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I.  Introduction:

A triple (X, t1,7,) where X is a non-empty set and t; and 1, are topologies on X is called a bitopological
space and kelly [7] initiated the study of such spaces. In 1985, Fukutake [2] introduced the concept of g-closed
sets in bitopological spaces and after that several authors turned their attention towards generalizations of
various concepts of topology by considering bitopological spaces and Indirani et.al.[5] introduced gr*-closed
sets in topological spaces and investigated its relationship with the other types of closed sets. The purpose of the
present paper is to define a new class of closed sets called (i,j) gr*-closed sets and we discuss some basic
properties of (i,j) gr*-closed sets in bitopological spaces.

IL. Preliminaries:

If A is a subset of X with a topology T, then the closure of A is denoted by t-cl(A) of cI(A), the interior

of A is denoted by t-int(A) of int(A) and the complement of A in X is denoted by A€,

Definition: 2.1. A subset A of a topological space (X, t) is called

(1) A generalizad closed set [9] ( briefly g-closed set) if cl(A)cU whenever AcU ad U is open in X.

(ii) a generalized open set (briefly g-closed set) if A® is g-closed in X.

(ii1) a regular open set [11] if A= int ( cl (A))

(iv) a semi-open set [8] if Accl (int (A))

Definition 2.2 — the intersection of all pre closed sets containing A is called the pre-closure of A and it si
denoted by t-pcl(A) or pcl(A).

Throughout this paper X and Y always represent nonempty bitoplogical spaces (X, 1,12) and (Y,0,02)
on which no separation axioms are assumed unless explicitly metioned and the integers 1,j,ke{1,2}. For a subset
A of X, 1i-cl(A) (resp. t-int(A), ti-pcl(A)) denote the closure (resp. interior, preclosure) of A with respect to the
toplogy 1;, by GO(X, 1;) and the family of all tj-closed set is denoted by the symbol F;. By (I,j) we mean the pair
of topologies (t;,T;).

Definition 2.3- A subset A of a topological space (X, t;,1,) is called

(1) (i,j)-g-closed [2] if 1;-cl(A)cU whenever AcU and Ue 1.

(i) (i,j)-rg-closed [1] if 1; cl(A)c U whenever A < U and U is regular open in 1;
(iii) (i,j)-gpr-closed [4] if 7j-pcl(A)c U whenever A < U and U is regular open in T;
(iv) (i,))- E’ -closed [4] if 1j-cl(A)c U whenever A c U and U is semi-open in T;
(v) (i,j)-g -closed [12] if 7;-CI(A)cU whenever AcU and U eGO(X, 1y).

The family of all(i,j)-g-closed (resp. (i,j)-rg-closed, (i,j) —gpr-closed, (i,j)-wg-closed and (i,j)-w-closed)
subsets of a bitoplogical space(X, 1;, 1) is denoted by D(L,j) (resp. Di(Lj), & (i,j), W(i,j) and C(i,j)).

Definition 2.5 A map fi(X, 11, 12)—=( (Y, 11, 12) is called:

(1) t-o-continuous [10] if 'V)e 7; for every Veoy.

(2) D(i,j)- ox.continuous [10] (resp. D*(i,j)— ox-continuous [12], D,(i,j)-ci-continuous [1], & (i,j)- oi-continuous
[4], W(Lj)- oy-continuous[3], C(i,))- ck—continugus[4] and Dr*(i,j)—ck—continuous [6]) if the inverse image of
every oy-closed set is (i,j)-g-closed (resp. (i,j)-g -closed,(i,j)-rg-closed, (i,j)-gpr-closed, (i,j)-wg-closed, (i,j)-w-
closed and (i,j) gr*-closed) set in (X, 1, 7).
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1L (i,j) gr*-closed sets
Definition 3.1: A subset A of a bitopological space (X, t;,12) is said to be an (i,j) gr*-closed set if 1;-rcl(A) c U,
whenever A ¢ U and U is 1;-g-open.
We denote the family of all (i,j) gr*-closed set in (X, 1;,72) by D (i)).
Remark 3.2: By setting 1, = 1, in Definition 3.1, a (1,2) gr*-closed sets is a gr*-closed sets.
Proposition 3.3: If A is tj-closed subset of (X, 11,T,) then A is (i,j) gr*-closed.
Proof: Let A be tj-closed subset of (X,t,,7,). To prove that A is (i,j) gr*-closed. Let U be any g-open in (X, 1)
such that A — U. Since every r-closed sets are closed, so that A is tj-closed, it follows that tj-cl(A) < tj-rcl(A) <
U. This implies that tj-rcl(A) < U. Hence A is (i,j) gr*-closed.
The converse of the above proposition is not true as seen from the following example.
Example 3.4: Let X = {a,b,c}, 1, = {¢,{a},{c},{ab},{ac},X}, ©o = {¢,{c},{ab},X }. Then the subset {b} and
{bc} are (1,2)-gr*-closed set but not 1, — closed set in (X,7,7;).
Proposition 3.5: In a bitopological space (X,t1,12),
(i) Every 1;-0-closed is (i,j) gr*-closed.
(i1) Every 1;-6-closed is (i,j) gr*-closed.
(iii) Every tj-r-closed is (i,j) gr*-closed.
Proof: It follows from
(1) Every 0-closed is closed and by proposition 3.3.
(i1) Every d-closed is closed and by proposition 3.3.
(ii1) Every r-closed is closed and by proposition 3.3.
The converse of the above proposition is not true as seen from the following example.
Example 3.6: Let X = {a,b,c}, 1= {¢,{a},{b},{ab},X} and 1, = {¢,{b},{ac},X }. Then the subset {bc} is (1,2)-
gr¥*-closed set but not 1, - 0 — closed set in (X,7y,T,).
Example 3.7: Let X = {a,b,c}, 1= {¢,{b},{ac},X} and 1, = {,{a},{b},{ab},X }. Then the subset {ac} is (1,2)-
gr¥*-closed set but not 1, - & — closed set in (X,7;,12).
Example 3.8: Let X = {a,b,c}, 1,= {¢,{a},{ab},{ac},X} and 1, = {d,{a},{b},{ab},{ac},X }. Then the subset
{c} is (1,2)-gr*-closed set but not 1, -r — closed set in (X,t,72).
Proposition 3.9: In a bitopological space (X,1;,12),
(1) Every (i,j) gr*-closed is (i,j)-g-closed.
(i1) Every (i,j) gr*-closed is (i,j)-g*-closed.
(ii1) Every (i,j) gr*-closed is (i,j)-rg-closed.
(iv) Every (i,j) gr*-closed is (i,j)-gpr-closed.
(v) Every (i,j) gr*-closed is (i,j)- % -closed.
Proof: (i) Let A be a (i,j) gr*-closed subset of (X,t;,7;). Let U € GO(X,t;) be such that A < U. Then by
hypothesis t-rcl(A) < U. This implies tj-cl(A) < U. Therefore A is (i,j) gr*-closed.
Proof of (ii) to (v) are similar to (i).
The following examples show that the reverse implications of above proposition are not true.
Example 3.10: Let X = {a,b,c}, 1,= {d,{a},X} and t, = {d,{a},{c},{ab},{ac},X }. Then the subset {b} is (1,2)-
g-closed but not (1,2)-gr*-closed set.
Example 3.11: Let X = {a,b,c}, t;= {¢,{a},{ac},X} and 1, = {,{a},{c},{ab},{ac},X }. Then the subset {a} is
(1,2)-rg-closed but not (1,2)-gr*-closed set.
Example 3.12: Let X = {a,b,c}, 1, = {¢,{a},{c},{ab},{ac},X} and 1, = {¢,{c},X }. Then the subset {ac} is
(1,2)-gpr-closed but not (1,2)-gr*-closed set.

Example 3.13: Let X = {a,b,c}, 1, = {d,{c},{ac},{bc},X} and 1, = {d,{c},X }. Then the subset {a} is (1,2)- % -
closed but not (1,2)-gr*-closed set.

Proposition 3.14: If A, B € D, (i,j), then AUB € D, (i,j).

Proof: Let U € GO(X,t;) be such that AUB < U. Then A c Uand B < U. Since A, B € Dr*(i,j), we have T;-
rcl(A) < U and t-rel(B) < U. That is tj-rcl(A) U 1j-rel(B) < U. Also tj-rcl(A) U t3-rel(B) < U = 15-rcl(AUB)
and so tj-rcl(AUB) < U. Therefore AUB e Dr*(i,j).

Example 3.15: Let X = {a,b,c}, 11= {¢,{a},{ac},X} and T, = {,{a},{c},{ab},{ac},X }. Then the subset {b}
and {c} are (1,2)-gr*-closed set and {b} U{c}={bc} is also (1,2)-gr*-closed set.

Remark 3.16: The intersection of two (1,2)-gr*-closed sets need not be a (1,2)-gr*-closed set.

Example 3.17: Let X = {a,b,c}, 1, = {¢,{b},{c},{bc},{ac},X } and t,= {¢,{a},{bc},X }. Then the subset {ab}
and {bc} are (1,2*)—gr*—closed set and {ab} N {bc*}:{b} isnot in (1,2)-gr*-closed set.

Remark 3.18: D; (i,j) is generally not equal to D, (i,j) as seen from the following example.
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Example 3.19: Let X = {a,b,c}, 11= {¢,{a},{b},{ab},{bc},X }and 1, = {¢,{a},{ab},{ac},X }. Then (1,2)-gr*-
closed set = {¢,{ac},X } and (2,1)-gr*-closed set = {¢,{a},{bc},X }.

Proposition 3.20: If 7, < 1, in (X,71,T2), then D, (1,2) < D, (2,1).

Proof: Let Ac D,’(2,1). That is A is a (2,1)-gr*-closed set. To prove that Ae D, (2,1). Let U € GO(X, T,) be
such that A < U. Since GO(X, 1) < GO(X, 12), we have U € GO(X, 15). As A is a (2,1)-gr*-closed set, we have
11-rcl(A) < U. Since 1, < Ty, we have 1,-rcl(A) < Ty-rcl(A) and it follows that tp-rcl(A) < U. Hence A is (1,2)-
gr¥-closed set. That is A € D,’(1,2). Therefore D,’(1,2) < D, (2,1).

The converse of the above proposition is not true as seen from the following example.

Example 3.21: Let X = {a,b,c}, 1= {,{b},{ab},X} and 1, = {¢,{b},X }. Then D,"(2,1)  D,’(1,2) but 1, is not
contained in T,.

Proposition 3.22: For each element x of (X,1,,72), {x} is 1-g-closed or {x}®is D, (1,2).

Proposition 3.23: If A is (i,j) gr*-closed, then 1j-cl(A) — A contains no non empty tj-g-closed set.

Proof: Let A be a (i,j) gr*-closed set and F be a t;-g-closed set such that F < tj-rcl(A) < tj-rcl(A) — A. Since A €
D, (i,j), we have tj-cl(A) < ti-rcl(A) < FC. Thus F < ti-cl(A) M (1i-cl(A))° = ¢.

The converse of the above proposition is not true as seen from the following example.

Example 3.24: Let X = {a,b,c}, 1,= {,{b},{c},{bc},X} and 1, = {¢,{a},X }. Then the subset A={b},then t,-
cl(A) — A = {c} does not contains any non empty t,-g-closed set but A is not (1,2)-gr*-closed set.

Proposition 3.25: If A is (i,j) gr*-closed set of (X,1,7,) such that A = B ¢ U < 1j-rcl(A), then B is also an (i,)-
gr¥*-closed set of (X,11,12).

Proposition 3.26: Let A < Y < X and suppose that A is (i,j)-gr*-closed set in X. Then A is (i,j)-gr*-closed set to
Y.

Proposition 3.27: In a bitopological space (X,1,12), GR*O(X,t;) < F; iff every subset of X is a (i,j)-gr*-closed
set.

Proof: Suppose that GR*O(X,t;) < F;. Let A be a subset of X such that A — U, where U € GR*O(X, ;). Then 7;-
rcl(A) < ti-cl(A) < t-cl(U) = U and hence A is (i,j)-gr*-closed set. Converserly, suppose that every subset of
X is (i,j)-gr*-closed. Let U € GR*O(X,t;). Since U is (i,j)-gr*-closed, we have tj-rcl(U) < 7tj-cl(U) < U.
Therefore Uc Fj and hence GR*O(X,t;)  F;.

Iv. (i,j) gr*-open sets
Definition 4.1: A subset A of a bitopological space (X,1;,1,) is said to be (t;,1j) gr*-open if its complement is
(ti,Tj) gr*- closed in (X,74,12).
Proposition 4.2: In a bitopological space (X,t;,12),
(i) Every 1;-6-open set is (i,j) gr*-open.
(ii) Every 1;-6-open set is (i,j) gr*- open.
(iii) Every tj-r-open set is (i,j) gr*- open.
Proposition 4.3: In a bitopological space (X,1;,12),
(1) Every (i,j) gr*-open is (i,j)-g- open.
(i1) Every (i,j) gr*- open is (i,j)-g*- open.
(iii) Every (i,j) gr*- open is (i,j)-rg- open.
(iv) Every (i,j) gr*- open is (i,j)-gpr- open.

(v) Every (i,j) gr*- open is (i.j)- % - open.

Proposition 4.4: A subset A of a bitopological space (X,t,,12) is (1;,7j) gr*- open iff F  tj-rint(A) whenever F is
t-g-closed and F c A.

Proof: Necessity. Let A be a (t;,7;) gr*- open set in X and F be a 1;-g-closed set such that F — A. Then F* — A®
where F°is 1i-g-open and A°®is (t;,7)) gr*- closed implies tj-rcl(A) < (F°), tj(rint(A)) ‘< F°. Hence F < -
rint(A). Sufficiency. Let F < t;-rint(A) whenever F is t;-g-closed and F — A. Then A° ¢ F* = G and G is t;-g-
open. Then G° < A implies G° < tj-rint(A) or t-rcl(A) = (tirint(A))°c G. Then A® is (t;,T)) gr*- closed or A is
(ti,Tj) gr*- open.

V. (i,j) gr*-continuous map
Definition 5.1: A map f: (X,11,7)— (Y,04,0) is called Dr*(i,j)— oi-continuous if the inverse image of every oy-
closed set is (i,j) gr*-closed set.
Proposition 5.2: If f: (X,t;,12)— (Y,61,62) is Tj -O-continuous, then it is Dr*(i,j)— o-continuous but not
conversely.
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Example 5.3: Let X =Y = {ab,c}, 11 = {¢,{a},{b},{ab}, X}, ©» = {¢,{b},{ac},X }, o1 = {¢,{a},X} and o, =
{d,{c},X}. Define a map f: (X,11,72)— (Y,01,05) by f(a) = a, f(b) = ¢, f(c) = b. Then fis D, (i,j)- 6,-continuous,
but not t,- 6,-continuous.

Proposition 5.4: If f: (X,7,72)— (Y,01,02) is Dr*(i,j) - ox-continuous then it is

(1) D(i,)) - ox-continuous.

(i) D'(i,j) - o\-continuous.

(iii) Dy (i,j) - ox-continuous.

(iv) € (i,j) - ox-continuous.

(v) C (i,)) - ox-continuous.

Proof: (i) Let V be a oi-closed set in (Y,61,0,). Since fis D; (i,j) - 6y-continuous,

£'(V) is (i,j)-gr*-closed in (X,t1,7,). Then by Proposition 3.9, £'(V) is (i,j)-g-closed. Therefore fis D (i,j) - y-
continuous.

proof of (ii) to (v) are similar to (i), using Proposition 3.9.

However the reverse implications of the above proposition are not true in general as seen from the following
example.

Example 5.5: Let X =Y = {a,b,c}, 11= {d,{a},{b},{ab},{bc},X}, 1. = {d,{b},{ac},X }, o1= {¢,{ab},X} and o,
= {¢,{bc},X}. Then the identity map f on X is D, (i,j) - oy - continuous and { (i,j) - oi-continuous but not D, (i.j)
- 6, -continuous.

Example 5.6: Let X =Y = {ab,c}, 11 = {¢,{a},X}, 12 = {0,{a},{c},{ab},{ac},X }, o1 = {d,{b},X} and o, =
{¢,{ab},X}. Then the identity map f on X is D (i,j) - o, — continuous, D'(i,j) - o,-continuous and C (i,j) - o
continuous but not Dr*(i,j) - 0, -continuous.

VI (ti,7))-gr*-Neighbourhood
Definition 6.1. Let (X,t;,7;) be bitopological space, and let geX. A subset N of X is said to be, (tiT;)-gr*-
neighbourhood (briefly (t;,1;)- gr*-nhd) if a point g if and only if there exists a (t;,T;)- gr*-open set G such that
g€GEN.
The set of all (t;,7j)- gr*-nhd of a point g is denoted by (t;,7j)- gr*-N(g).
Proposition 6.2. Every ti-nhd of g€X is a (t;,7))- gr*-nhd of g€X.
Proof: Since N is t;-nhd of g€X, then there exists t;-open set G such that gEGEN. Since every t-open set is
(T3, 7;)- gr*-open set, G is (1;,Tj)- gr*-open set. By definition 6.1. N is (t;,1;)- gr*-nhd of X.
Remark 6.3. The converse of the above Proposition is need not be true as seen from the following example.
Example 6.4. Let X={a,b,c} and 1={X, ¢,{a}}, 1={X,p,{a},{a,b}}
D, O (1) = {X, ¢,{a},{b},{c},{a,b},{a,c},{b,c}}, the set {b,c} is (1;1))- gr*-nhd of c, since there exists a
(T3, 7;)- gr*-open set G={c} such that c€{c}S{b,c}. However {b,c} is not t;-nhd of ¢, since no t;-open set G such
that ceGE {b,c}.
Proposition 6.5. If N a subset of a bitopological space (X,t;,1;) is (1;T;)- gr*-open set, then N is (t;,1;)- gr*-nhd of
each of its points.
Proof: Let N be a (1;,7))- gr*-open set. By Definition 6.1. N is an (t;,1))- gr*-nhd of each of its points.
Proposition 6.6. Let (X,1;,7;) be bitopological space:
1) Vv geX, (1,1)- gr*-N(g)#d
2) V N€(t,17)- gr*-N(g), then geN.
3) If N&(1;,77)- gr*-N(g), NEM, then ME(t;,1))- gr*-N(g).
4) If NE(1;,1))- gr*-N(g), then there exists M€(t;,1;)- gr*-N(g) such that MEN and exists M€(t;,1;)- gr*-N(h), V
heM.
Proof. 1) Since X is an (t;,7j)- gr*-open set, it is (1;T;)- gr*-nhd of every g€X. Hence there exists at least one
(t3,7j)- gr*-nhd G for every g€X. Therefore (1;,7j)- gr*-N(g)#9, V g€X
2) If NE(1;,1))- gr*-N(g), then N is (1;,7;)- gr*-nhd G of g. Thus By Definition 6.1 g€N.
3) If N€&(t;,7;)- gr*-N(g), then there is an (t;,7;)- gr*-open set A such that gEACN, since NEM, gEAEM and M
is an (t;,7))- gr*-nhd of g. Hence M€&(x;,1)- gr*-N(g).
4) If NE(1;,7))- gr*-N(g), then there exists is an (t;,7;)- gr*-open set M such that gEMEN. Since M is an (1;,1;)-
gr*-open set, then it is (1;,7j)- gr*-nhd of each of its points. Therefore M€(t;,1;)- gr*-N(h), V heM.

VIIL. Pairwise gr*O-Connected Space
Definition 7.1. A bitopological space (X,t;,1,) is pairwise gr*O-connected if X can not be expressed as the union
of two non-empty disjoint sets A and B such that [AN 1;- gr*cl(B)] U [1,- gr*cl(A)NB]= ¢.
Suppose X can be so expressed then X is called pairwise gr*O-disconnected and we write X=A\B and call this
pairwise gr*O-separation of X.
Theorem 7.3. The following conditions are equivalent for any bitopological space.
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(a) X is pairwise gr*O-connected.

(b) X can not be expressed as the union of two non-empty disjoint sets A and B such that A is t;- gr* open and
B is 1,- gr* open.

(c) X contains no non-empty proper subset which is both t,- gr* open and B is 15~ gr* closed.

Proof.(a)=(b): Suppose that X is pairwise gr*O-connected. Suppose that X can be expressed as the union of two
non-empty disjoint sets A and B such that A is t;- gr* open and B is 1,- gr* open. Then ANB= ¢. Consequently
ACBC. Then 1,- gr*cl(A)Ct,- grcl(B9)=B°. Therefore, 1o~ gr¥cl(A)NB= ¢. Similarly we can prove ANt;-
gr*cl(B) = ¢. Hence [ANt- gr¥*cl(B)]U[ - gr*cl(A)NB] = ¢. This is a contradiction to the fact that X is
pairwise gr*O-connected. Therefore, X can not be expressed as the union of two non-empty disjoint sets A and
B such that A is 1;- gr* open and B is 1,- gr* open.

(b)=(c): Suppose that X can not be expressed as the union of two non-empty disjoint sets A and B such that A is
T,- gr* open and B is 1,- gr* open. Suppose that X contains a non-empty proper subset A which is both 1,- gr*
open and 1,- gr* closed. Then X=AUA® where A is ;- gr* open, A is 1,- gr*open and A, A are disjoint. This
is the contradictions to our assumption. Therefore, X contains no non-empty proper subset which is both t;- gr*
open and 1,- gr* closed.

(c)=(a): Suppose that X contains no non-empty proper subset which is both t;- gr* open and t,- gr* closed.
Suppose that X is pairwise gr*O-connected. Then X can be expressed as the union of two non-empty disjoint
sets A and B such that [ANT- gr¥cl(B)]U[ 1o~ gr*cl(A)NB] = ¢. Since ANB= ¢, we have A=B® and B=A°.
Since T,- gr*cl(A)NB= ¢, we have T,- gr*cl(A) € B°. Hence 1,- gr*cl(A)CA. Therefore, A is T,- gr* closed.
Similarly, B is 7,- gr* closed. Since A=B®, A is 1,- gr* open. Therefore, there exists a non-empty proper set A
which is both t;- gr* open and t,- gr* closed. This is the contradiction to our assumption. Therefore, X is
pairwise gr*O-connected.

Theorem 7.4. If A is pairwise gr*O-connected subset of a bitopological space (X,t;,T,) which has the pairwise
gr*O-separation X=C\D, then ASC or ASD.

Proof. Suppose that (X,1,1,) has the pairwise gr*O-separation X=C\D. Then X=CUD where C and D are two
nonempty disjoint sets such that [CNt;- grcl(D)]U[ - gr¥cl(C)ND] = ¢. Since CND = ¢, we have C=D° and
D=C€. Now [(CNA)NT;- gr¥cl(DNA)U[ To- gr*cl(CNA)NDNA)] € [(CN1i- grEel(D)]U[ 1o- grcl(C)ND] = ¢.
Hence A=(CNA)\(DNA) is pairwise gr*O-separation of A. Since A is pairwise gr*O-connected, we have either
(CNA) = ¢ or (DNA) = ¢. Consequently, ACC or ACD. Therefore, ACC or ACD.

Theorem 7.5. If A is pairwise gr*O-connected and A € B C 1;- gr¥cl(A) N 1,- gr*cl(A) then B is pairwise gr*O-
connected.

Proof. Suppose that B is not pairwise gr¥*O-connected. Then B=CUD where C and D are two nonempty disjoint
sets such that [CN1;- gr*cl(D)]U[ 12- gr*cl(C)ND] = ¢. Since A is pairwise gr¥*O-connected, we have ACC or
ACD. Suppose ACC. Then D € DNB € DN1yp- gr*cl(A) € DNrt,- gr*cl(C) = ¢. Therefore, ¢ € D C ¢.
Consequently, D=¢. Similarly, we can prove C=¢ if ACD {by Theorem 7.4}. This is the contradiction to the
fact that C and D are nonempty. Therefore, B is pairwise gr*O-connected.

Theorem 7.6. The union of any family of pairwise gr*O-connected sets having a nonempty intersection is
pairwise gr*O-connected.

Proof. Let I be an index set and i€1. Let A=UA; where each A; is pairwise gr*O-connected with NA#¢. Suppose
that A is not pairwise gr¥O-connected. Then A = CUD, where C and D are two nonempty disjoint sets such that
[CN1y- grEcl(D)]U[ 1,- gr*cl(C)ND] = ¢. Since A; is pairwise gr¥*O-connected and A;€A, we have A;CC or
A€D. Therefore, U(A;))SC or U(A;)ED. Hence, ASC or ASD. Since NA#p, we have xENA,. Therefore, x€
A, for all i. Consequently, x€A. Therefore, x€C or x€D. Suppose x€C. Since CND=¢, we have x¢D. Therefore,
AZD. Therefore, ACC. Therefore, A is not pairwise gr*O-connected. This shows that A is pairwise gr*O-
connected.

Theorem 7.7. Let f:(X,t,,7,)—(Y,51,6,) be a pairwise continous bijective and pairwise r- closed. Then inverse
image of a 6- gr* closed set is 7;- gr* closed.

Theorem 7.8. Let f:(X,t,,7,)—(Y,51,6,) be a pairwise continous bijective and pairwise r- closed function. Then
the image of a pairwise gr*O-connected space under f'is pairwise gr¥*O-connected.

Proof. Let f:(X,11,7,)—(Y,01,62) be a pairwise continous surjection and pairwise r- closed. Let X is pairwise
gr*O-connected. Suppose that Y is pairwise gr*O-disconnected. Then Y=AUB where A is ;- gr* open and B is
6,- gr* open in Y. Since fis pairwise continuous and pairwise r-closed, we have f'(A) is ;- gr* open and f'(B)
is T,- gr* open in X. Also X = f'(A) U f'(B), f'(A) and f'(B) are two nonempty disjoint sets. Then X is
pairwise gr*O-disconnected. This is the contradiction to the fact that X is pairwise gr*O-connected. Therefore,
Y is pairwise gr*O-connected.
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VIIL Pairwise gr*O-Compact Space
Definition 8.1. A nonempty collection (={ A;, i€l, an index set} is called a pairwise gr* open cover of a
bitopological space (X,11,15) if X=UA, and { € 1,- gr*O(X,11,12) U 15- gr*O(X,1,72) and { contains at least one
member of 1;- gr*O(X,t,,7,) and one member of 1,- gr*O(X,1,7,).
Defintion 8.2. A bitopological space (X,t;,15) is pairwise gr*O-compact if every pairwise gr* open cover of X
has a finite subcover.
Definition 8.3. A set A of a bitopological space (X,1,1;) is pairwise gr*O-compact relative to X if every
pairwise gr* open cover of B by has a finite subcover as a subspace.
Theorem 8.5. Every pairwise gr*O-compact space is pairwise compact.
Proof. Let (X,11,12) be pairwise gr*O-compact. Let (={ A;, i€l, an index set} be a pairwise open cover of X.
Then X=UA, and { € t1,Urt, and { contains at least one member of t; and one member of 1,. Since every T;-open
set is T~ gr* open, we have X=UA; and (Crt,- gr*O(X,7;,12) U 1- gr*O(X,t),7,) and { contains at least one
member of t;- gr*O(X,t;,T,) and one member of 1,- gr¥*O(X,1,7;). Therefore, { is the pairwise gr*-open cover of
X. Since X is pairwise gr*O-compact, we have £ has the finite subcover. Therefore, X is pairwise compact.
But the converse of the above theorem need not be true in general.
Theorem 8.6. Let f:(X,t,,12)—(Y,01,02) be a pairwise continous, bijective and pairwise r- closed. Then the
image of a pairwise gr*O-compact space under f is pairwise gr*O-compact.
Proof. Let f:(X,t1,72)—(Y,01,02) be a pairwise continous surjection and pairwise r-closed. Let X be pairwise
gr*O-compact. Let (={ A;, i€l, an index set} be a pairwise gr*-open cover of Y. Then Y=UA, and { € o;-
er*0(Y,0,,02) U o,- gr*O(Y,01,0,) and { contains at least one member of 6,- gr*O(Y,0,,6,) and one member of
0,- gr*O(Y,01,0,). Therefore, X = f'[U(A;)] = Uf'(A) and £'() € 11- gr*O(X,11,12) U 1o- gr*O(X,11,1,) and £
'(¢) contains at least one member of T,- gr*O(X,1,,7,) and one member of 1,- gr*O(X,1;,1,). Therefore, £'(C) is
the pairwise gr¥-open cover of X. Since X is pairwise gr*O-compact, we have X=Uf'(A), i =1....n. =
Y=f(X) = U(A)), i=1.... n. Hence, { has the finite subcover. Therefore, Y is pairwise gr*O-compact.
Theorem 8.7. If Y is 1- gr* closed subset of a pairwise gr*O-compact space (X,11,1), then Y is 1,- gr*O-
compact.
Proof. Let (X,t,T,) be a pairwise gr*O-compact space. Let { = { A;, i€], an index set} be a 1,- gr* open cover of
Y. Since Y is 1;- gr* closed subset, Y€ is 1;- gr* open. Also { U Y=Yy { A, i€l, an index set} be a pairwise
gr* open cover of X. Since X is pairwise gr*O-compact, X =Y U A; U ...... UA,. Hence Y=A, U ...... UA,.
Therefore, Y is 1,- gr*O-compact.
Since every 1,-closed set is 1;- gr* closed, we have the following.
Therorem 8.8. If Y is t;-closed subset of a pairwise gr*O-compact space (X,t,T;), then Y is 1,- gr*O-compact.
Theorem 8.9. If (X,t,) and (X,t,) are Hausdorff and (X,1,,1,) is pairwise gr*O-compact, then t,= 1,.
Proof. Let (X,t;) and (X,1,) are Hausdorff and (X,t,7,) is pairwise gr*O-compact. Since every pairwise gr*O-
compact space is pairwise compact, we have (X,t;) and (X,t,) are Hausdorff and (X,1,,1,) is pairwise compact.
Let F be 1;-closed in X. Then F€ is T1-open in X. Let { = { A, i€], an index set} be the 1,-open cover for X.
Therefore, { U F© is the pairwise open cover for X. Since X is pairwise compact, X =F° U A, U ...... UA,.
Hence F=A; U ...... UA,. Hence F is 1,-compact. Since (X,1,) is Hausdorff, we have F is t,-closed. Similarly,
every T,-closed set is 1;-closed. Therefore 1,= 1,.
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