the

objective
lye -7l <e Vi=0

Where y,is the no disturbed output, that is to say corresponding to @ = 0 and where ¢ is a tolerance
level fixed before.

In the next part of this work, we deal the same problem, with using closed-loop controls the output y;°,
ieu; = Cy.

Il.  Statement of the problem
Let us consider the discrete perturbed system
) {x{‘ilw= Ax? + By
Xy =Xgt+w
whered € L(R™), B € L(R™, R"), o is unavoidable disturbance which affect the initial state x,, for realistic and
technical raison, we suppose that ®€Q where QCR" is a convex open, bounded set with vertices
vert (Q) = {w,, w,, -+, ws}and with 0 € Q (€ is the interior of Q).
The system's output is described by the difference equation
L)y =Cxi = 0; C € L(R", RP).
The control variable u; = Kx{* where K € L(R", R™) is introduced to eliminate or to attenuate the
effect of the perturbation ®, that means
Oy =yl <e, Vi=z0andVw EQ
wheree > 0is a threshold of tolerance and y, the uninfected output, that's mean the output corresponding
too = 0,]|.]|| is the norm defined on R” by

, i=>0andVw € Q

X1

= max|x;|
xp 1<isn
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I11.  Some technical results
Let K € L(R™, R™) and u = (u;);»o the feedback control defined byu; = Kx{, the corresponding output is
y© = C(A+ BK)'(xy + w)
which implies that
v =y =C(A+BK)'w

consequently, the inequality (2) can be written
Q)||c(4 + BK)'w||<€e, YweQandi =0
it follows from (3) that the construction of a gain K € L(R", R™) solution of our problem, derived from an
infinite number of inequality, to cope with this problem, we begin by establishing the following result
Proposition 3.1: there is equivalence between the following conditions
1. Foranyi = 0 and for any w € Q

lcA+BK) w|| <e
2.Foranyi > 0andfor w € {w;, w,, ", ws}

lcAa+BK)iw|| <e
Proof. As the implication (1=2) is obvious, so we must show the second one. Indeed, according to Krein-
Milman theorem [4] [5], for all w € Q there exist ; = 0,+-, 8, = 0 suchas }i_; f; = 1 andw = fw; + -+

ﬁSwS
then
S
IC(A + BK)iw|| = Z B,C(A + BK)iw,
j=1
N
< Z B; ||C(A + BK) wj|
j=1
S S
j=1 j=1
<e
S0 we have

@)|c(A+BK)'w||<e VieN, Vo €Q
the proposition established allows to reduce the number of inequality (4) to small number, i.e.
6)||C(A + BK)'w|| <€ Vi€N, Yo € {w;, wy, - w5}
but, as we remark, the condition (5) generates an infinite number of constraints which don't allow the
construction of gain K. To overcome this difficulty, we assume that the spectrum of A+BK is
0(A+ BK) = {11, A5, - A}
we consider the basisB = {v,, v,, - v} of R where v; are eigenvectors of(A+BK) associated to 4; and
llv;ll = 1. B, = {ey, e,, -+ e, }is the canonical basis of Rx, so for all XER® , we have

n n
x = inei andx = ZZivl-
i=1 i+1

X1 Zq
whither the coordinates ( : )and ( : )are connected by relations
xTL Zn

X1 Z1
()=o)
xn Zn

With (q;;)1<i,j<n IS the transition matrix from the basis B to the basis B, furthermore

n
i
n

= Zzi(A + BK)v;

4

(A + BK)x = (A + BK)

n

= Z Zilivi

i

implying
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(A + BK)?*x = (A + BK)

n
Z Zilivi]

i+1
:Z?HZM?VL'
and we reason by recurrence, so it is easily shown that
7 A+ BK)Px =Y. z2Pv, Vp €N
=141’ Y1 p

using (6), we have

n
Zi=Zqijxi, VlE{l,,n}
- - - - i+1
substituting this expression for (7), so

n n
(A + BK)px = Z Z q”x] AZL-)UL'
j=1

i=1
implying

n n

(A + BK)Px|| < z Z|qij| x| | 1217

i=1 \ j=1

we note p is the spectrum radious of (A+BK), then
p= _sup |4]|and|x|[ = sup |[x|
1i€c(A+BK) 1<jsn

and

n n

ol =" layl

i=1 j=1
consequently
8 1A + BK)Px|l < llQllpllxl

IV.  Solution of the problem

Assuming the controllability of (A,B), using Ackermann'’s theorem, for given n real numbers
r={0< <<, <1}
there exists a matrix gain K, € L(R™, R™) such thato(4 + BK,) =T and so, according to inequality (8)
O+ BK)Px|l < llQllpllx|l Vx € R
where we have the following proposition
Proposition 4.1: Given ¢ >0, if we assume that
ICIl sup l|w;|l < € and IICIIIIQ||f<ll+§SIIwiII <e

so the control u; = Kyx;° allows us tt)_lr_esach the objective
lyf =¥l <e Vi=0andVw€eQ
Proof.According to proposition (3.1), it suffices that control u; = K,x{* guarantees the following inequalities
lyf =%l <€ Vi=0and Vo € {w,, w,, - ws}
In fact, fori = 0 and for w, € {w,, w,, - ws} we have
”y(;ﬂr - %” = [|C(xo tw,) — Cxo ||
< |[cor ||
< licilf|w, |
< lICllsupllw, |l < €

another fori > 0 and w, € {w4, w,, - ws} We have
Iy = 7l = ||C(4 + BKy) o, |
<lic A +BK)" ||| |
< lichneljor |l

< |ICIl sup floy|l < €
1<srss

Example 4.1: Let's consider a perturbed discrete linear system described by
1 2 0
= %)+ (s

x$ =%+ w, w € Q
the output is supposed to be
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e = (0 1/p)xp
where Q is such that vert(Q) = {w,, w,, w;}that means

we have||C|| = 1 and sup ||w;|| = 1/4, than other side

1<i<3
rang[B/AB] = 2
s0, the system (A,B) is controllable. Then and according to Ackermann's theorem [1], there exists a gain K, that
o(A + BK) = {0.2; 0.5}

K =(27%s)

1
and the other hand, the eigenvectors of the matrix (A+BK) arev; = ((1)) andv, = (_3 / ) , where Iv4l=lv,I=1,
4

and

so the transition matrix Q from B = (v,v,)toB, = (e, e;) is

o=(* s
=1, _4/3
Consequently, for €>0.5 we have

ICII sup [lw;ll = 0.125 < eand||C]| [|Q]| sup [|w;|| = 0.46 < €

1<i<3 1<i<3

and the control u; = Kyx;* allows to achieve the objective
lyf =¥l <e Vi=0andVw€eQ
Example 4.2: Let's consider the system
s Y 1
5 5
xﬁ1:<11 )xiw‘*'</2>ui
/s 3 -1

Xy =x+w, w € Q

e = (Y Y )xe
The set Q is vert(Q) = {wq, Wy, w3, w4}, i.€.,

Augmented by the output

wy = {—1,1| wy = (1,1}

wy=(-1,-1] we = (1,—1)
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Therefore
lcll = 1/, and sup floll = 1

1<i<4
rang[B/AB] = 2
Since the system (A,B) is controllable. So according to Ackermann's theorem, we have
o(A + BK) = {0.6; 0.8}

K = (2 1%/)

and the other hand, the eigenvectors of the matrix (A+BK) are v, = G) andv, = (f) , where lv,l=lv,I=1, so

and

the transition matrix Q from B = (v,v,)toB, = (ey, e;,) is
_(1 0
Q= (_1 1)
Consequently, for £ > 0.8, there exists a gain K, such asu; = K,x{’allows to reach the objective
lyf =¥l <e Vi=0andVweQ

V.  When the control is a feedback of the output
In this section, we investigate a control u; = Kx;* such that
ly® =9l <e Vi=0andVw€eQ
which is equivalent to
|C(A+BKC)w|| <€ Vi=0 and Vo € {w;, sy, ws}
assuming the controllability of (A,B) and using Ackermann's theorem [1], for
r={0<a,<1,--<1,<1}
there exists a gain L € L(R", R™) such that the spectre 6(A+BL) of A+BL is
6(A+BL) =T
ifB = {v;,v,, - v,} are the associated eigenvectors, where | ||v;|| = 1, as in section 4, if x ER?, we have
n n

x = le-ei andx = ZZivl-

i=1 i
whereB, = {e,, e,, -+ e;} is the canonical basis of R, we have

1A+ BL) x|l < p"llQIIxII
where Q is the transition matrix from B to B,, thus we have the following result (established in Section

4)
Proposition 5.1: Given € > 0 if we assume that

max (JIcl sup [loy | ICTIQN sup lodl) < e
1<isn 1<isn
so the control u; = Lx{° can achieves the objective
ly =¥l <e Vi=0andVw e Q.
Using this proposition, our problem is then to ensure, under certain conditions, the existence of
Ko € L(R®, R™)such as
(10) L = K,C
the following result solves the matricial equation (10)
Proposition 5.2: If we assume that kerC c kerLand rang(C) = p, then the matrix
K, = (LCT)(CC™)tis the unique solution of the equation (10).
Proof.Since rang(C) = p, we have
ImC =RP
ie.
(ImC)* = {0}
which implies

ker(C)™ = {0}
we have (CCTx,x) = |C"x|? = 0 and if (CC"x, x) = 0, then|C"x| = 0 which implies x € kerC" = {0}
then x = 0, consequently CCT is positive definite, so it's invertible. On the other hand
R" = kerC @ (kerC)T
moreover for any x ER? we havex = x; + x, where x; € kerC and x, € kerC. Since (kerC)* = ImC"
where x, = CTz with z € RP so we have
KoCx = LCT(CCT)™Cx; + LCT(CCT)™ICCT 7]
= LCT(CCT)1Cx, + LCT(CCTY)CCT2
=LC"z
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= Lx; + Lx,
(becausex; € kerC c kerL and so Lx; = 0), consequently
K,Cx = Lx
ie
K,C =1L

to show that K is the unique solution of the equation (10), we assume thatH is another solution of
(10), then

HC=L
which implies
LCT = HCCT
that gives
(LcTH(CCHt=H
Consequently

H = KO
Example 5.1: We consider the controlled system

3 -3 -
x{‘i1=</12 1/5>x{“+(11)ui

X5 =x+w, wEQ
which is augmented by the output equation

e = (Y 7Y )
we have vert(Q) = {w;, w,} where Q is such that

thus ||C]| = 1/2 and sup ||w;|| = 1/5, also we have
1<i<2

rang[B/AB] = 2
so the system (A,B) is controllable, and Ackermann's theorem ensures the existence of a matrix L that
o(A + BK) = {0.3; 0.4}

L=(%573/s)-

The solution of the matricial equation L=KC is

moreover

K=12 /5
-1
theeigenvectors of the matrix (A+BL) are v, = ( / 2) andv, = (f) , where Iv,l=Iv,l=1, so the
1
transition matrix Q from B = (v,v,)toB, = (e, e,) is

=20
Q= ( 2 1)
so, for € > 0.5, the controlu; = Lx{’allows to reach the objective
ly? —%ll<e Vi=0andVw € Q.
Example 5.2: We consider the system

= (o) Z;S)m(z‘;s)ui

x$ =x+w, w €N

yi' = (1/3 _1/3)’55"

augmented by
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andvert(Q) = {w,, w,, w3} where Q is

-
TATT

So||C|| = 1/3 andlsl-lpsnwi" = 1/3, Since the system (A,B) is controllable, So the ackermann's theorem ensures
<i<

the existence of a matrix L that
o(A + BK) = {0.4; 0.5}

L=(73/53/5)-

So the solution of the matricial equation L=KC is

moreover

K=5 /2
1
theeigenvectors of the matrix (A+BL) are v, = ((])) andv, = < / 2) , and we have the transition matrix Q from
1
B = (v\n)toB, = (e}, €,) is
=2 1
Q= ( 2 o)

5o, for € > 0.6, the controlu; = Lx{’allows to reach the objective
ly® =7l <e Vi=0andVweQ

VI.  Conclusion
In this work, we considered a discrete linear system where the initial state is infected by disturbances ®.
A new approach to attenuate the effects of a disturbance was introduced. We investigate, in first part, the
feedback control u; = Kx{* to attenuate the effects of the disturbance, and in second one, we treated the same
problem, with using closed-loop control the output u; = Ky{*. Numerical examples were provided to show the
effectiveness.
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