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Abstract: In this paper, we introduced a new (more general and comprehensive) definition of similar ruled 

surfaces with variable transformations in Euclidean 3-space. Some important results on similar striction curves 

and similar ruled surfaces are obtained. Furthermore, we have been proved that: a family of k-slant helices is a 

family of similar curves with variable transformations.MSC: 53A04. 
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I. Introduction 
From the view of differential geometry, a straight line is a geometric curve with the cur- vature κ(s) = 

0. A plane curve is a family of geometric curves with torsion τ (s) = 0. Helix (circular helix) is a geometric curve 

with non-vanishing constant curvature κ and non-vanishing constant torsion τ [3]. A curve of constant slope or 

general helix is defined by the property that the tangent makes a constant angle with a fixed straight line called 

the axis of the general helix. A necessary and sufficient condition that a curve be a general 

 
 The surface pairs especially ruled surface pairs have an important applications in 

the study of design problems in spatial mechanisms and physics, kinematics and computer 

aided design (CAD) [11, 12]. So, these surfaces are one of the most important topics of the 

surface theory. Ruled surfaces are surfaces which are generated by moving a straight line 

continuously in the space and are one of the most important topics of differential geometry 
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[14]. Recently, Ali et al [1] studied a family of ruled surfaces generated by a linear combination 

of Frenet frame (tangent, normal and binormal) vectors with fixed components in Euclidean 3-

space at the points (s, 0). 

El-Sabbagh and Ali [5] introduced a new definition of the associated curves called it family of similar 

curves with variable transformation. After this, Onder [9] used the definition of similar curves to define a 

family of similar ruled surfaces with variable transformation. In this paper, we introduce a new (more 

general and comprehensive) definition of a similar ruled surfaces with variable transformation in 
Euclidean 3-space. Also, we prove that: a family of k-slant helices is a family of similar curves with 

variable transformations, where 

k ∈ {0, 1, 2, ...}. 

 

II. Basic Concepts for surfaces 
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The ruled surface is developable if and only if the distribution parameter vanishes and it is 

minimal if and only if its mean curvature vanishes [6]. 
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Definition 2.2. [4] For a curve ψ(s) lying on a ruled surface, the following statements are well-known: 

(1): The base curve ψ(s) of the ruled surface Ψ is a geodesic curve if and only if the geodesic curvature κg 
vanishes. 

(2): The base curve ψ(s) of the ruled surface Ψ is an asymptotic line if and only if the normal curvature κn 
vanishes. 

(3): The base curve ψ(s) of the ruled surface Ψ is a principal line if and only if the geodesic torsion τg 
vanishes. 

 
 

where ϕ is the angle between the vectors V and N. That is V and U are the rotation of 

N and B of the curve ψ in the normal plane. Then 

V = cos[ϕ] N + sin[ϕ] B, U = − sin[ϕ] N + cos[ϕ] B. (19) 

 

III. Similar curves and similar ruled surfaces 
Recently, a new definition of associated curves was given by El-Sabbagh and Ali [5]. They 

called these new curves as similar curves with variable transformation and defined it as follows: 
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El-Sabbagh and Ali [5] proved that: 

(1): A family of straight lines is a family of similar curves with variable transformations. (2): A 

family of plane curves is a family of similar curves with variable transformations. (3): A family of 

general helices is a family of similar curves with variable transformations. (4): A family of slant helices 

is a family of similar curves with variable transformations. 

Now, we can introduce a general theorem for a family of similar curves with variable 

transformation within the following important theorem: 

 

Theorem 3.3. The family of k-slant helices with fixed angle φ between the axis of k-slant helix and the unit vector 

ψκ+1 forms a family of similar curves with variable transforma- 

tion, where k ∈ {0, 1, 2, ...}. 

Proof: We will use the Principal of Mathematical Induction in this proof. 

(1): El-Sabbagh and Ali [5] proved that: A family of 0-slant helices (general helices) is a family 

of similar curves with variable transformations. Then the theorem is true when k = 0. 

(2): Let a family of k-slant helices with fixed angle φ between the axis of k-slant helix and the 

unit vector ψκ+1 forms a family of similar curves with variable transformations.  

Then assume that 
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Hence the proof is complete. 

On the other hand, Onder [9] used the definition of similar curves with variable transfor- 

mations and defined new associated ruled surfaces. He called these new ruled surfaces as similar 

ruled surfaces with variable transformations and defined it as follows: 

 

Definition 3.4. [9] Let Ψ(sα, v) and Ψ̃ (sβ, v) be two regular ruled surfaces in E3 given by the parameterizations 

 
 

Remark 3.5. From Onder definition above of similar ruled surface, we show that Onder definition of the similar 

ruled surfaces is a special case because he takes the three conditions to define the similar ruled surfaces as the 

following: 

(1): The striction curve and the base curve on the ruled surface Ψ are the same. 

(2): The striction curve and the base curve on the ruled surface Ψ̃ are the same. 

(3): The rulings on the similar ruled surfaces Ψ and Ψ̃   are the same. 

 

The first and the second conditions are one condition on the surface Ψ and another con- dition for the surface Ψ̃ , 

respectively, i.e., not a relation between them (similar surfaces Ψ and Ψ̃ ). So that, the third condition and the fourth 
condition have weakened his definition. 

This remark is what invited us to think in a more general and comprehensive definition of similar ruled surfaces 

by omitting the first and the second conditions. 

The general suggestion definition of similar ruled surfaces can be introduced as the fol- 

lowing: 
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Proof. (1) ⇔ (2). It is clear from the definition 3.4 of similar ruled surfaces. 

(2) ⇔ (3). It is clear from the definition 3.4 of similar curves. 

(2) ⇔ (4). The proof results from the theorem 4.2 in El-Sabbagh and Ali [5]. 

(2) ⇔ (5). The proof results from the theorem 4.3 in El-Sabbagh and Ali [5]. 

(2) ⇔ (6). The proof results from the theorem 4.4 in El-Sabbagh and Ali [5]. 

(4) ⇔ (7).It is clear from the definition 3.6 of similar ruled surfaces and from the definition 

3.4 of similar curves. 

 

Therefore the proof is completed. 
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From the above discussion, it is easy to write the following: 

 

 
Proof: We will use the Principal of Mathematical Induction in this proof. 
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I. Similar striction curves with variable transformation 
In this section we show the following important theorem: 
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II. Applications 
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