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On N-Derivation in Prime near — Rings

Abdul Rahman H. Majeed , Enaam F.Adhab

Department of Mathematics, college of science, University of Baghdad . Baghdad , Iraq .

Abstract: The main purpose of this paper is to show that zero symmetric prime left near-rings satisfying certain
identities are commutative rings .

I.  Introduction

Let N be a zero symmetric left near — ring (i.e., a left near-ring N satisfying the property 0.x=0 for all
x€ N). we will denote the product of any two elements x and y in N ,i.e.; X.y by xy . The symbol Z will denote
the multiplicative centre of N, that is Z={x € N | xy = yx for ally € N} . For any x, y € N the symbol [x, y] =
Xy - yx stands for multiplicative commutator of x and y, while the symbol xoy will denote xy+yx . N is called a
prime near-ring if XNy = {0} implies either x =0 or y = 0 . A nonempty subset U of N is called semigroup left
ideal (resp. semigroup right ideal ) if NU € U (resp.UN € U) and if U is both a semigroup left ideal and a
semigroup right ideal, it will be called a semigroup ideal. Let | be a nonempty subset of N then a normal
subgroup (I,+) of (N, +) is called aright ideal (resp. A left ideal) of N if (x+i)y—xye | for all x,ye N and i €
I(resp. xi € | for all i €l and x € N). | is called ideal of N if it is both a left ideal as well as a right ideal of N
.For terminologies concerning near-rings ,we refer to Pilz [8].

An additive endomorphism d :N —N is said to be a derivation of N if d(xy) = xd(y) + d(X)y , or
equivalently , as noted in [5 , lemma 4] that d(xy) = d(x)y + xd(y) forall x,y [ N.

A map d NXNXx..XxN— N is said to be permuting if the equation
n—times
d(X1, X2, ey X )=A(Xr (1), Xn (2)0» Xn(n)) hOlds for all x4, x5, ...,x, € N and for every permutation € S, where
S, is the permutation group on {1,2, ...,n} .

Let n be a fixed positive integer . An additive ( i.e. ; additive in each argument ) mapping
d:N x N x...Xx N —N is said to be n-derivation if the relations
n—times , , ,
d(x1 X1 ,Xg, oo, X)=A(Xq ,Xp, e, Xp)Xq +Xq A(Xq , X, o, Xp)

d(x; XXy v, X )=A(Xq , Xg, ...,Xn)X2,+X2 d(x, VX s Xp)
d(Xq ,Xg, s XX )=A(Xy X, oy X )Xy Xy Xy Xy, e, Xy )

Hold for all x;,%; ,%5,X; , ..., X, X, € N. If in addition d is a permuting map then d is called a
permuting n-derivation of N .

Many authors studied the relationship between structure of near — ring N and the behaviour of special
mapping on N. There are several results in the existing literature which assert that prime near-ring with certain
constrained derivations have ring like behaviour . Recently several authors (see [1-6] for reference where
further references can be found) have investigated commutativeity of near-rings satisfying certain identities.
Motivated by these results now we shall consider n-derivation on a near-ring N and show that prime near-rings
satisfying some identities involving n-derivations and semigroup ideals or ideals are commutative rings. In fact,
our results generalize some known results viz. Theorems 1,2,3,4,5,6,7 [2] .

I1.  Preliminary Results
We begin with the following lemmas which are essential for developing the proofs of our main results.
Proof of first lemma can be seen in [5, Lemma 3] while those of next three can be found in [4] and the last four
can be found in [5] .

Lemma 2.1. Let N be a prime near-ring and U a nonzero semigroup ideal of N . If x,y € Nand xUy =
{0}thenx=0o0ry=0.
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Lemma 2.2. Let N be a prime near-ring . then d is permuting n-derivation of N if and only if
d(xq X1 ,Xp, ,...,Xn)le d(xq ,Xp, ., X)) + d(Xq , X3, -, X )Xq
for all xq,x; ,%3,,...,%X,, EN.

Lemma 2.3. Let N be a prime near-ring admitting a nonzero permuting n-derivation d such that d(N, N, .. ., N)
C Zthen N is a commutative ring.

Lemma 2.4. Let N be a near-ring .Let d be a permuting n-derivation of N . Then for every x;,%;,Xy,, ..., X,V
EN,
(x4 d(x; ,Xg, e, Xp) +d(Xq Xy, e, Xp)Xy ,)y =
R d(xq ,x,, ...,xn)y + d(xq 1 X2, v X)X Y,
(i) (d(x1 , X2, s Xp)Xg *+ Xg A(X1, Xz, o0, Xn))Y =
d(x1 , Xy, e, X )X1 Y+ X1 (X1, X9, o, X,)Y -

Remark 2.1. It can be easily shown that above lemmas (2.2 - 2.4) also hold if d is a nonzero n-derivation of
near-ring N .

Lemma 2.5. Let d be an n-derivation of a near ring N . then d(Z\N,....N) € Z.

Lemma 2.6. Let N be a prime near ring , d a nonzero n-derivation of N , and U;,U,,...,U, be a nonzero
semigroup left ideals of N . If d(U;,U,,...,U,;)) € Z, then N is a commutative ring .

Lemma 2.7. Let N be a prime near ring ,d a nonzero n-derivation of N .and U,U,,...,U, be a nonzero
semigroup ideals of N such that d([x, y],us...,uy) = 0 for all x, yC'U; ,u,0J U,,...,u, JU, , then N is a
commutative ring .

Lemma 2.8. Let N be a prime near-ring, d a nonzero n-derivation of N and U1, U2, . . ., Un be nonzero
semigroup ideals of N.

(i) Ifx e Nand D(U1, U2, ..., Un)x = {0}, then x = 0.

(ii) If x e Nand xD(U1, U2, . . ., Un) = {0}, then x = 0.

Main Result .

Theorem (2.1) Let N be a prime near ring which admits a nonzero n-derivation d , if U;,U,,...,U,, are semigroup
ideals of N ,then the following assertions are equivalent

(i) d([x, y],Uz,...,u))=[d(X,Up,...,uq),y] for all X,y Uy ,u ,00 Us,...,u, DU, .

(i) [d(X,Ug,...,un),Y]=[X, y] for all X,y(1Uq,u »00 Uy,...,u, OU,

(iii) N is a commutative ring .

Proof. It is easy to verify that (iii)=(i) and (iii) = (ii) .
(i) = (iii) Assume that
d([X, y],U,...,un)=[d(X,Us,...,u,),y] for all X,y[JU;,u,[1U,,...,u, DU, Q)

If we take y = x in (1) we get [d(X,U,,...,u,),X]=0, that is

d(x,Us,...,up)X = xd(X,Up,...,us) for all x OUq,u,00 U,,...,u, JU, 2 Replacing y by xy in (1) we get
d([X,xy],uy,...,un)=[d(X,U,,...,us),Xy],then d(X[X,y],Uz,...,U) = [d(X,U,,...,un),Xy], by definition of d we get
d(X,Uz,...,Un) X, Y]+xd([X,¥],Uz,...,Un)=[d(X,Ug,...,Up), xy], by using 1) again we get
d(X,Uz,...,Un) X YIHX[A(X, Uy, ..., Un), YI=[A(X,Us,...,Un),XY], previous equation can be reduced to xd(X,Us,...,U,)y
=d(X,Uy,...,Un)yX , by (2) the previous equation yields

d(X,Us,...,Up)Xy = d(X,Uy,...,u,)yx forall x,yOUq,u,00 U,,...,u, DU, 3)

if we replace y by yr, where r1 N, in (3) and using it again we get d(X,Us,...,u,)y[X,r] = 0, that is
d(x,Up,...,u)U[x,r] = 0 for all xJUy ,up0 Uy,...,u, OU, , r TN O]

By using lemma 2.1 ,we conclude that for each x(7U; either x [1 Z or d(X,Us,...,uy) = 0, but using lemma 2.5
lastly we get d(X,Us,...,u,) [ Z for all x[1Uy,u,00 U,,...,up DU, ie., d(Ug,U,,...,U;) € Z . Now by using lemma
2.6 we find that N is commutative ring .

(ii) = (iii) suppose that

[d(x,uz,...,un), Y] = [, y] for all X,y TUy,u 01 U,,...,u, (U, . (5)
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If we take y = x in (5) , we get
d(X,Uz,...,Up)X = Xd(X,Up,...,u,) for all x(TUy ,u 200 Uy,...,u, OU,, . (6)

Replacing x by yx in (5) and using it again , we get
[d(yx,uy,...,u),y] = [yx, ¥yl = y[x, y] = y[d(X,U,,...,u;),y] for all x,yOU; ,u »,00 U,,..,u, JU,, so we have
d(yX,Up,...,Un)Y-YA(YX, U, ...Un)= YA(X,Ug,...,Un)Y - Y2A(X,Us,...,Up) .

In view of lemmas 2.2 and 2.4 the last equation can be rewritten as

yd(X,Up,...,Un)y + d(Y,Uz,..e,Un)XY — (YA(Y,Upy... U)X + Y2A(X,Us,...,Un)) = YA(X,Us,...,Un)Y - Y2d(X,Us,...,Up) , SO We
have d(y,u,,...,u,)Xy = yd(y,Us,...,u,)X ,by using (6) we have

d(y,Us,...,un)Xy = d(y,Uy,...,u,)yx for all x,yJUq,u (0 Uy,...,u, JU, . @)

Since equation (7) is the same as equation (3), arguing as in the proof of (i) = (iii) we find that N is a
commutative ring .

Corollary (2.2) Let N be a prime near ring which admits a nonzero n-derivation d , then the following assertions
are equivalent

(1) d([X1,Y]: X2, Xn) =[d(X1,X2,...,Xn),y] for all X; ,X5,....%, ,y (I N .

(if) [d(X1, X2, Xn),Y] = [X1,y] for all X3 ,X,,..., Xp,y [ N .

(iii) N isa commutative ring .

Corollary (2.3)Let N be a prime near-ring .U is a nonzero semigroup ideal of N . If N admits a nonzero
derivation d then the following assertions are equivalent

(i) d([x, y]) = [d(x),y] forall x,y T U.

(i) [d(x), y] =[x, y] forall x, y O U .

(iif) N is commutative ring .

Corollary (2.4) ([2],theorem(1) )Let N be a prime near-ring . If N admits a nonzero derivation d then the
following assertions are equivalent

(1) d([x, y]) = [d(x),y] forall x,y I N.

(i) [d),y] =[x, y] forall x,y N .

(iii) N is commutative ring .

Theorem (2.5) Let N be a 2-torsion free prime near ring, if Uy,U,,...,U, are nonzero ideals of N, d is a nonzero
n-derivation.Then the following assertions are equivalent

() d([x, yI,uz,...,uy) 00 Z forall X,y[IUq,u 50 Uy,...,u, (U, .

(i) N is a commutative ring .

Proof. Itis clear that (ii) = (i).
(i) = (i) . d([x, Y], Uz,...,u,) O Z for all x,y[JU; ,u 0 Uy,...,u, JU,. 8)
(1) If Z= {0} then d([X,y],uz,...,uy) =0 for all x,y[1U;,u »] Uy,...,u, U,

By lemma 2.7 , we conclude that N is a commutative ring .

(2) If Z # {0}, replacing y by zy in (8) where z [1 Z, we get d([X, zy],Us,...,us) = d(z[X, Y],Uz,...,Us) (I Z for all
X,YOUq,U 500 Uy,...,u, OU, ,z [T Z . That is mean d(z[x,y],U,...,uy) T = rd(z[X, ¥],Us,...,us) for all X,y(TUq ,u 5]
Uy,...,u, 00U, .z 0 Z, r N . By using lemma 2.4 we get

d(z,Ug,...,un)[X, YIr + zd([X, Y],Uz,...,un)r = rd(z,Uy,...,U)[X, Y] + rzd([X, y],uz,...,up)

Using (8) the previous equation implies

[ d(z,uy,...,u))[X, y] ,r] = 0 for all x,y[1U; ,u ,00 Uy,...,u, 00U, .20 Z, r 0N .

Accordingly , 0 = [ d(z,up,...,u))[x, vy, r] = d(z,uz,....u)[[X, ¥], r] for all r [0 N. Then we get
td(z,u,...,un)[[x, y], r]=0forall t (1 N, so by lemma 2.5 we get
d (z,up,...,u))N[[x,y],r 1= 0 forall x,y(1U;,u,00 Uy,...,uy DU,z 0 Z, r N . ©)]

Primeness of N yields either d(Z,U,,...,U,)=0 or [[x,y],r]=0forall x,yOoU; r ON.
Assume that [[x,y],r]=0forall xy (JUy r N (10)
Replacing y by xy in (10) yields

[[x, xy], r]1 = 0 and therefore [x[x,y], r]=0, hence [x,y][x,r] =0 forall xy[U; r [IN, so we get [X,
YIN[X, r]=0forall x,y(1Uy r [N . (11)
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Primeness of N implies that either [x,y] =0 for all x,y(1U;, or x [0 Z for all x Uy . If [x,y] = 0 for
all x,y1U; then we get d([X, y],uz,...,u,) = 0 for all x,yOoU; ,u,00 U,,...,u, U, and by lemma 2.7 we get the
required result , now assume that x [ Z for all x CJU, , then by lemma 2.5 we obtain that d(U,U,,...,.U,) S Z .
Now by using lemma(1.16) we find that N is commutative ring .

On the other hand , if d(Z,U,,...,U,) = 0 ,then d(d([X,y],uz,...,Un),Us,...,us) = 0 for all x,yOJU; ,u,l]
U,,...,u, DU, , replace y by xy in the previous equation we get
0 = d(d([X,xy],Uz,....Up),UgyeenUy) = d(d(X[X,y],U2yesUp)UsyeeyUp) = d(d(X Uy, Un)[XY] +
Xd([X,¥],Uz,...,Un),Usy...,Un) = d(d(X,Ug,...,Un)[X, Y], UzyeoiiUn) + d(Xd([X, Y] ,Uz,...,Un) ,Uz,...,Un) = d(d(X,Us,...,Up,),
Uy, Un) [X, Y] + d(X,Us,...,u)d([X, Y], Us,...,Un) +
d(X,Us,...,un)d([X,Y],Ua,...,us)+ Xd(d([X,y],Us,...,Un),Us,...,Us)) , hence we get
d(d(x,Uy,...,un) , Up,...,.U) [X,Y] + 2d(X,Up,...,un)d([X,Y], Us,...,un) = O for all x,yO0U; U0 Uy,...,u, DU, (12)

Replace x by [x3,y1] in (12) ,where x3,y;(1U;, we get 2d([X1,y1],Uz,...,.Un)d([[X1,Y1],¥], Ua,...,uy) = O for all
X1,Y1,YUq1 U 00 Us,... Uy DU, , but N is 2-torsion free so we obtain d([Xg,Y1],Uz,...,Un)d([[X1,Y1],Y], Ua,...,.uy) =0
for all x;,y1,yOUq,u,0 Uy,...,u, OU,,

From(8) we get

d([X1,Y1],U,...,un) NA([[X1,Y1],Y], Ua,...,U,) = O, primeness of N yields

either d([Xy,y1],Uz,...,Uy) = 0 for all  x3,y; 00Uy ,u00 U,,...,u, U, and by lemma 2.7 we conclude that N is
commutative ring .

or d([[X1,Y1],¥]:Uz,...,uy)=0 for all X3,y;,yUUq,Up0Us,... .U, CU, , hence 0 = d(([Xw,Y1]Y-Y[X1,Y1l) + Uzy...,Un) =
d([X2,YalY. Uz, Un) = d(Y[X0,Y1]. Uz, Un)=[X,Ya]d(Y, Uz, Un)+ - A([X,Y1]oUzsesUn)Y- (YA([X1,Y1] Uz,eoUn) (Y,
Up,...,Un)[ X1,¥1] ) , using(8) in the last equation yields

[X1,y1]d(y, U,...,Us) )=d(Y, Us,...,un)[ X1,y1] for all X4,y;,yOOUq U0 Uy,...u, DU, . (13)

Let XpYot 0OU; , then t[x;y,] 0OU; hence we can taking t[x,y,] instead of vy in (13) to get
[XnYydd(t[Xz2, Y2l Uz, 0Un) ) = d(t[X2,Y2], Uz, Un)[X1,Y1] » hence [Xp,Y-]d(t[Xz,Y2], Ua,e.Un) = d(t[Xz,Y2], Ua,...Un)
[X2,Y-], therefore
[X2,Y21(d(tUz.....Un) X2 Yol + X, Y2ltd([Xa,Y2], Uzeenslin) = A(tUz,...,Un) [Xa,Y2]? + td([X2,Y2] , Uae..iln) [X2,Y2] , Using
(12)and(8) implies

d([X2,Y2],Uz,.,Un) [X2,Y2]t= d([X2,Y2], Uz, Un)t[X2,Y2] , SO We have

d([X2,Y2], Uz, Un) [[X2,y2],t]=0 . i.e; d([X2,Y2],Uz,...,un)N[[X2,Y2],t]= {0} for all tT1U.

Primeness of N yields that

d([X2,Y2],Uz,...,Uun)=0 or [[X2,Y-],t]=0 for all t Uy, if d([X2,Y2],Us,...,u,)=0 then by lemma 2.7 we conclude that N
is commutative ring .

Now , when [[X,Y.],t]=0 for all t[1 U, , Replacing y, by X,y, in previous equation yields

[[X2, X2y2], t]1= 0O and therefore [X,[ X» V2], t]1=0, hence [X,,Y2][X, t] =0 forall Xy, ,t TU;, so we get
[X2, Vo] Ug [X2, t] =0 ,by lemma 2.1 we get  [X,, yo] =0 for all x,,y, 0U; so we have d([Xa,Y.],Us,...,U,)=0
then by lemma 2.7 we find that N is commutative ring .

Corollary(2.6) Let N be a 2-torsion free prime near ring, if d is a nonzero n-derivation of N .Then the following
assertions are equivalent

(i) d([X1,Y],X2,---,%n) [0 Z for all Xq,X 5,..., Xn,Y[I N .

(i) N is a commutative ring

Corollary(2.7) Let N be a 2-torsion free prime near ring, U is a nonzero ideal of N. If d is a nonzero derivation
of N .Then the following assertions are equivalent

(1) d([x,y]) 0 Z forall x y[I U.

(if) N is a commutative ring .

Corollary(2.8)([2], Theorem 2) Let N be a 2-torsion free prime near ring, if d is a nonzero derivation of N .Then
the following assertions are equivalent

(i) d([x, y]) 0 Z forall x yCI N.

(if) N is a commutative ring .

Theorem(2.9) Let N be a prime near ring, if U;,Us,...,U, are nonzero semigroup ideals of N ,d is a nonzero n-
derivation .Then the following assertions are equivalent
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(i) [d(ug,uy,...,un),y] 0 Z forall usIUy,u »0 Uy,...,u, OU, YOI N .
(i) N is a commutative ring .

Proof. Itis clear that (ii) = (i).
(i) = (ii) . [d(ug,up,...,uy),y] O Z for all u; U U0 Uy,...,u, OU,, YO N (14)
Replacing y by d(uy Us,...,uy) Y in (14), we get [d(uy,Uy,...,Un), d(Ug,Up,...,un)Y] O Z
that is [[d(uy,Us,...,U,), d(Uq,Us,...,un)y],t] = 0 for all u; Uy ,u 0 Uy,...,u, DU and y, t 0 N.
Then we get [d(uy,U,,...,U,) [d(ug,Uy,...,U,),y],t] = 0, hence
d(ug,Uy,...,Us) [d(ug,Uy,...,un),y]t = td(uq,Usy,...,uy) [d(uy,Us,...,up),y] by using (14) we get
[d(uq,Us,...,u),y1[d(ug,u,,...,u,) ,t] =0

for all u; U ,u 00 Up,...,u, DU and y, t 0N (15)
In view of (14) , equation (15) assures that
[d(ug,uz,...,un),YIN[d(uy, Ug,...,un) ,y] = 0

for all u; U ,u,00 Uy,...,u, OU, YO N (16)

Primeness of N shows that [d(uy,Us,...,uy) ,y]= 0 for all u;[1U;,u 200 Uy,...,u, OU,, y TN,
Hence d(Uy,U,,...,U,)S Z .Then by lemma 2.6 we conclude that N is a commutative ring .

Corollary(2.10) Let N be a prime near-ring, if d is a nonzero n-derivation of N. Then the following assertions
are equivalent

(V) [d(X1,X2,...,.%n),y] U Z forall X;,X 5,....%,,Y U N .

(ii) N is a commutative ring .

Corollary(2.11) Let N be a prime near ring , U is a honzero semigroup ideal of N . If d is a nonzero derivation
of N .Then the following assertions are equivalent

() [d(x),y] Oz forall x,yoo U.

(i) N is a commutative ring .

Corollary(2.12) ([2]Theorem 3) Let N be a prime near ring , if d is a nonzero derivation of N .Then the
following assertions are equivalent

(i) [d(x),y] [ Z forall x,y[IN.

(ii) N is a commutative ring .

Theorem(2.13) Let N be a 2-torsion free prime near ring, then there exists no nonzero n-derivation d of N such
that d(X1,Xa,...,Xn)ey = Xgoy for all X1 ,X 5,...,.X,,y1 N.

Proof .

d(X1,X2,....Xn) oY = Xg0y for all X; ,X 5,...,.%y,Y [N . a7

replacing x; by yx; in(17),we get d(yX1,Xa,...,Xn)oy=(YX1)oy= y(X10y ) =y(d(X1,X2,...,Xn)0Y)

since d(yX1,Xo,...,Xn) oY= d(YX1,X2,...,.Xn)Y + YA(YX1,X2,...,Xn) , DY using lemma (1.13) , we obtain

YA(X1, X100 %) Y +A(YXoreeXn) X1y + YA, X, Xn)Xa+ Y2 A(Xe X, Xn) = YAKgXoyee Xn)Y + Y2A(X1, X100 %),
hence we get

d(y,Xz,.... Xp)X1Y + YA(Y,Xa,....Xn)X= 0 for all Xg,Xs,...,Xn,YCIN. (18)

Replacing x; by zx; in (18),where z (1 N, we get

d(y,X2,...,.Xn) ZX1Y + YA(Y,Xa,...,Xn)2X1= 0, for all X3 ,X 5,....X,,y, [0 N that is

d(Y, Xz, Xn) ZX0Y = - YA(Y,X2,...,. Xn)ZX1 = (- YA(Y,X2,...,. Xn)Z) X1 = A(Y,Xa,...,Xn)ZY Xq, therefore d(y,Xy,...,.Xn) ZX1Y -
d(y,Xs,....%Xn)2Zy X1 = 0, hence d(y,Xs,...,.%n) Z(X1y -y X)=0 for all x; X 5,...%,,y ,Z [J N, so we obtain
d(y,Xz,....%n) N(X1y -y X{)=0 , primeness of N yields that d(N,N,..N)=0 or y[I Z, since d is a nonzero n-
derivation of N we conclude yr1 Z for all yiI N since N is 2-torsion free therefore (17) implies that
yd(X1,X,-..,.Xn) =Y Xg for all Xq,%,....%,,Y,[0 N, which implies that yd(xxy,X,,...,Xn)=yx X; for all X; ,X 2,..., %, , X,y
N.

hence yd(X,Xa,...,.Xn) X1+ YXd(X1,Xa,...,.Xn) = YX X1 ,hence yxd(Xy,Xy,...,X,) = 0 for all X; ,X,.... %, , X,y N . i.e;
yNd(X1,Xs,...,X,)=0.By primeness of N and d # 0 ,we conclude that y=0 for all y[J N ; a contradiction .

Theorem (2.14) Let N be a 2-torsion free prime near ring which admits a nonzero n-derivation , then the
following assertions are equivalent

(i) d(xoy,Xa,...,X,) € Z for all X,y ,Xs,...,%, LIN.

(if) N is a commutative ring .
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Proof. It is easy to verify that (ii)=(i) .

(i) =(ii). Assume that d(Xoy, Xy,..., X,) [0 Z for all X,y,Xy,....X, ON (19)
(1) If Z= {0} then d(Xoy,X,,...,xn) = 0 for all X,y ,X,....X, LN
Replacing y by xy in (19) we obtain 0 = d(XoXy,X,...,Xn) = d(X(Xoy),Xs,....X,) = xd(Xoy,Xa,...,%n) +

d(X,X2,....Xn)(Xoy ), we get d(X,X,...,Xn)(Xoy ) = 0 for all X,y ,Xs,...,.X, LN, thus d(X,X,...,Xn)yX = - d(X,Xo,...,Xn) XY
for all X,y,Xs,...,X,LUN. (20)

Replacing y by zy in (20) and using (20) again , we get

d(X, X2, Xn)ZYX = - d(X,X2,.... X))XZY = (- A(X,X2,...,Xn)XZ) Y = d(X,Xy,...,.Xn)ZXy for all X,y Xp,....Xn ON .

That is d(X,Xz,...,.Xn)Z[X, Y] =0 for all X,y,X,,....Xy,Z0ON .i.e.; d(X,Xa,....Xn)N[X, y] = 0, primeness of N yields
either d(X,X,,...,.X,) = 0 or [x,y]=0 , it follows that either d(x,Xy,...,X,) =0 or x (I Z for all x CIN, but x [J Z also
implies  d(x,Xy,...,.Xn) O Z, hence d(N,N,..,N) € Z and using lemma 2.3 we conclude that N is a commutative
ring .

(2) ) If Z #{0}. Replacing y by zy in (18) where z [0 Z ,we get d((Xozy),Xs,....Xn) [l Z, that is
d(z(xey),Xs,....%n) L Z for all X,y ,Xa,....%, I N,z 0 Z, that is mean d(z(Xoy),Xs,...,.X)r = rd(z(Xey),Xa,...,X,) for
all r 0 N . then we have d(z,X5,...,.X,) (Xoy)r+ zd((Xoy),Xs,.... X))l = rd(z,Xa,...,Xn) (Xoy) + rzd((Xoy),Xs,....Xn), by
(18) we get

d(z,X,,...,.Xn) (xey) [1 Z for all X,y ,X,,.... X, [N,z (1 Z . (21)

By lemma 2.5 we have d(z,X,,....X,) (] Z so (21) yields that 0 = [d(z,Xa,...,.Xn) (Xoy),1] = d(z,Xa,....Xn)[(Xoy),1] ,
hence d(z,X,,...,.Xn)N[(Xoy),t] = 0 for all X,y Xy,....xn t ON, z (1 Z . By primeness of N , the last equation forces
either d(Z,N,...,N) ={0} or xoy (1 Z forallx,y I N.

Suppose that d(Z,N,...,N)={0}, if 0#y [J Z, then d(Xoy,X,....Xn) = d(XY + Y¥X, X2,....Xn) = A(XY ,X2,...,Xn ) + d(yX,
X2y.e0nXn ) = A(X ,X2,000,Xn )Y X A(Y 1 X2,.0, %0 )+ YA(X X0, X0 ) + A(Y X2y, X0 )X = d(X ,X0,000, X0 )Y + (X ,X5,...,%0 )Y,
since d(Xoy,Xa,....Xn) [ Z, hence 0 = d(d(Xoy,X2,....%0),X2,.., Xn ) = d((d(X ,X2,...,.%n )Y + A(X ,X2,..., %1 DY), X2,000,Xn )
= d((d(X Xy, Xn )Y, Xoy.e,Xn) + A(d(X X2, X5 )Y, Xa,...,Xq ), USINg the definition of d implies that

d((d(X X2,.eXn), Xy Xn JYF A(X X200, X )A((Y, XzpeesXn )FA((A(X X2pee,Xn )iX2seesXn )Y + d(X X, % ) d((Y,
X2,....Xn ) = 0 ,hence

d((d(X X2, Xn), X2, X0 )Y+ A((A(X X2, Xn) X2, X0 )Y =0, since y 01 Z ,then we get

Y(A((d(X ,X2,.0,%n) s X2y, X0 )F A((A(X ,Xo,...,Xn),Xo,...,Xn ) = 0, hence we get

y N 2d((d(X ,X2,...,Xn),X2,..-, Xy ), SiNCe N is 2-torsion free prime and y # 0 then we get

d((d(X ,X2,...1Xn),X2,...,Xn )= 0 for all X ,Xy,....X, U N,
0=d((d(x2,x2,...,xn),xz,...,xn)=d(xd(x,x2,...,xn),xz,...,xn)+d(d(x,x2,...,xn)x,xz,...,xn

=d(X ,Xo,..., Xn)A(X ,X2yeee Xn) FXA(A(X, X2,y X0 ), X2yee0Xn) F+ (X, X2,00, X0 )A(X, X2, ,Xn) F A(A(X, X2, X0 ), X240, Xn) X =2
d(X ,X5,...,Xp)d(X ,X»,...,Xn) , but N is 2- torsion free , so we get d(X ,Xa,...,X,)d(X ,Xa,...,.X,)=0 for all X,X,...,x, I N
, hence get d(X ,Xs,....Xp)d(N ,N,...,N) =0 by lemma 2.8 we get d(x ,Xs,...,X,) = 0 ,but X, X,,...,.X, are arbitrary
element of N, thus we conclude that d = 0 . This leads to a contradiction .Accordingly we have xoy (7 Z for all
Xy OON.

If0 £y [0 Z, we have xoy [1 Z that is Xoy =y(x+x) [1 Z ,it follows that y(x+x)r = r y(x+x) for all r ON and. it
follows that y[x+x ,r] =0, so we get yN[x+x,r] =0 ,since N is prime and y # 0 then we conclude that x+x [1 Z
forall x LIN , since xoy (1 Z then xox [ Z , hence x*+x? (1 Z forall x LIN .

Thus  (x+X)tx = tX(x+x) = t(x*+x%) = (X%t =x(x+x)t = (x+x)xt for all x,t [ N and therefore (x+x)N[x,t] = 0
for all x,t J N ,primeness of N yields x [0 Z or 2x =0 ,since N is 2-torsion free consequently , in both case we
arrive at x 11 Z forall x 0 N . Hence d(N,N,...,N) € Z and lemma 2.3 assures that N is a commutative ring .

Corollary (2.15)([2] Theorem 5) Let N be a 2-torsion free prime near ring which admits a nonzero derivation
d, then the following assertions are equivalent

(i) d(xey) € Z forall x,y[1 N.

(if) N isa commutative ring .

Theorem (2.16) Let N be 2-torsion free a prime near ring which admits a nonzero n-derivation , then the
following assertions are equivalent

(i) d(Xq,Xa,...,.Xn)ey € Z for all X; ,X,...,Xy,Y [IN.

(if) N isacommutative ring .

Proof . It is clear that (ii) = (i) .
(i)=(ii).Assume that d(Xy,Xs,...,Xp)ey € Z for all X1 ,Xs,...,Xn,YLIN. (22)
(1) If Z = {0}, then equation (22) reduced to
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yd(Xg,Xp,...,.Xn) = - d(Xg,Xa,....Xp)y for all X; Xa,.... X, YN (23)

Replacing y by zy in(23) we obtain

zyd(Xy, Xz, Xn) = - d(X, X2, Xn)ZY =(- d(X,X2,..,Xn)2)Y = Zd(X1,Xa,...,Xn)Yy for all X; ,X,,....%,,¥, Z ON | hence
z[d(X1,X2,--,Xn),y] = 0 for all X; ,Xy,...,.%n,Y, Z ON , primeness of N yields [d(X;,Xp,....Xn),y] = 0, thus we have
d(N,N,..,N) € Z and from lemma 2.3 it follows that N is commutative .

(2) Suppose that Z # {0}, if 0#z [0 Z, since d(X1,Xa,...,Xn)oYy € Z for all X; ,Xa,....Xn,Y [IN then d(Xy,Xs,...,.Xn)oZ
€ Z , hence we get d(Xy,Xa,...,Xn)Z+ Zd(X1,Xa,...,Xn) € Z ,hence z(d(X1,X,...,Xn)+d(X1,X2,...,Xn)) € Z , by lemma
(1.18) we find that

d(X, X2, Xn) +d(X1,X2,...,.Xn) € Z  for all Xg,X,...,X, N . (24)

Moreover from (22) it follows that

A((Xg, X2, Xn) F (X1, X2, Xn) )YHYA((X1, X210 X))+ (X1, X200 %)) € Z - for all X; Xp,....%, .y ON, and by (23) we
obtain  (d((Xg,X2,.--Xn)+ (X1, X2, Xn))+ A((X1,X2,. . Xn)F (X1, X2,...,Xn)))Y € Z for all Xy ,X,,...,.X,,y N and therefore
we have

(d((X2X20 e Xn)+ (Xp X X)) F - A((X2X2p e Xn)F (XpXopo XU Y = Y(A((Xe X2 Xa) ¥ (X X2 ey Xn )
+A((X1,X2ye.0Xn)F (X2, Xy 00, X))t = (A((X1, X2, X))+ (X1, X250 X))+ A((X1, X2, Xn)F (X1,X2,.00X0)))YE for all x;
Xo,eXn, Yt N . So that

(d((X1,X2, 00 Xn)F (X1, X2,000 X))+ A((X1, X2, %n)+ (X1, X200, %0))IN[E, y] = {0} for all X3 ,Xs,....%,,Y,t 0N

In view of the primeness of N , the previous equation yields

either d((Xg,Xo,..,Xn)+ (X1, X2, Xn))+ A((X1,X2,..., Xn)+ (X1,X2,...,Xn)) = 0 and thus d = 0 ,a contradiction ,or N < Z
in which case d(N,N,...,N) € Z ,hence by lemma 2.3 we conclude that N is a commutative ring .

Theorem (2.17) Let N be a 2-torsion free prime near-ring .Then there exists no nonzero n- derivation d of N
satisfying one of the following conditions

(|) d(Xoy,Xa,...,.Xn) = [X,Y ]

(i1) d([X,Y]:X2,---1Xn) = XoYy

Proof .(i) We have d(Xoy,X,....x)) = [X, Y] . (25)

Replacing y by xy in(25) we get d(XeXy,X,,...,.X,) = [X,Xy ] ,50 we have
d(X(Xey),Xa,....Xn) = X [X,y ], hence by def of d we obtain d(X,X,,...,X,) (Xoy)+ Xd((Xoy),Xz,....Xn) =X [X,¥ ],
using (25) in previous equation yields d(X,Xa,...,X,) (Xey)+X[X,y]=X[x,y] and we obtain
d(X,Xs,...,Xy) (xey) =0 for all X,y X,,....x, I N. (26)
Replacing y by yz in (26) we get d(X,Xa,...,Xn) (Xyz +yzx) = 0, hence 0 = d(X,Xa,...,Xn) XyZ + d(X,X2,...,Xn) YZX =
- d(X,Xo,...,.Xn)YXZ + d(X,Xa,...,Xn) YZX , SO We have
d(X,Xs,....Xn)Y((-X)z + xz) = 0, but N is prime so we obtain for any fixed x [ N either d(x,X,,....Xx,) =0 orx [ Z
. (27)
But x € Z also implies that d(x,Xy,...,Xn) € Z(N) and (24)forces d(X,Xy,...,Xn)€ Z for all x € N, hence d(N,N,...,N)
c Z and using Lemma 2.3 , we conclude that N is a commutative ring . In this case (25) and 2-torsion freeness
implies that
d(xy,Xs,....X,) =0 forall Xx,y,X,....X, ON (28)
This mean d(X,X»,...,Xn) ¥ + Xd(y,Xa,....Xn) = 0 , replacing x by zx in previous theorem yields d(zx,X»,...,Xn) ¥ +
zxd(y,Xo,...,.X,) = 0 ,using (28) implies zxd(y,Xs,....X,) = 0 for all X,y X,...X, ,z [ N . that is mean
XNd(Y,Xa,...,X,) =0 for all x,y,Xp,....x, [ N. Since N is prime and d # 0, we conclude that x =0 for all x[J N
, a contradiction .
(if) If N satisfies d([X,y],X2,..-,.Xn) = XoYy for all X,y ,X,,...,.X, € N, then again using the same arguments we get the
required result .

The following example proves that the hypothesis of primness in various theorems is not superfluous.

0 x y
N = (0 0 0>,x, y,z,0 € S}is zero symmetric near-ring with regard to matrix addition and matrix
0 0 =z
multiplication . Define d: N x N X...Xx N —N such that

n—times

0 x1 »n 0 x » 0 x W 0 x1x3..x, 0
df{o o o}J,{0 O O}Y,...,[0 O O =(0 0 0
0 0 z 0 0 2z 0 0 z 0 0 0

It is easy to verify that d is a nonzero derivation of N satisfying the following conditions for all
AB,ALA,.. A EN,
(i) d([A,B]A,,...,.A))=[d(AA,,....Ar),B]
(ii) [d(AA,,....,An),BI=[A,B]
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(iv) [d(ALA,,...,An),B] T Z forall A;,A,,...,Ay,BON.
(V) d(ApA,,...,Ap)eB = AjoB

(vi) d(AeB,A,,....A)) € Z

(vii) d(Ag,Ay,...,An)eB € Z

(viii)d(AeB,A,,...A)) = [A B]

(iX) d([A,BL,A;,....Ay) = AeB

However, N is not a commutative ring.

[1].
[2).

[3].
[4].

[5].
[6].
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