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Abstract: Fractional Calculus and generalized hypergeometric functions have contributed a lot to the theory
of science and engineering. In view of importance and usefulness of fractional-calculus operators in different
directions, we present a number of key results for the product of two I-functions involving the Riemann-iouville,
the Weyl and such other fractional-calculus operators as those based upon the Cauchy-Goursat Integral
Formula. The results discussed here can be used to investigate a wide class of new and known results.

I.  Introduction

Fractional Calculus is the field of applied mathematics that deals with the derivatives and the integrals
of arbitrary orders. During the last three decades Fractional Calculus has been applied to almost every field of
science, engineering and mathematics. Many applications of Fractional Calculus can be found in fluid dynamics,
Stochastic dynamical system, plasma physics and controlled thermonuclear fusion, image processing, nonlinear
control theory, nonlinear biological system, astrophysics, etc.

Two of the most commonly encountered tools in the theory and applications of Fractional Calculus are
provided by the Riemann-Liouville operator R} (v € C) and the Weyl W, (v € C) operator which are defined
by [6, see also [1, 8, 10]. In this paper, we will define these operators as follows:
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provided that the defining integrals exist, N being the set of positive integers. The following definition of a
fractional differintegral of order v € C is based essentially upon the familiar Cauchy-Goursat Integral Formula:

Definition (Cf. [4 and 7]) If the function f(z) is analytic (regular) inside and on C, where
c={c,Cc"}, (1.3)

C~ is a contour along the cut joining the points z and —o + i J(z), which starts from the point at —oo, encircles
the point z once contour clockwise and returns to the point at —oo, C* is a contour along the cut joining the
points z and oo + i J(z), which starts from the point at oo, encircles the point z once contour clockwise and
returns to the point at oo.
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Then f, (z) (Re(v) > 0) is said to be the fractional derivative of f(z) of order v and £, (z) (Re(v) < 0) is said
to be the fractional integral of f(z) of order - v, provided that

I, <o (vER). (1.8)

The I-function, defined by Saxena [2], has been further studied by other workers [3 and 5]. In
this paper we will define and represent the I-function in the following manner:
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where £ is a suitable contour, w =+ —1 and all other conditions given in literature [9].
By summing up the residues at the simple poles of the integrand of (1.9), the following

expression is obtained:
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and
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provided that the series on the right hand side of (1.3) is absolutely convergent.

Il.  The Main Frational Differintegral Formulas
First of all, for the Riemann-Liouville operator R} defined by (1.1), we have

Ry{z 7D T(xz")lp 0 R(yzf)}
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Now, expressing the one I—functlon in series form as given by (1.11) and another I-function in terms of Melline-
Barnes type of contour integral given by (1.9), interchanging the orders of summation and integration and
putting & = zt in the resulting integral, we find that
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Further, we evaluate the Eulerian integral in (2.2) by applying the following integral representation for the
familiar Beta function B («, B):

P a-1
B@p) = [ =0t = [ ey de = B
0 0
_ @I )
“T@+p) {Re (a) > 0,Re (B) > 0}. (2.3)

and interpret the resulting integral in (2.2) as the I-function by means of the definition (1.9), we get
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provided that the series on the right hand side of (2.4) is absolutely convergent.
In precisely the same manner as mentioned above, by applying the definition (1.2) with
E=z(1+t)andd¢ =z dt,
and evaluating the resulting infinite integral as a Beta function by means of (2.3), we find that
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provided that each members of (2.5) exist.
Next, we make use of the definition (1.4) for which it is known that [6, Vol. I, p. 28]
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In this case, too, we choose to apply the series representation for the first I-function and for
the second I-function in terms of Mellin-Barnes type of contour integral given by (1.9), and we thus obtain
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provided that each members of (2.7) exist.
I11.  Special Cases
(i) Takingx = 0,R = 1in (2.4), we arrive at the following results involving Fox’s H-function
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provided that each members of (3.1) exist.
(if) Taking x = 0, R = 1 in (2.5), we arrive at the following results involving Fox’s H-function
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provided that each members of (3.2) exist.

(iii) Taking x = 0, R = 1 in (2.7), we arrive at the following results involving Fox’s H-function
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provided that each members of (3.3) exist.

IV.  Conclusion
The importance of our result lies in their manifold generality. In view of the generality of the I-

function, on specializing the various parameters, we can obtain from our results, several results involving a
remarkable wide variety of useful functions, which are expressible in terms of Fox’s H-function, Meijer’s G-
function etc. and their special cases. Thus, the result established in this paper would at once yield a very large
number of results involving a large variety of special functions occurring in the problem of science, engineering
and mathematics.
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