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Abstract: In this paper, we study a class of ),(  -Finsler metrics called Binomial ),(  -metrics on an n

-dimensional differential manifold M  and get the conditions for such metrics to be Berwald, Douglas and 

Projectively flat. Further, we prove that a Binomial ),(  -metric is of scalar flag curvature and isotropic S

-curvature if and only if it is isotropic Berwald metric with almost isotropic flag curvature.  
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I. Introduction 

Let ),( FM  is a Finsler manifold, where M  is an n -dimensional differential manifold and F  is a 

Finsler metric on M . The ),(  -metrics are interesting examples of Finsler metric introduced by M. 

Matsumoto as a generalization of Randers metric  =F , where 
ji

ij yyxa )(=  is a Riemannian 

metric and 
i

i yb=  is a 1-form. A Finsler metrics F (  , ) on a differential manifold M  is called an 

),(  -metric, if F  is a positively homogeneous of degree one in   and  . In the present paper we study a 

Finsler metric )(= sF  , where 



=s  and 

1)(1=)(  mss  that is,  

 ,
)(

=
1

m

m

F


 
                                                                        (1.1) 

where m  is an arbitrary real number and called Binomial ),(  -metrics. This class of (  , )-metrics 

contains Randers metric  =F  for 0=m ; Riemannian metric =F  for 1= m ; Matsumoto 

metric 
)(

=
2






F , if we replace   by   and take 2= m  and Z. Shen’s square metric 



 2)(
=


F  for 1=m . Z. Shen’s square metric is interesting in the sense that the metric  

 ;),(,
,||)||(1)||(1

),,||)||(1(
=),(

22222

2222

nTRyx
yxyxx

yxyxyx
yxF 




 

 constructed by L. Berwald in 1929, which is projectively flat on unit ball 
nB  with constant flag curvature 

0=K ; can be written in form 


 2)(
=


F  for some suitable   and  . Here ||   and ,  denote the 

standard Euclidean norm and inner product respectively on 
nR  and 

nTR  is tangent space on 
nR . 

The flag curvature in Finsler geometry is a natural extension of the sectional curvature in Riemannian geometry, 

which is first introduced by L. Berwald. In general, for a tangent plane ),(= uyspanP , y  and u  are 

linearly independent vectors of tangent space MTx  of M  at point Mx , the flag curvature 

),(= uPKK  depends on plane P  as well as vector Pu . A Finsler metric F  is of scalar flag curvature if 

for any non-zero vector MTy x , ),(= yxKK  is independent of P  containing MTy x . F  is called 

of almost isotropic flag curvature if  
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 ,
3

= 
F

yc
K

m

mx                                                                         (1.2) 

 where )(= xcc  and )(= x  are some scalar functions on M . 

The S -curvature ),(= yxSS  in Finsler geometry is introduced by Shen [1] as a non-Riemannian quantity, 

defined as:  

 
0=

|))](),(([=),(
t

tt
dt

d
yxS                                                                  (1.3) 

 where ),(= yx  is a scalar function on {0}\MTx , called distortion of F  and )(= t  be the 

geodesic with x=(0)  and y=(0) . 

A Finsler metric F  is called of isotropic S -curvature if  

 ,1)(= cFnS                                                                                   (1.4) 

for some scalar function )(= xcc  on M . One of the fundamental problems in Riemann-Finsler 

geometry is to study and characterize Finsler metrics of scalar flag curvature with isotropic S -curvature. In [2], it 

is proved that if a Finsler metric F , of scalar flag curvature is of isotropic S -curvature, then it has almost 

isotropic flag curvature. A geodesic curve )(= tcc  of a Finsler metric ),(= yxFF  on a smooth manifold 

M  is given by   0=)(),(2)( tctcGtc ii   , where the local functions ),(= yxGG ii
 are called the spray 

coefficients given by }][]{[
4

1
= 22

lx

k

lykx

ili FyFgG  . A Finsler metric is called Berwald metric, if 
iG  

are quadratic in MTy x  for any Mx . The Berwald curvature tensor of a Finsler metric F  is defined as 

,:= lk

i

ji

jkl dxdxdxBB   where .][=
lyky

j
y

ii

jkl GB  A Finsler metric F  is said to be isotropic 

Berwald metric if its Berwald curvature is in the following form  

 ),(= i

lyky
j

y

i

kj
yly

i

jlyky

i

lky
j

y

i

jkl yFFFFcB                                       (1.5) 

 where )(= xcc  is a scalar function on M . 

The E -curvature or mean Berwald curvature in Finsler geometry is defined as 
ji

ij dxdxEE := , where 

















m
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1
=),(

2

1
=

2

1
= . A Finsler metric F  is said to be isotropic mean Berwald 

metric if its mean curvature is in the following form ijij ch
F

n
E

2

1
=


, where )(= xcc  is a scalar function on 

M  and ijh  is the angular metric tensor. The metric tensor ijg  and Cartan tensor ijkC  of a Finsler metric F  

is defined as 
jiij

yy

F
g



 22

2

1
=  and 

k

ij

ijk
y

g
C





2

1
= . Also mean Cartan torsion yI  define by 

i

iy uyIuI )(:=)( , where ijk

jk

i CgI = . The horizontal covariant derivative of I  along a vector MTu x  

gives rise to the mean Landsberg curvature 
i

iy uyJuJ )(:=)( , where 
s

sii yIJ |= . 

In the present paper we prove the following theorems:  

Theorem 1.1 A Finsler space with Binomial ),(  -metric 
 

m

m

F



1

=




 is a Berwald space if and only if 

0=; jib .  

  

Theorem 1.2 A Finsler space with Binomial ),(  -metric 
 

m

m

F



1

=




 is a Douglas space if and only if 
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0=; jib , provided 10,m .  

Remark: For 0=m , the Bionomial ),(  -metric (1.1) is a Randers metric  =F . A Randers metric 

is Douglas if and only if   is closed [3] . For 1=m , the Bionomial ),(  -metric (1.1) reduces to a square 

metric 


 2)(
=


F . The condition, for a square metric to be Douglas, has been studied in [4]. Finally for 

1= m , the Bionomial ),(  -metric (1.1) reduces to a Riemannian  metric, which is trivially Douglas.  

Theorem 1.3 A Finsler space with Binomial ),(  -metric 
 

m

m

F



1

=




 is locally projectively flat if and 

only if   is parallel with respect to   and   is locally projectively flat.  

  

Theorem 1.4 Let 
m

m

F


 1)(
=


 be a Binomial ),(  -metric on n -dimensional Finsler manifold M . 

Then F  is of scalar flag curvature with isotropic S -curvature if and only if it has isotropic Berwald curvature 

with almost isotropic flag curvature. In this case, F  must be locally Minkowskian.  

  

II. Preliminaries 

 Let 
ji

ij yyxa )(=  is a Riemannian metric, 
i

i yb=  is a 1-form and let )(= sF  , 



=s , where 

)(= s  is a positive 
C  function defined in a neighbourhood of the origin 0=s . It is well known that 

)(= sF   is a Finsler metric for any   and   with 0<||=|| bb   if and only if 

0>)(s ,     0>)()( 22 ssbsss    , )<|(| 0bbs  .  

Let 
iG  and 

iG  denote the spray coefficients of F  and   respectively, given by 

 

  ,][][
4

1
= 22

lx

k

lykx

ili FyFgG                                                        (2.1) 

 and  

  ,][][
4

1
= 22

lx

k

lykx

ili yaG                                                         (2.2) 

 

where 
1)(=)( 

ij

ij aa , 
kkx x

F
F




=  and 

kky y

F
F




= . 

Consider the following notations [1]  

   ,=,=,
2

1
= ;;

i

jijhj

ihi

jijjiij rbrrarbbr   

   ,=,=,
2

1
= ;;

i

jijhj

ihi

jijjiij sbssasbbs   

 ,=,= 2

i

i

h

ihi bbbbab  

 where jib ;  is covarient derivative of ib  with respect to Levi-Civita connection of  . 

Lemma (2.1) [1] The spray coefficients 
iG  are related to 

iG  by  

 ),)(2()2(= 0000000







i
i

i
iii y

brQsH
y

rQsJQsGG                    (2.3) 

 where 








s
Q = , 

))()((
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1
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and subscript 0'   represents contraction with 
iy , for instance, 

i

i yss =0
. 

A Finsler metric ),(= yxFF  on an open subset 
nU R  is said to be projectively flat if all the geodesics are 

straight in U . In [5], it is shown that a Finsler metric ),(= yxFF  is projectively flat on an open subset 

nU R  if and only if  

 0.=lx

k

lykx
FyF                                                                          (2.4) 

 In view of equation (2.3) and (2.4), we have the following lemma [6] 

Lemma (2.2) An ),(  -metric )(= sF  , where 



=s  is projectively flat on an open subset 

nU R  if 

and only if 

 

 0.=))(2()( 0000

32

lll

m

lmml sybrQsHQsGyya                     (2.5) 

 Lemma (2.3) [7] If 0=)( 2 m

lmml Gyya   , then   is projectively flat. 

In [8], for a Finsler metric 
 

m

m

F



1

=




, C. H. Xiang and X. Y. Cheng investigated: 

Proposition (2.1) The following conditions are equivalent for the ),(  -metrics (1.1)   

(i) F  is of isotropic S -curvature, cFnS 1)(=  ; 

(ii) F  is of isotropic mean Berwald curvature, hcF
n

E 1

2

1
= 

; 

(iii)   is a Killing 1-form with b=constant with respect to  , that is 0=0,= iij sr ; 

(iv) S =0; 

(v) F  is weakly-Berwald,that is E=0; 

where )(= xcc  is a scalar function on M .  

 

III. Proof of theorem (1.1) 

 In view of the equation (2.3), the spray coefficients ),( yxGi
 of 

nF  with an ),(  -metric can also be 

written in the following form [9],  

 ,= iii BGG                                                                                   (3.1) 

 where  

 ,= *0
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F

sF
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2222 =  b , 






F
F = , 






F
F =  and 







F
F = , provided 022    FF . The vector 

),( yxBi
 is called the difference vector. Differentiation of spray coefficients 

iG  with respect to 
jy  and 

ky  

successively gives 
i

j

i

j

i

j BG 0=   and 
i

jk

i

jk

i

jk BG =  where 
i

j

i

j BB =  and 
i

jk

i

jk BB = . Thus a 

Finsler space with an ),(  -metric is a Berwald space if and only if )(= xGG i

jk

i

jk  equivalently 

)(= xBB i

jk

i

jk . Moreover on account of [10] 
i

jB  is determined by  

 0.=)( ;

j

ijt

t

jit

jt

ji ybbBFyyBF                                                          (3.3) 

  where  
i

ikk yay = . For the Binomial ),(  -metrics (1.1), we have  
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 ,)1)((=),()(= 2211  
  mmmm mmFmF  

  

 .)1)((=)1)((= 1 mmmm mmFandmF                        (3.4) 

 Substituting (3.4) in equation (3.3), we have  

 0.=)(1)()( ;

2 j

ijt

t

jit

jt

ji ybbBmyyBm                                       (3.5) 

 Assume that 
nF  is a Berwald space, that is, )(= xBB i

jk

i

jk . Separating equation (3.5) in rational and irrational 

terms of 
iy , which yields two equations  

 0=)(1)( ,

2 j

ijt

t

jit

jt

ji ybbBmyyBm                                       (3.6) 

 and  

 0.=t

jt

ji yyB                                                                         (3.7) 

 Equation (3.7) yields 0=t

jt

ji yyB , that is, 

 

 0.=0= ;ijt

t

jitj

t

hith

t

ji bbBandaBaB                                               (3.8) 

 Thus we obtain 0=t

jiB  by Christoffel process, in the first part of equation (3.8) and from second part of 

equation (3.8), we have 0=; jib . 

Conversely, if 0=; jib , then 0=t

jiB  are determined from equation (3.5).  

 

IV. Proof of theorem (1.2) 

 A Douglas space is a generalization of Berwald space in the sense that a Finsler space 
nF  with an ),( 

-metric is a Douglas space if and only if 
ijjiij yByBB =  are positively homogeneous of degree 3 ( in short 

we write (3)hp ) [9]. In view of equation (3.2), the tensor 
ijB  is written in the form  

 ).()(= *
2

00

ijjiijjiij ybybC
F

F
ysys

F

F
B 












                                    (4.1) 

 Suppose that 
nF  is a Douglas space. From equations (3.4) and (4.1), we have  

  32223322322223 2246242(  mbbmbmmmm  

  2223234433222 62222(=)22  mmmBmbm ij
 

  ))(22424 00

2234242242322 ijji
ysysmmbbmbmm   

   00

23

00

3

00

32

0

43

0

4

0

42 22(4 rmrmrmsmsmsm  

 ).)(00

22 ijji ybybrm                                                                 (4.2) 

 Separating equation (4.2)  in rational and irrational terms of 
iy , we have the following two equations  

  44332222233222 22(=)22242(4  mBmbmbmmm ij
 

  ))(224246 00

2234242242322222 ijji
ysysmmbbmbmmm   

 ))(24(2 00

22

00

23

0

43

0

42

0

4 ijji ybybrmrmsmsmsm            (4.3) 

 and  

 ))(22(=)2262( 00

2222222222 ijjiij ysysmBmbbmm    

 ).)(( 00

22

00

2 ijji ybybrmrm                                                (4.4) 

 

 Eliminating 
ijB  from equations (4.3) and (4.4), we obtain  

 0,=)()( 00

ijjiijji
ybybBysysA                                               (4.5) 
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 where  

  44322343444454 1212322044[4=  bmmmmmmA  

  423422442222322252224 816440832  bmbmbmbmbmbm  

  22444422222244542 41216122048  bmmmmbmmb  

 ]16 2222 bm                                                                         (4.6) 

 and  

  00

33

0

42

00

2

00

35

0

43

0

4 28224[4= rmsmrmrmsmsmB   

  0

223

0

422

0

423

0

222

00

23 24412122 smsbmsbmsmrm   

 ].41212 0

425

0

224

0

424 sbmsmsbm                                                (4.7) 

 Transvecting equation (4.5)  by ji yb , we get  

 0.=)( 222

0

2   bBsA                                                                (4.8) 

 The terms of equation (4.8) , which does not contain 
2  are 00

523 1)(2 rmm  . Hence there exists 

5:(5) Vhp  such that  

 .=1)(2 5

2

00

523 Vrmm                                                                 (4.9) 

 Now we consider the following two cases: 

(i) 0=5V  and (ii) 05 V . 

Case (i): Let 0=5V  then we have 0=00r , provided 10,m . Substituting 0=00r  into equation (4.8) , 

we get  

 0,=)( 0

2

1 sBA                                                                         (4.10) 

 where 

)41212244121284(4= 22524224232222232222232

1  bmmbmmbmbmmmmmB 

. If 0=)( 2

1BA , then the terms of )( 2

1BA  which do not contain 
2  are 

222 )2(112 mmm  . Thus there exists (2)hp : 2V  such that 2

2222 =)2(112 Vmmm  . 

Hence we have 0=2V , which is a contradiction. Therefore, we must have 0)( 0

2

1  sBA  . Therefore we 

have 0=0s  from equation (4.10) . Substituting 0=0s  and 0=00r  into equation (4.5) , we get  

 0.=)( 00

ijji
ysysA                                                                         (4.11) 

 If 0=A , then from equation (4.6) , we have  

  222444322343444454 321212322044[4  bmbmmmmmm  

  4454242342244222232225 488164408  bmmbbmbmbmbmbm  

 0.=]16412161220 2222224444222222  bmbmmmm      (4.12) 

 The terms of equation (4.12) , which do not contain 
2  are 

4232 4)85(4  mmmm . Thus there 

exists (2)hp : 2V  such that .=4)85(4 2

24232 Vmmmm   Therefore we have, 0=2V , which is a 

contradiction. Therefore we must have 0A . Hence from equation (4.11) , we have 0=)( 00

ijji
ysys  . 

Transvecting the above equation by jy  gives 0=0

is , which imply 0=ijs . Consequently, we have 

0== ijij sr . This implies 0=; jib . 

Case (ii): If   divides 
2  then we have a contradiction of positive definiteness of Riemannian metric  , so 

we assume )0(2  mod . The equation (4.9)  shows that there exists a function )(= xkk  such that 

2

00 )(= xkr . Thus we have the terms of equation (4.8)  which do not contain 
2 , are included in the terms 

00

523 1)(2 rmm  . Hence we get 0=00r , provided 10,m . From equation (4.11) , we have 
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  0.=00

ijji ysysA   If 0=A , then it is a contradiction. Hence 0A . Therefore we obtain 

  0=00

ijji
ysys  . Transvecting this equation by jy  we get 0=i

js . 

Hence from both cases (i) and (ii), we have 0== ijij sr . This implies 0=; jib  

Conversely if 0=; jib , then 
nF  is a Berwald space, therefore 

nF  is a Douglas space. 

Corollary: For 10,m  a Binomial ),(  -metric is Douglas iff it is Berwald.  

 

V. Proof of theorem (1.3) 

 Suppose the Binomial ),(  -metrics 
m

m

F


 1)(
=


 is locally projectively flat. By Lemma (2.1) , the 

spray coefficients 
iG  of F  are given by equation (2.3)  with  
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1)(
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1
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                                    (5.1) 

 Substituting (5.1) into equation (2.3), we obtain  

  3232222232 32()2(   mbbmmmGyya m

lmml  

   2

0

43322222332 (1)2()2 lsmmbmbmm  

  )(1)(2)2 2

0

4222222222

ll ybsmmmmbbmmm   

 0.=)()1)(( 2

00

2

ll ybrmmm                                                (5.2) 

 Separating the rational and irrational terms of 
iy  in equation (5.2), we have the following two equations  

   
22222332222 22()2( bmbmmmGyya m

lmml  

  )2(1)2(=) 222222222

0

433  mmbbmmsmm l  

  22

00

22

0

42 )(1)()(1)(2 llll ybrmmybsmm                    (5.3) 

 and  

 =)3()2( 32322232   mbbmmGyya m

lmml   

 .)(1)()(1)2( 32

0

4  llool ybrmmmsm                             (5.4) 

 Contracting equations (5.3)  and (5.4)  with 
lb , we get  

 =)22()2( 3322222332222   mbmbmmmGyb
m

mm   

  22

0

42222222222

0

4 (1)(2)2(1)2(  bsmmmmbbmmsm  

  222222 )(1)()  brmm oo                                              (5.5) 

 and  

 =)3()2( 32322232   mbbmmGyb
m

mm   

 .)(1)()(1)2( 3222

0

4   brmmmsm oo                            (5.6) 

 Multiplying equation (5.5)  with   and equation (5.6)  with m , we have  

 =)2253()( 2322222322222   mbmbmmGyb m

mm   

 .)2(1)( 0

22224 smmm                                                         (5.7) 

 Above equation shows that   must divides 0s . Therefore there exists a scalar function )(= x , such that 

=0s . Thus we obtain 0=ii bs  . Which gives after contraction with 
ib , 0=i

i

i

i bbbs  . Therefore 



On a Finsler space with Binomial ),(  - metrics 

DOI: 10.9790/5728-11222534                     www.iosrjournals.org                              32 | Page 

we have 0=  and hence  

 0.=0s                                                                                           (5.8) 

 Using equations (5.7)  and (5.8) , we have  

   0.=2 m

mm Gyb                                                                           (5.9) 

 Then by equation (5.9) and Lemma (2.3) ,   is projectively flat. Also using equations (5.6) , (5.8)  and 

(5.9) , we have  

 0.=00r                                                                                 (5.10) 

 Substituting (5.9) and (5.10) in equation (5.4), we get  

 0.=0ls                                                                                 (5.11) 

 Thus using above two equations (5.10) and (5.11) 0=; jib , that is   is parallel with respect to  . 

Conversely, if   is parallel with respect to   and   is locally projectively flat, then by Lemma (2.2), F  is 

locally projectively flat.  

 

VI. Proof of theorem (1.4) 

 In view of equation (2.3) , the spray coefficients 
iG  and 

iG  of F  and   respectively, can be written as:  

 .)(2= 0000 
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i
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                                     (6.1) 

 Further the mean Cartan torsion iI  [11] and the mean Landsberg curvature iJ  [12] of an ),(  -metrics are 

respectively given by  
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 where QsQsbQsQsQn  ))(1())(1(= 22
, QsbsQ  )(1= 22

 and 









s
Q = . Contracting equation (6.3) with m

imi bab = , we get  
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In view of equation (2.10) of the paper [13], we have  

 
m
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m bIKGG
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 .
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1
= .

22 m
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n




                                                                (6.5) 

Now let F  is an isotropic Berwald metric with almost isotropic flag curvature. In [14], it is proved that 

every isotropic Berwald metric has isotropic S -curvature. Conversely, suppose that F  is of isotropic S
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-curvature with scalar flag curvature K . In [2], it is proved that every Finsler metric of isotropic S -curvature 

has almost isotropic flag curvature. Now our aim to proved that F  is a Isotropic Berwald metric. In [15] it is 

proved that F  is an isotropic Berwald metric if and only if it is a Douglas metric with isotropic mean Berwald 

curvature. Also every Finsler metric of isotropic S -curvature has isotropic mean Berwald curvature. Therefore, 

to complete the proof, we must show that F  is a Douglas metric. 

By proposition (2.1), we have 0=S . By theorem (1.1) in [2], F  must be of isotropic flag curvature 

)(= xKK . Also By Proposition (2.1),   is a killing 1-form with respect to  , that is 0=ijr  and 0=js . 

Then equations (6.1), (6.3) and (6.4) reduce to  
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=,= 0
0 J

s
JQsGG i

i

iii







                                              (6.6) 

 from equation (6.2), we have  
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                                                      (6.7) 

 We consider two cases: 

Case (i): Let dim 3M . In this case, by Schur Lemma F  has constant flag curvature and equation (6.5) 

holds. Thus by equations (6.6) and (6.7), the equation (6.5) reduces to  
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 Assuming 0 , we have  

 0.=))(()( 22
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 Now 
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i
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Then equation (6.8) can be written as follows  
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Hence equation (6.9) becomes  
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 Above equation can also be written as: 0=BA  ,  

where 
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and 

   

 

 
Thus we have 0=A  and 0=B . 

When 0=A , the term which do not contain 
2  is 

623 mKm  . This implies 
62 m  is not divisible by 

2

. Therefore 0=K , hence equation (6.10)  reduces to 0== 0000

ij

ij

i

i ssass . Thus we have 0=0

is . That is 

  is closed. By 0=00r  and 0=0s . it follows that   is parallel with respect to  . Then 

 
m

m

F



1

=




 is a Berwald metric. Hence F  must be locally Minkowskian. 

Case (ii): Let dim 2=M . Suppose that F  has isotropic Berwald curvature. In [14], it is proved that every 

isotropic Berwald metric has isotropic S -curvature cFnS 1)(=  . By proposition (2.1), 0=c . Then by 

equation (1.5), F  reduces to a Berwald metric. Since F  is a non Riemannian, then by Szabó’s rigidity theorem 

for Berwald surface [16] F  must be locally Minkowskian.  
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