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Abstract: In this paper, we derive the formula for Infinite Multi-Series generated by generalized backward alpha
difference equation by equating the closed and infinite summation form solutions of higher order generalized

a; — backward difference equation for positive and negative variable. Suitable examples are inserted to

illustrate the main results.
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I.  Introduction
The modern theory of differential or integral calculus began in the 17" century with the works of Newton
and Leibnitz. In 1989, K.S.Miller and Ross [11] introduced the discrete analogue of the Riemann-Liouville
fractional derivative and proved some properties of the fractional derivative operator. In 2011, M.Maria Susai

Manuel, etal, [8, 11] extended the definiton of A, to A, defined on u(k) as
A, V(K) =V(k+0)—av(k), where =0, >0 are fixed and k €[0,00) is variable. The results

derived in [11] are coincide with the results in [7] when « =1. An equation involving both A and A is

called mixed difference equation. Oscillatory behaviour of solutions certain types of mixed difference equations
have been dicussed in [3, 4, 6, 12]. In 2014, G.Britto Antony Xavier, et al. [2], [3] proved several interesting
results of geometric progression using generalized difference operator and g-difference operator.

In this paper, we obtain infinite summation form and closed form solution of higher order backward
o —difference equation for getting formula of infinite multi-series of polynomials.

1. Preliminaries
In this section, we define the generalized backward alpha difference operator and we presents certain
results on its inverse alpha difference operator with polynomial and polynomial factorials for positive and

negative variable k.
Definition 2.1 If V(K)is a real valued function on [0,0), then the generalized difference operator for

is defined as
Aa(_g)v(k) =v(k—¢)—av(k), ¢ (0,x) 1)
If A,._,V(k)=u(k) then the inverse generalized ¢ —difference equation is defined as
v(k) = A yu(k)
Definition 2.2 The higher order generalized ¢; — difference equation is defined as
Aai(_fl) (Aaz(_fz) .. ) = u(k), ke [O, OO), fi >0 )

negative ¢ denoted by Aa(_@
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111, Infinite @ Summation On Positive Variable k
In this section we derive infinite alpha summation formula for positive variable k using the inverse of
generalized backward alpha difference operator

Theorem 3.1 (Infinite ¢« -summation formulafor k >0) For /,a >0
k

if Aal( 5 ||ma[7]u(k +[E]£) =0, then we have
AL /)u(k) Za’ Tu(k+ro) (3)
Proof: By taking A_ju(k) = v(Kk), we have A_,v(k) = u(k), which gives
v(k —2) =u(k) + av(k) (4)
Replacing k by k+/¢ in (4), we get
v(k) =u(k+ )+ av(k +¢) (5)
Substituting (5) in (4), we get
v(k—0) =u(k) +au(k + £) + a*v(k + ¢) (6)
Replacing kK by k+ ¢ in (12),we obtain
v(K) =u(k + )+ au(k + 20) + a*v(k + 20) @
Substituting (7) in (4), we get
v(k —0) =u(k) + au(k + £) + a’u(k + 20) + &®v(k + 2¢) (®)
Replacing kK by k+¢ in (8)
V(K) = u(k + £) + au(k + 20) + a’u(k +30) + &’v(k +3¢) 9)
Proceeding like this we get
v(K) = u(k +0) + au(k + 20) + au(k +3¢) + a®u(k +30) +... (10)

which gives (3).

Corollary 3.2 Let k €[0,00) and if IimAju(k) =0, then we have

Au(k) = Sk +r0) 11)
=1

Proof: The proof follows by taking a =1 in (3).
Theorem 3.3 If o, , #1,K € (0,0), then we have
-1 r,-1
az( ') al( /)u(k) Zzall a uk+nl,+nl,) (12)
rl—lrz—l
Proof: Replacing ¢, by /,,c, in (3), we get
A} o )u(k) =u(k+2,)+au(k+20,)+...
@\ =f2
Replacing k by K+/,
A;;Hz)u(k+fl):u(k 0+ 1) Fau(K+ 0, +20,)+ou(k+ 0, +30,) +...
Replacing k by K+2¢, and multiplying &, on both sides, we get
a ( , )u(k+2£) uk+20,+70,)+au(k+20,+20,)+...
Replacing k by K-+3¢, and multiplying o on both sides, we get

AL fz)u(k +30)=u(k+30,+0,) +a,u(k+30,+20,) +...

(Z2(7
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Replacing k by K+4¢, and multiplying « on both sides, we get
A‘l( ) )u(k+4£1) =u(k+40,+0,)+a,u(k+40,+20,) +...
2

a27

Replacing k by K+1,¢, andmultiplying a;! " on both sides, we get
A cipUAK+GL) =u(k+ 10 +0,) +au(k+ 100 +20,) +...

Proceeding like this we get (12).
Corollary 3.4 1f a >0,k €(0,0), then we have

_ _ S~ n+r,—2
AgipyAacipuk) = Z‘Izla 27Uk + 1l +1,0,) (13)
n=ih=

Proof: The proof follows by taking &, = &, =« in Theorem 3.3.
Corollary 3.5 1f @« =1>0,k € (0,0), then we have

AL AL UK) =D D u(k+ 1L, +1,L,) (14)

rl=lr2=1
Proof: The proof follows by taking o =1 in corollary 3.4.
Theorem 3.6 If o >0,k €(0,0), then we have
Aoty Do UK =D > o et e U+l + 1, + 1) (15)

a(—(’l) a(—éz) — L £
rl—1r2—1r3—1

Proof: Replacing I,r, by I,,r, and ¢,,¢, by /,,0, and o, c, by a,,0,in(12),we get
-1 -1 _ b rh-1 -1
Aas(_fs)Aaz(_éz)u(k)—Z;Z;af ot U(K+0,0, +1,05)
ry=lry=

Replacing k by K+ ¢, and multiplying ¢, on both sides, we get

K+l k+/ 4
%][; 1;;2 2)
-1 -1 _ r2—l r3—1
Apciphacouk+)= > > o o uk+l 400, +5l,)

L=l Rl
Replacing k by K-+2¢, and multiplying « on both sides, we get

[k+2k1][k+2/l+r2f,2]
4 /

_ _ Z 2 [ |
ApcpBucpuk+20)= 3 > o o uk+2L 41,0, +1Ly)
ry=1 rp=1
Proceeding like this and replacing k by K+ I/, and multiplying alr‘l we get (15).
Corollary 3.7 1f a >0,k €(0,0), then we have
AL AL AL uK) = DS o (kL 1)

a(_fl) a(_éz) a(_f3) e e L
n =1 r —1r3 =1

Proof: The proof follows by taking o, = a, = a; = & in Theorem 3.6.
Corollary 3.8 1If a >0,k €(0,), then we have

-1 -1 -1 — AR
AL AL )AL HuK) = PN uk+nL, 41,0, +1,0,)
rl=lr2=1r3=1
Proof: The proof follows by taking o =1 in corollary 3.9.

Theorem 3.9 (&, - higher order summation formula) If kK €[0,00) and ¢, >0, then
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H a(”u(k)— Z Ha“ u(k+z

[l n]—1n =1
Proof: The proof follows by Theorem 3.6, Theorem 3.3 and Theorem 3.1.
Corollary 3.10 If k €[0,00) and ¢, >0, then we have

HA;( ,u(K) = Z Ha u(k+zt_:rn€n)

[1 n]—1n =1
Proof: The proof follows by taking ¢, = a in Corollary 3.9.
Corollary 3.11 If kK € (0,00) and ¢, >0, then we have

HA(l, uk)= Z Hu(k+2
[1 n]—ln =1
Proof: The proof follows by taking « =1 in Corollary 3.10.

1
Theorem 3.12 (Infinite — -summation formula for kK < Q) For />0 ,
a

ifAl,)||m [1] u(k — ([——]+1)€) 0, then we have
a l

S -1
AL ()u(k) z r+1u(k—rﬂ)

=0 X
Proof: By taking A_ju(k) = v(k), we have A_,v(K) = u(k), which gives

v(k) = _—1u(k) +1v(k 1)
a a
Replacing k by k—¢ in (20), we get
vik—10)= _—1u(k — /) +1v(k —-20)
a a
Substituting (21) in (20)
-1 1 1
V(k) = —u(k) ——u(k =) + = v(k - 2/)
a a a
Replacing k by k—¢ in (22), we get
vik—20)= _—1u(k —E)—izu(k —2£)+i2v(k -3/)
a a a
Substituting (23) in (20), we obtain
-1 1 1 1
v(k) = —u(k) ——u(k =) ——u(k = 20) + — v(k - 3¢)
a a a a

Proceeding like this we get

v(k) = _—]'u(k)—izu(k —f)—igu(k —2€)—i4u(k —3/) —... which gives (19).
a a a a

Corollary 3.13 (Infinite summation formulafor k <0 )For ¢>0 |,

if A(il,,) !i_r)gu(k —([- %] +1)/¢) =0, then we have

A2 u(k) = -Su(k—ro)

Proof: The proof follows by o =1 in Theorem 3.12.
Theorem 3.14 If o, &, # 0,k € (0,0), then we have

(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
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aZ( ‘72) ( ”1)u(k) ZZ n+l r Tl U(k ) (25)

r,=0r,=0 0‘1

Proof: Replacing ¢/ =/, and a = ¢, in (24)
A0 = U0 = (k= 1) = u(k - 26,)..
1 1 1

Replacing ¢, by /, and o, by «, and multiplying _—1 on both sides, we get
al

) 1 1 1
Aipu(k) = a—U(k) ——u(k—=0,)——u(k—2¢,)...

2 aZ 2

Replacing k by k—ﬁl and multiplying _—:Zl on both sides, we get
al

_ -1 1
Aai(—fz)u(k _El) = a—U(k—ﬁl)——ZU(k _El _gz) -

2 2

L uk—e,-20))..
2

Replacing k by k—2£1 and multiplying _—1' on both sides, we get
al

1 1 1
By ek =20) = Uk =20) = U(k =20, = ;) =5 u(k =20, - 20,)...
2

2 2

Replacing k by K —3¢, and multiplying _—} on both sides, we get

o

- -1 1 1
Aaz(_lz)u(k—%l) :a—u(k—Sél)——zu(k—Sfl—EZ) ——u(k—3¢,-2¢,)...
2 2 2
Replacing k by K —r¢, and multiplying % on both sides, we get
2
] -1 1 1
A, St )u(k )= - —uk—rl)——uk-rl,—1,) ——uk-rl, —20,)..
2 2 2
Proceeding like this we get (25).

Corollary 3.15 If a >0,k €(0,0), then we have
Ay ') Auis ouk) = ZZ T U(k —1l,) (26)
r=0r,=0 ol
Proof: The proof follows by Theorem 3.14, when o, = @, = «r .
Corollary 3.16 If >0,k €(0,0), then we have

Al z ) ) )u(k) ZZu(k —n(,) (27)

1=0r,=0
Proof: The proof follows by corollary3.15, when o« =1.

1
Theorem 3.17 If — >0,k € (0,0), then we have
a

Ay By i) = ZZZ i r2+1 _r+1u(k —hl, = hl;) (28)

r,=0r,=0r3=0 0(1 a, 063
Proof: Replacing I,r, by I,,I; and /,,¢, by /,,/, and &, 0, by «,,a, in(25),
we get
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Aai,( ) az( Hu(k) = ZZ P U(k —1l5)

o) —01’3—0 az

Replacing k by K —¢, and multiplying i on hoth sides
al

Aa;( YA (“u(k )= ZZ i r3+lu(k b —nt,—1ly)

r2—0r3—

Replace k by k—2/, and multiplying (—2) on both sides

1

A cipDa iUk —20,) = ZZ u(k 20, —1,0, —1,0})

I‘Z—OI’3 =0 az 3

Procuding like this and replacing k by K —r¢, and multiplying % we get (25).
al
Theorem 3.18 (« - higher order summation formula) If K € (0,0)

and ¢, >0, then we have

HA;( ) )u(k)— ZHanflu(k ZI’E ), where t=1,2,3...,0

T "
Proof: The proof follows by Lemma 3.12, Theorem 3.14 and Theorem 3.17.
Corollary 3.19 If k €[0,00) and ¢, >0, then we have

HA;( ) )u(k) ZHOC u(k—zt:rtﬁt),where t=1,23...,0
n=1

Tt "
Proof: The proof follows by Theorem 3.18, when «; = ¢ .
Theorem 3.20 If a #1,/ € (0,0) ,then we have

1 . k(1-a)+/((n-1)+«
W'EZA;(—Z){ ( ()k— é)((nﬂ) ) )}ﬁ (29)
¢ 4
Proof: From the Definition A_, we have
1 1 1 1, [k@-a)+ar
A - = - g =D —= g —
RG0S TR “{ (k=07

Second

Aa(—/)%:;@—a % :L:Afl(‘@ k(1—a)(+£(3+g)
0 k_g (k—g)_g k_g k_g (k_g)_ln_'_l)

Aa(—é)%:;@—a{%} :% :Aitl( /){k(l a)‘i‘g((ﬁ-l-a)}'j
k_e (k—f)_( k_g k (k—ﬂ)_é

Similarly
1 o peen ) kA=) + B+ a)
Ko (k=)

Third

}ﬁ which gives (29).
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IV.  Conclusion
We have obtained formulas for several infinite ¢z — series on polynomial using inverse of generalized

alpha difference operator.
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