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Abstract: In this paper, we study a class of (e, ) -Finsler metrics called Binomial (<, ) -metricsonan n
-dimensional differential manifold M and get the conditions for such metrics to be Berwald, Douglas and
Projectively flat. Further, we prove that a Binomial («, ) -metric is of scalar flag curvature and isotropic S
-curvature if and only if it is isotropic Berwald metric with almost isotropic flag curvature.
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I.  Introduction
Let (M, F) isaFinsler manifold, where M isan N -dimensional differential manifold and F isa

Finsler metric on M . The («, ) -metrics are interesting examples of Finsler metric introduced by M.
Matsumoto as a generalization of Randers metric F = a + 3, where o = ,/aij (X)yiyj is a Riemannian

metric and S =hy' is a 1-form. A Finsler metrics F (o, ) on a differential manifold M is called an
(a, B) -metric, if F is a positively homogeneous of degree onein @ and /. In the present paper we study a

B

Finsler metric F = a(s), where s =2 and ¢(s) = (1+5)™" that s,
a
F _ (a+€)m+l |
a

where M is an arbitrary real number and called Binomial («, f) -metrics. This class of («, 8 )-metrics

contains Randers metric F =a+ f for m=0; Riemannian metric F =« for m=-1; Matsumoto

2
(24

1.1)

metric F =———, if we replace f by —f and take M=—-2 and Z. Shen’s square metric
(a—p)
2
a+
F= % for m =1. Z. Shen’s square metric is interesting in the sense that the metric
(24

(@[ XP) [y P+ 007 +(X, 1))?
(- 1X PV xP) [y P +xy)?
constructed by L. Berwald in 1929, which is projectively flat on unit ball B" with constant flag curvature

_(a+p)’

K =0; can be written in form F = ———— for some suitable  and /. Here |-| and (,) denote the
a

standard Euclidean norm and inner product respectively on R" and TR" is tangent spaceon R".
The flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry,

which is first introduced by L. Berwald. In general, for a tangent plane P =span(y,u), y and U are

F(xy)= (%, y) eTR";

linearly independent vectors of tangent space T,M of M at point XeM , the flag curvature
K = K(P,u) dependsonplane P aswellasvector U< P.AFinsler metric F isof scalar flag curvature if

for any non-zero vector Y€ T, M, K = K(X,y) is independent of P containing ye T, M . F is called
of almost isotropic flag curvature if
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3¢ y"

X

F
where ¢ =c(X) and o = o(X) are some scalar functionson M .

+0, (1.2)

The S -curvature S = S(X,Y) in Finsler geometry is introduced by Shen [1] as a non-Riemannian quantity,
defined as:

S(x,y) = < [r®.60),, 13

where 7 =7(X,y) is a scalar function on T,M \{O}, called distortion of F and o =o(t) be the
geodesic with o/(0) = x and 6(0) =Y.
A Finsler metric F is called of isotropic S -curvature if
S =(n+1)cF, (1.4)
for some scalar function ¢ =c(X) on M . One of the fundamental problems in Riemann-Finsler

geometry is to study and characterize Finsler metrics of scalar flag curvature with isotropic S -curvature. In [2], it
is proved that if a Finsler metric F, of scalar flag curvature is of isotropic S -curvature, then it has almost
isotropic flag curvature. A geodesic curve € = c(t) of a Finsler metric F = F(X,y) on a smooth manifold

M s given by &' (t)+ZGi(C(t),C(t)) =0, where the local functions G' = G'(X, y) are called the spray
coefficients given by G' :%g"{[Fz]Xkyl yk —[Fz]xl}. A Finsler metric is called Berwald metric, if G'
are quadraticin Yy € T,M forany X € M . The Berwald curvature tensor of a Finsler metric F is defined as
B:=Bj,dx' ®9, ®dx ®dx', where B}, = [Gi]yjykyl.
Berwald metric if its Berwald curvature is in the following form

B}m = c(ijykﬁl' + Fykyl 5} + Fy|yj5ﬁ + Fy. » vy, (1.5)

ly

A Finsler metric F is said to be isotropic

where € =C(X) isascalar functionon M .

The E -curvature or mean Berwald curvature in Finsler geometry is defined as E := EijdXi ®de, where

2 m
Eij = E B™ = l S, i (x,y) = 1 8 - oG . AFinsler metric F is said to be isotropic mean Berwald
20y'oy’ | oy"

2 mij 2 yly
o - , n+1 . :
metric if its mean curvature is in the following form E;; = FChij , Where € =C(X) isa scalar function on

M and hij is the angular metric tensor. The metric tensor g; and Cartan tensor C;, of a Finsler metric F

N 1 &°F* 1 dg; . .
is defined as @ = Eé’yiﬁyj and Cijk = EW . Also mean Cartan torsion | define by
I,(u):= l.(y)u', where I, =g J'kCijk . The horizontal covariant derivative of | along a vector u e T,M

gives rise to the mean Landsberg curvature J, (U) 1= J.(y)u', where J, = LY’
In the present paper we prove the following theorems:

Theorem 1.1 A Finsler space with Binomial (&, £) -metric F =

b, =0.

is a Berwald space if and only if

(CX + ﬂ)m+l
a™

(a + ﬁ)m+l

Theorem 1.2 A Finsler space with Binomial (<, f) -metric F = —

is a Douglas space if and only if
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bi;j =0, provided m=0,%1.
Remark: For m =0, the Bionomial («, ) -metric (1.1) is a Randers metric F =+ . A Randers metric
is Douglas if and only if £ is closed [3]. For m =1, the Bionomial (e, /) -metric (1.1) reduces to a square

metric F = (a ﬂ) . The condition, for a square metric to be Douglas, has been studied in [4]. Finally for
a

m = —1, the Bionomial (e, /) -metric (1.1) reduces to a Riemannian metric, which is trivially Douglas.

(Cl +ﬂ)m+l
a”

only if £ is parallel with respectto @ and « is locally projectively flat.

Theorem 1.3 A Finsler space with Binomial («, ) -metric F = is locally projectively flat if and

m+1
Theorem 1.4 Let F = (o ﬂ) be a Binomial («, /) -metric on N -dimensional Finsler manifold M .
a”

Then F isof scalar flag curvature with isotropic S -curvature if and only if it has isotropic Berwald curvature
with almost isotropic flag curvature. In this case, F must be locally Minkowskian.

Il. Preliminaries

Let & =.,/g; (X)y'y’ isaRiemannian metric, #=h.y' isal-formandlet F = axgf(s), s =
@ = ¢(S) is a positive C* function defined in a neighbourhood of the origin S=0. It is well known that
F = ag@(s) isaFinsler metricforany « and £ withb =|| #||,<b, ifand only if

#(5)>0, ¢(s)—s4(s)+(b*—s*Jp'(s)>0 , (s|<b<by).

Let G' and G; denote the spray coefficients of F and « respectively, given by

ﬁ

, where

i_ 1
G'= Z g I{Fz]xky| yk _[Fz]x| k (2.1)
and

i _ 1
G, = Za ! {az]xky, yX —[052]XI } (2.2)

where (@) =(a;)", F, = oF and F :a—F.
) X axk y 8yk

Consider the following notations [1]

1 i i — i
T ZE{bi;j +bj;i}’ rf=a'ny, r=hr,

]

— 1 i — 4ih —
Sij ‘E{bi;j ‘bj;i}’ sj=a's,, s;=bsj,
b'=a™,, b?=b'h,
where by, j Is covarient derivative of b, with respect to Levi-Civita connection of ¢ .

Lemma (2.1) [1] The spray coefficients G' are related to Gfx by

G' =G! +aQs} + J(-2aQs, + r00)£+ H (—2aQs, +I,,) (0’ —i), (2.3)
[94 (04
where Q = ¢ ) _1 (¢’—s¢r)2¢f ok _1 ' ¢/,2 _
$—s¢ 2¢((p—s¢)+(b” —s)¢") 2((¢—s¢)+(b"—s")¢")
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and subscript ‘0" represents contraction with yi , for instance, S, = Siyi.

AFinsler metric F = F(X,y) onanopensubset U —R" is said to be projectively flat if all the geodesics are
straight in U . In [5], it is shown that a Finsler metric F = F(X,Yy) is projectively flat on an open subset
U <R" ifand only if

k —
Fegy —F, =0 (24)
In view of equation (2.3) and (2.4), we have the following lemma [6]
Lemma (2.2) An (e, ) -metric F = ¢(S), where s = s is projectively flat on an open subset U < R" if
a
and only if
(@’ —Y,Y,)Gr +a’Qs, + Ha(—2aQs, + I, ) (o, — sy, ) = 0. (2.5)
Lemma (2.3) [7] If (@,@” -V, Y,)GI =0, then « is projectively flat.
m+1
o+
In [8], for a Finsler metric F = % C. H. Xiang and X. Y. Cheng investigated:
a

Proposition (2.1) The following conditions are equivalent for the (<, ) -metrics (1.1)
(i) F isofisotropic S -curvature, S =(n+1)cF;

" L. . n+1 _

(i) F isof isotropic mean Berwald curvature, E = TCF h;

(i) B isaKilling 1-form with b=constant with respect to ¢, thatis r; =0,s; =0;

1
(iv) S =0;
(v) F isweakly-Berwald,that is E=0;
where € =c(X) isascalar functionon M .

I11.  Proof of theorem (1.1)

In view of the equation (2.3), the spray coefficients G'(X,y) of F" with an (c, ) -metric can also be
written in the following form [9],

Gi :G;+Bi, (31)
where
o aFst ‘ i i
g = % o [ AY Ry db | 3.2)
F, aF F, laa B
c = af(ry,F, —ZSOaFﬂ)
2(f°F, +ay’F,,)
oF oF oF
2=p?a®-pB* F =— F,=— and F_ =2 provided B°F +ay’F_ #0. The vector
Y IB a aa B aﬁ aa aa p ﬂ a v aa

Bi(X, y) is called the difference vector. Differentiation of spray coefficients G' with respect to yj and yk
successively gives G} = 751- + B} and G}k = 7},( + B}k where B} = SJ-Bi and B}k =5kB} . Thus a
Finsler space with an («, f3) -metric is a Berwald space if and only if G}k :G}k (X) equivalently
B}k = B}k(X). Moreover on account of [10] B} is determined by
F,Biy'y, +aF,(Bjb —b,;)y’ =0. (33)
where Yy, =a,Y'. For the Binomial (a, /) -metrics (1.1), we have
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F,=(@+p)"a " (a—mp),F,, =m(m+1)(a+ )" a " ?p,

F,=(m+)(@+p)"a™™ and Fy=mm+1)(a+p)" a™. (3.4)
Substituting (3.4) in equation (3.3), we have
(a— mﬂ)BEi y'y +(m +1)a2(B}ibt _bj;i)yj =0. (35)

Assumethat F" isa Berwald space, that is, B}k = B}k (X) . Separating equation (3.5) in rational and irrational

terms of yi , which yields two equations
_mﬂBEiyjyt+(m+1)a2(B}ibt_bj,i)yj =0 (3.6)
and
aBjy'y, =0. (3.7)

Equation (3.7) yields B}iyjyt =0, that is,

Bja, +Bya; =0 and Bjb —b;; =0. (3.8)
Thus we obtain B;i =0 by Christoffel process, in the first part of equation (3.8) and from second part of
equation (3.8), we have by ; = 0.

Conversely, if b,.; =0, then B}i =0 are determined from equation (3.5).

IV.  Proof of theorem (1.2)
A Douglas space is a generalization of Berwald space in the sense that a Finsler space F" with an (a, )

-metric is a Douglas space if and only if B =B yj -B! yi are positively homogeneous of degree 3 (in short

we write hp(3)) [9]. In view of equation (3.2), the tensor B is written in the form
2

i i i @ i i
B‘=F—”(soy’—s(§y)+—ﬂF C'(b'y’ -b'y"). (41)
Suppose that F" is a Douglas space. From equations (3.4) and (4.1), we have
(—2a° +4ma’ - 20° f+6maf’ —4m* B —2m*b’a’® + m*b*a’ - 2mbPa’ +
2m’b’a’f-2m* B! = (2ma* —2a* — 203 B+ 2m* e S+ 6mPa’ B +
ama? B? - 2mbPat —4m*hPat - 2mbPat + 2mPa? B)(s, v —s,'y') +
(4mPa’s, +2ma‘s, + 2ma’s, —m*a’r, —ma’r, + mPa’r, B+
mzazlgroo)(blyJ —b’ yl)- (4.2)
Separating equation (4.2) in rational and irrational terms of yi , we have the following two equations
(Adma’B-2a2 f—4m? B2 + 2m*b’a’ B+ 2m* b’’’ f—2mP 2B = (-2ma’ —2a* +
6m’a’ 52 +4ma’ B2 —2mba’ —4m?bPat —2mbPa’ + 2mia? BP)(s, Y —s,’ ') +
(2ma’s, +4m’a’s, + 2mPa’s, + ma’ fry, + mPa’ pr, ) (b'y' —b'y') 4.3)
and
(2% +6mpB? —2m*b’a? —2mb%a?)BY = (22 S+ 2m*a’ B)(s, y' -5, V')
+(-ma’r, —m*a’r ) (b'y) —bly'). (4.4)

Eliminating BY from equations (4.3) and (4.4), we obtain

A(S, Y —s,’y")-B(b'y' —b'y') =0, (4.5)
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where
A= [4m054 + 4m5ﬂ4 +4a’ + 20m4,84 +32m3,84 —12m3052,82 +12m°bta® —
32m4b2052ﬁ’2 —8m5b2052ﬁ2 —4Om3b2052,82 +4m*bia® +16m%b%a’* +8mbia +
8mb’a* + 4m°b*a” — 20m2052,82 —12m052,82 +16m2,6’4 +12m*b*a? —40(2ﬂ2 —

16m*b2e? 7] (4.6)
and

B =[4ma’s, + 4m’a’s, +2m° 51, + 2ma’ Bry, +8m ats, —2m* Br,, —

2ma? By, —12m*a’ s, +12m’b’a’s, + 4m*bats, — 24mPa’ Bs, +

12m*b*a’s, —12m'a’ Bs, + 4m°b’a’s,]. @.7)
Transvecting equation (4.5) by byy;, we get

Aa’s, +B(b’a’ - %) =0. (4.8)

The terms of equation (4.8), which does not contain o are 2m*(m*—1)/°r,,. Hence there exists
hp(5) :V; such that
2m*(m? -1) B°r,, = &V, (4.9)
Now we consider the following two cases:
(i) Vi =0 and (i) V, = 0.
Case (i): Let V, =0 then we have Iy, =0, provided m = 0,%1. Substituting r,, =0 into equation (4.8),
we get
(A+By?)s, =0, (4.10)
where
B, = (4ma’ +4m’a’® +8m°a® —12m* B% +12m*0°a” + 4m*b’a’” — 24m* B7 +12m*b*a® —12m* % + 4m°b*a?)
If (A+By?)=0 , then the terms of (A+By®) which do not contain a® are
—12m?(1+2m+m?) B%. Thus there exists hp(2): V, such that —12m*(1+2m+m?)B° = a?V, .
Hence we have V, =0, which is a contradiction. Therefore, we must have (A-+B,y?)s, # 0. Therefore we
have S, =0 from equation (4.10) . Substituting S, =0 and ry, =0 into equation (4.5), we get
AGs, y' —s,'y") =0. (4.11)
If A=0, then from equation (4.6), we have
[4ma’ +4m° % + 4ot +20m* B* +32m*B* —12m°a” B% +12m°b*a* —32m*b’a’ B7 —
8m°b’a’ B2 —40m’n’a’ f% + 4m*bia’ +16m°b°a’ +8m’ba” +8mb’a’ +4mhta® —
20m°a® B2 —12ma? 5% +16m° B* +12m*b*a’ —4a’ f7 —16m*b*a’ %] = O. (4.12)
The terms of equation (4.12), which do not contain ¢® are 4m?*(m®+5m?*+8m+4)A*. Thus there
exists hp(2): V, suchthat 4m?(m®+5m* +8m+4)B* = a’V,. Therefore we have, V, =0, whichisa
contradiction. Therefore we must have A 0. Hence from equation (4.11), we have (SOi yl— Soj y')=0.
Transvecting the above equation by Y; gives S(i) =0, which imply S = 0. Consequently, we have
r; =s; = 0. Thisimplies b, ; =0.
Case (ii): If S divides o’ then we have a contradiction of positive definiteness of Riemannian metric « , so
we assume o’ #0(modf). The equation (4.9) shows that there exists a function k =k(X) such that
I, = K(X)ar®. Thus we have the terms of equation (4.8) which do not contain ¢ *, are included in the terms

2m*(m* -1)B°r,, . Hence we get r,, =0, provided m==0,+1. From equation (4.11), we have
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A(Sf)yj—sojyi): 0. If A=0, then it is a contradiction. Hence A0 . Therefore we obtain
(Soiyj —Sojyi): 0. Transvecting this equation by y; we get Sij =0.
Hence from both cases (i) and (ii), we have I; =s; = 0. This implies bi;j =0

Conversely if b, ; =0, then F " isa Berwald space, therefore F" is a Douglas space.

Corollary: For m= 0,+1 a Binomial («, /) -metric is Douglas iff it is Berwald.

V.  Proof of theorem (1.3)

_(a+p)™
am

Suppose the Binomial («, ) -metrics F = is locally projectively flat. By Lemma (2.1), the

spray coefficients G' of F are given by equation (2.3) with

_m+1 1 (1-ms)(m+1)
O s © 2 (1+s—ms—2ms? + m’b? + mb? —m?s? )’
1 m(m+1)
2 (t+s—ms—2ms? +m’b? + mb? —m?s?) G

Substituting (5.1) into equation (2.3), we obtain

2@’ —Y,Y,)Gl (—a® —a’ B+2ma’ B +3maB —m*bPa’ —mb’a® —

2m’ B2+ m’a’ B+ mb’a’ f-mPB%) - 2(m+1)a’s,, (a” +aff—

maB—2mpB° + m’b*a® + mb’a® —m?B2) +2m(m+1)*a’s, (bo® — fBy,) +

m(m+1)(—a +mB)a’r,,(ba® — By,) = 0. (5.2)
Separating the rational and irrational terms of yi in equation (5.2), we have the following two equations

2@’ —Y,Y,)Gl (—a’ B +2ma’ B —2m’ B° + mb*a’ B+ m*ba’ B —

m*B°) =2(m+1)a’s,, (@ —2mpB* + m’b*a® + mb’a® —m*B?) —

2m(m+1)*a’sy(ba® - By,) —m*(m+1)r,(ba’ — By )’ B (5.3)
and

2@’ —Y,Y,)Gr (—a® +3map’ —mb’a’® —mb’a’) =

2(m+1)a’s,(af—mapf) +m(m+1)r, (ba® - By,)a’. (5.4)
Contracting equations (5.3) and (5.4) with b', we get

2(b,.a” -y, B)G," (—a’ B +2ma’ f-2m° 52 +m*b’a’ B+ mPb’a’ f—mP ) =

2(m+1)a’s,(a® —2mpB% + m’b*a’ + mb’a® —m?B%) —2m(m+1)* a’s, (b’a’ —

p%)—m*(m+D)r,,(b*a® - g2’ (5.5)
and

2(b,a* -y, B)G," (—a® +3maB? —m*b’*a’® —mb’*a®) =

2(m+1)a’s,(eff—mapB) +m(m+1)r, (b°a’ - 7). (5.6)
Multiplying equation (5.5) with o and equation (5.6) with m/f, we have

pb.a’ - Y 3G (—a® +3a” —5m° B% + 2m°b’a® + 2m*b’a® —m*B%) =

(Mm+1)a*(a® —2mpB* +m’ B%)s,. (5.7)
Above equation shows that  must divides S,. Therefore there exists a scalar function 7 = z(X), such that

S, = 73. Thus we obtain S, — b, = 0. Which gives after contraction with b', sb' —zb.b' = 0. Therefore
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we have 7 =0 and hence

s, = 0. (5.8)
Using equations (5.7) and (5.8), we have
(b, -y, 85" =0. (5.9)

Then by equation (5.9) and Lemma (2.3) , « is projectively flat. Also using equations (5.6), (5.8) and
(5.9), we have

foo = 0. (5.10)
Substituting (5.9) and (5.10) in equation (5.4), we get
S, =0. (5.11)

Thus using above two equations (5.10) and (5.11) bi;j =0, thatis £ is parallel with respectto « .

Conversely, if [ is parallel with respectto @ and « is locally projectively flat, then by Lemma (2.2), F is
locally projectively flat.

VI.  Proof of theorem (1.4)
In view of equation (2.3), the spray coefficients G' and G; of F and a respectively, can be written as:

i ’
G' =G +aQs, +0(2Qas, + ) L+ —2 b | 6.1)
a Q-sQ
Further the mean Cartan torsion |, [11] and the mean Landsberg curvature J; [12] ofan (e, /) -metrics are

respectively given by
D(p—s¢’
l; = _Die-s4) f) (ab; —sy;) (6.2)
2Adox
and

1 2 @ Oy i
Ji = AL [bz_sz[A"'(n"'l)(Q sQ"1(r, +s,)h
+ﬁ(\ﬂ +S§)(r00 —20Qs,)h "'0‘|:_05Q,S()hi +aQ(a’s, - Y;S,) +

@5, + (1 ~20Q5) - (5 ~20Q5)] ©3)
where @ =—(NA+1+sQ)(Q-sQ)—(b* -s*)(1+sQ)Q” , A=1+sQ+(b*-s*)Q" and

Q=1
$—s¢
J=Jb = —%
2Ax
1 2 Q2
where W, = (o7 —s2yaz| YE =P |y o +1)(Q—sQ')+3%
A?
In view of equation (2.10) of the paper [13], we have
o(G'-G") o
ayl
= —nTJrlazgzﬁzK,mbm. (6.5)

Contracting equation (6.3) with b' =a™b_, we get

[V, (ry, —20Qs,) + o'V, (1, +S)], (6.4)

Jmy" = 32" (ho +50) — I, 2%(@' ~G)+Ka?g’l_b"

Now let F isan isotropic Berwald metric with almost isotropic flag curvature. In [14], it is proved that
every isotropic Berwald metric has isotropic S -curvature. Conversely, suppose that F is of isotropic S
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-curvature with scalar flag curvature K. In [2], it is proved that every Finsler metric of isotropic S -curvature
has almost isotropic flag curvature. Now our aim to proved that F is a Isotropic Berwald metric. In [15] it is
proved that F is an isotropic Berwald metric if and only if it is a Douglas metric with isotropic mean Berwald
curvature. Also every Finsler metric of isotropic S -curvature has isotropic mean Berwald curvature. Therefore,
to complete the proof, we must show that F is a Douglas metric.

By proposition (2.1), we have S =0. By theorem (1.1) in [2], F must be of isotropic flag curvature
K = K(X). Also By Proposition (2.1), S isakilling 1-form with respectto « , thatis I; =0 and s; =0.

Then equations (6.1), (6.3) and (6.4) reduce to
A . ds. —
G'-G'=0aQsy,, J,=——2, J=0 (6.6)
20
from equation (6.2), we have

i o oM 2 Q2
lib" = —2a¢A(¢ s¢’)(b* —s%). (6.7)

We consider two cases:
Case (i): Let dim M > 3. In this case, by Schur Lemma F has constant flag curvature and equation (6.5)
holds. Thus by equations (6.6) and (6.7), the equation (6.5) reduces to

DSy i Ds), IN i ) N2 o2\ —
a“s Sp) b' —KF — (¢ —5s¢") (b —s°) =0.
oA k0+2aA(aQ 0)i 2A(¢ ¢')( )
Assuming @ # 0, we have
S;0Sh + 510 (aQsh) ;b — KFa(p—s¢')(b* —s®) = 0. (6.8)
Now

(aQsh) ;b =sQs) +Q's} (b* —s?).

Then equation (6.8) can be written as follows

5.05:A — K2 g(p—s¢) (b° —s2) = 0. 9
m+1 2 9 ) -~ )
Therefore for FZ(OH_{?  we get Azl ms—m's” +s§ 2m52+mb +mb |
¢ (~1+ms)

Hence equation (6.9) becomes
i 2.2 2 212 2 2 2m+l a2
Si0Sy (1—-ms—m“s® +s—2ms” +m°b” +mb”) — Ka*(1+5)™ (b -
s* —3msb? + 3ms® +3m?s’b* —3m*s* —m®s*b* + m’s®) =0,

that is

$.05, > 2" (@® —maf—m? B + af - 2mpB? + m*b’a’ + mb’a?) -

m 2m ol 2m
K 2m72ka2k + 2m72kfla2k+l _b2a6 +
S S e

a’ B +3mb*a’ f-3ma’ f° —3m*bPa’ 7 +3mPa’ B + mhPat B -

m*af’ —b’a’ f+a’ f° +3mb*a’ 7 —3ma’ f* —3m*b’a’ f° +

3m’apf’ +mb’a’ Bt —m*p%) = 0. (6.10)

Above equation can also be writtenas: A+aB =0,

where

It
.y Dy f LR ’ py ¥ 5 o - L T T A
A = sppsot el P2 (ol —m? A2 —2m AP 4+m b ol +mbla?) — K 3 {T,'I':Jx:f')"* 2k

k=0
T o ara o
a?® (b ab+ ot 32 —3m2b2 et B2 4 3m2e’ B + 3mblat 2 — 3ma? B+ mPhPal Bt —
m—1

3 26 ¢ 2m oy a%m—2k—1 ktlq. 12 5 3 g 312 3 3 a5
m*3%) — 3 (gpr1) B k124 (3mb2a® B —Bma’ 2 + mPb? e’ B —mPaf® —
k=0

o) [ [ I D EE ) 0 el i 3] S5
Ba®3 + o 5% — 3m2b%a’ 5% + 3m2af°)
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and
TIe
C g - O T 3 An . a A
B = spspia® ™ (—mpA+ 8) — K'Y (57 B2 202k (3mb2at A — 3ma? 3% +
2. Lok j j
k=0 _
m—1
P E N N ~E L A - L f : i i LR : N AE ¥ e T
m*ba?f —mP 5 - atf+a? - 3m? e’ P +3m? A5 - ¥ (_,L’f]]_::i'l’” k-1
k=0
a2k (- af+at 52 - 3m2b2at 32+ 3m2a? A+ 3mb2at A2 — 3ma? B+ mAb2a? 8t —
3 56
m™ 7).

Thuswe have A=0 and B=0.
When A =0, the term which do not contain @ is Km*B°™*®. Thisimplies £°™*°® is not divisible by ¢

. Therefore K =0, hence equation (6.10) reduces to S,,S, = aijsojsi0 =0. Thus we have s, =0. That is
f is closed. By I,,=0 and s, =0 . it follows that [ is parallel with respect to o . Then

F _ (a+€)m+l
a

Case (ii): Let dim M = 2. Suppose that F has isotropic Berwald curvature. In [14], it is proved that every

isotropic Berwald metric has isotropic S -curvature S = (n+1)cF . By proposition (2.1), ¢ =0. Then by

equation (1.5), F reduces to a Berwald metric. Since F is anon Riemannian, then by Szab6’s rigidity theorem

for Berwald surface [16] F must be locally Minkowskian.

is a Berwald metric. Hence F must be locally Minkowskian.
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