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Abstract: Let G=(V, E) be a simple connected graph. Aset S & V is a total dominating set of G if every
vertex is adjacent to an element of S. Let D(W,2,i) be the family of all total dominating sets of the graph W,?,
n > 3 with cardinality i, and let d; (W,2i) = |Dt W.2, i) | . In this paper we compute di(W,%,i),and obtain the
polynomial Dy(W,2, x) = ?:Ylt(wle) d, (W2, i)x", which we call total domination polynomial of W,2 n >3
and obtain some properties of this polynomial.

Keywords: square of wheel, total domination set, total domination polynomial

I.  Introduction

Let G = (V,E) be a simple connected graph. AsetS & V isa dominating set of G, if every vertex in
V-S is adjacent to atleast one vertex in S. Aset S & Vis total dominating set if every vertex of the graph
is adjacent to an element of S. The total domination number of a graph G is the minimum cardinality of a total
dominating set in G, and it is denoted by Y(G). Obviously Y(G)<|V|. The square of a simple connected
graph G is a graph with same set of vertices of G and an edge between two vertices if and only if there is a path
of length at most 2 between them. It is denoted by G2. We use the notation [x] for the largest integer less than
or equal to x and [ x ]for the smallest integer greater than or equal to x. Also we denote the set {
1,2, ,n} by [n], throughout this paper.

In this paper, we study the concept of total dominating sets and total domination

polynomials of square of wheels W2, n > 3. Let D,(WZ2,i) be the total dominating set of W2 with cardinality i.
Let d.(W2,i) =|D,(W2,i). The total domination polynomial of W? is D,(W?2,x) = Z?jylt(wﬁ) d, (W2, i)x'.
Definition 1.1

The square of a wheel W, is a graph with same set of vertices as W, and an edge between two vertices
if and only if there is a path of length atmost 2 between them. It is denoted by W2.

Definition 1.2
Let W2, n > 3 be the square of wheel with n+1 vertices. Let V(W?) = {vy, v, Vo,....... v,} and E(W2) =
{(vg, v;);i=1,2......... NU{(vy, vigq)si=1,2,....  n-1} U{(vi, Vig2):i=1,2,. 0 n-23U(v,,, vq), (Vo—1, V1)

,(Vy, v2)}. Let D(W2,i) be the family of total dominating sets of W? with cardinality i and let d,(W2,i) =|
D(W2,i)|. Then the total dominating polynomial D(W?2x) of W2 is defined as d.(W?X)
=Xy, (w2, de (W3, Dx'.

Notation 1.3
We categorize the total dominating sets of W? into two classes, the total dominating sets containing

the vertex v, and the total dominating sets not containing the vertex v,, where v, denotes the centre of the
wheel.. Let DY(W2,i) be the collection of total dominating sets of W2 containing the vertex v, with
cardinality i. Let D}(W2,i) be the collection of total dominating sets of W2 not containing the vertex v, with
cardinality i. The total dominating sets of W2 not containing v, with cardinality i is same as the total
dominating sets of the square of cycle C2 with cardinality i. Hence D{ (W2,i) = D (W2 ,i).

Let d?(W7,i) = [DP(Wg i) | and di (WZ,i) = [D{ (W) |

So di (Wi i) =d(CF.i)
But in general d,(W2,i) = d?(W2,i) + d} (W2,i)
Thatis d,(W2,i) = d?(W2,i) +d,(C2,i)

Lemma 1.4
For w2 ,n >3 with | V(w?) | = n+1, then the total domination number is Y (w2) = 2
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Proof:

In the graph W2, a single vertex covers all the remaining vertices of W2.

By the definition of total domination, every vertex in total dominating set S is adjacent to another vertex of S.

Therefore Y, (w?2) = 2.

Remark 1.5

We have Y (w2) = 2

Therefore D (W2,i) £¢if 2<i<
n

2 nt+l.
Thatis d (W2,i) #0if 2<i<

+1.

Lemma 1.6
Let W2 ,n > 3 be the square of wheel with |V (W? )| = n+1. Then we have
(i) D, (W2i)=¢ifi >n+l.
(ii) D,(W2,x) is a multiple of x2.
(iii) D, (W2 ,x) is a strictly increasing function on [0,00).

Proof of (i)
Since W2 has n+1 vertices, there is only one way to choose all these vertices.
Therefore d; (W2,n+1) = 1.
Out of these n+1 vertices, every combination of n vertices can dominate totally only if § (W2 ) > 1. Therefore
di(W2,n) =n+1 if (W2) > 1.
Therefore D(W? , i) = ¢ if i <Y{(W2) and D, (W2 n+k)=¢ ,k=273,...........
Thus d, (W2 ,i)=0fori< Y(W?) and d,(W2 ,n+i)=0,for i=23,.......... =
Proof of (ii)
A single vertex of W2 cannot totally dominate all the vertices of W2 n > 3.So the set of all vertices of W2 is
totally dominated by atleast two of the vertices of W?2. Hence the total domination polynomial has no constant
term as well as first degree term. ®
Proof of (iii)
By the definition of total domination, every vertex of W2 is adjacent to an element of total dominating set.
Thatis Dy(WZ x) =X 2y | De(WZ, D) | X
Therefore D, (W2 ,X) is a strictly increasing function on [0, cc). ®

Theorem 1.7
If D; (W2 ,i) and D,(C? ,i) are the collection of total dominating sets of W and C2 respectively with cardinality
I, where i> [§1+1 then d,(W2,i) =nc;_; +d,(C2,i)
Proof:
We have d (W2,i)= dQ(W2,i) + di(W2,i)
= dQ(WZ,i) +d(CEi)

The number of total dominating sets of W2 containing the vertex v, with cardinality i is the number of
ways to choose i-1 vertices from the vertices 1,2.,3,......... .. Therefore d?(W2,i) = nc;_,. Therefore d,(W2,i) =
nc;_; +d(C2,i).

Lemma 1.8
: Let W2 ,n > 3 be the square of path with [V (W?2)| = n+l. Suppose that
D(W2,i) # ¢, then we have

0] D(W?2_,,i-1) = ¢ and D(W2_4, i-1) #o ifand only if i =n +1.
(i) D(W7_y, i-1) ¢, D(W;_, i-1) #¢ and D(W7_3,i-1) =g ifonlyifi=n.
Proof of (i)

Suppose, D(W?2_,,i-1) = ¢ and D(W2_,, i-1) #¢
— (W2 ,,i-1) = 0 and d(WZ2_,,i-1) #0
= i-1<Y(W?2) or i-1>n-l1and Y(W?)< i-1<n
Ifi-1< Y(W2) =i-1<i<Y(W2) = i<Y(W2)
= dy(W2,i) = 0 which is a contradiction, since  dy(W2,i) # 0, so i-1 < Y,(W?) is not possible. Therefore i-1 >
n-1.

=i>n=i>ntl (1)
Also, we have i-1<n
=i <n+l 2

From (1) and (2) we get i=n+1.
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Conversely, if i=n+1, then

D(W?_,,i-1) = D(W?2_,,n) =¢ and

DI(WnZ—ll I'l) = Dt(WnZ—l) 1’1) ;/‘_(P

Proof of (ii)

Suppose,

Dt(an—ll I'l) ¢¢’: Dt(an—Zl I'l) ;é(P

Then d(W2_, i-1) £0, d(W2_,, i-1) £0
= Y(W?2)< i-1<nand Y,(W?2)< i-1<n-1

= i-1<n-1

= i<n 1)

Also we have Dy(W?2_3,i-1) = ¢

Then d(W?2_5,i-1) =0

=i-1<Y(W2) or i-1>n-2

Ifi-1<Y(W?) =i-1<i<Y(W?2) =i<Y(W?)
= dy(W2,i-1) = o which is a contradiction , since d(W?,i) # o.

Therefore i-1 < Y{(W?) isnot possible, so i-1>n-2

= i >n-1

= i >n @2 -

From (1) and (2) we get i=n.

Conversely, if i=n, then

DI(an—ll I'l) = Dl(WnZ—ll n'l) ;éq)

D(W2_,, i-1) = D(W2_,, n-1) #¢ and

DI(W112—31 I'l) = DI(W112—31 n'l) =0

Theorem 1.9

Let W2 ,n > 3be the square of wheel with [V (W2 )| = n+1. Then the following properties hold for the

coefficients of D{(W2,x):
(i) Forn>2, d(W2n+l) =1
(i)  Forn>2, d(P?,n) =n+1
(iii)  Forn>3, d(W?2n-1) =(n+ 1,
(iv)  Forn>5, d(W?2n-2) =(n+ 1)cs
(v)  Forn>5, d(W2?n-3) =(n+1)c,
(vi) Forn>7, d(W2n-4) =(n+1)cg-n
Proof of (i)
Since for any graph G with n+1 vertices, d,(G,n+1) =1, then
dt an,n"'l) =1.
Proof of (ii)
Toprove d(W?2,n) =n+1, forn>2.
We have, d,(W2,i) =nc;,_; +d.(CZ,i)
de(Wg,n) =nc,_; +d;(C7.n)
=n+l
Therefore d(W2,n) =n+1.
Proof of (iii)
To prove d(W?2,n-1) = (n+ 1)c,, forn>3
We have , d,(W?2,i) =nc,_; +d.(C2,i)
di(Wg,n-1) =nc,_, +d,(C3,n-1)
= %n(n—l) +n
= %n(n—l +2)
= %n(n+1)
=(m+ g,
=(m+1)c, -2, forn>5
Proof of (iv)
To prove d; (W2,n-2) = (n+ 1)csfor everyn >5
We have, d.(W2,i) =nc;_, +d.(C2,i)
di(WZ,n-2) =nc,_5 +d,(C3.,n-2)

www.iosrjournals.org

24 | Page



Total Dominating Sets and Total Domination Polynomials of Square Of Wheels

= Hn(n-1)(n-2)] -2(n-2) + 5 n(n-1)
= =n(n-1)[n-2+3]
= =n(n-1)(n+1)
= % (n+1)n(n-1)
=(n+ 1)cg
di (W2,n-2) = (n+ 1)csfor everyn>5
Proof of (v)
Toprove d(W2?n-3) =(n+1)c,,forn>5 .
We have, d.(WZ2,i) =nc;_; +d,(C2,i)
dt(anln'B) =nc, 4 +dt(cr211n'3)
= —n(n-1)(n-2)(n-3)] -2(n-2) + % n(n—1)(n-2)
= —n(n-1)(n-2)[n-3+4]
= N-)@-)(n+1)
= — (n+1)n(n-1)(n-2)
=(n+1)c,
di(W?2,n-3) =(n + 1c, , forn>5
Proof of (vi)
Toprove d(W?2n-4) =(n+1)cs-n,forn>7.
We have, d.(W2,i) =nc;_; +d,(C2,i)
dt(wnzln'4) =Nn¢,_5 +dt(cgvn_4)
= L[n(n -1)(n-2)(n-3)(n-4)] -2(n-2) + i n(n—1)(n-2)(n-3) - n

ﬁ n(n-1)(n-2)(n-3)[n-4+5] —n

— n(n 1)(n-2)(n-3)(n+1) - n
= E (n+1)n(n 1D(n-2)(n-3) - n
= (n + 1)C5 -
dt(an,n'4) = (n + 1)C5 -n, forn > 7

Using theorem 1.7 and theorem 1.9, we obtain d,(W?2,i) for 1 <i <11 as shown in Table 1.1

Tablel 1 d,(W2,i), the number of total dominating sets of W2 with cardinality i
3

i 4 5 6 7 8 9 10 11
n

3 6 4 1

4 10 10 5 1

5 15 20 15 6 1

6 18 35 35 21 7 1

7 14 49 70 56 28 8 1

8 8 52 118 126 84 36 9 1

9 9 45 165 243 210 | 120 45 10 1

10 10 55 201 403 452 | 330 165 55 11 1

Theorem 1.10

If D,(W2,X) is the total dominating polynomial of square of wheel W2 , then D,(W2,x) = x[ (1+x)" - 1 ]+
t n n t n

Dt(anlx)
Proof:
We have, D,(W2, x) = Xt d (W2,i)x!

= BT 4 Wi + B o) d(WE i

= ZYt(c") “La w2, ixi + Yt yinci—y + de (G2, )}

i=Y(c2
Ye(cd) -1 i 1 N
=25 nc;_; x' + 304! (c2)nCi-1 X' + Zin:yt(cg) d.(C%, )x’

- ZYt(Cn) 1nCl 1Xl+ Zl ] (CZ)d (Crzl,i)Xi
= x X ne_q X'~ 1+D(C X)
D, (W2 ,x) —x[(1+x) 1]+ D,(C2,x)
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