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I.  Introduction
Ideals in topological space (X, t) is a non-empty collection of subsets of X which satisfies the
properties (i) Ael and BcA = Bel (ii) Ael and Bel = AuBel. An ideal topological space is denoted by the
triplet (X, 1, ). In an ideal space (X, 1, 1), if P(X) is the collection of all subsets of X, a set operator (.)* : P(X)
— P(X) called a local function [4] with respect to the topology t and ideal | is defined as follows: for AcX, A*
= {xeX / UnAgl, for every open set U containing x}. A Kuratowski closure operator cl*(.) of a subset A of X
is defined by cI*(A) = AUA* [12]. Yuksel, Acikgoz and Noiri [14] introduced the concept of 6-I-closed sets in

ideal topological space. M. Navaneethakrishnan, P.Periyasamy, S.Pious missier introduced the concept of & -

closed set [9] and § s-closed set [8] in ideal topological spaces. K. Balachandran, P. Sundaram and H.Maki [1],
B.M. Munshi and D.S. Bassan [7], T.Noiri [10], Julian Dontchev and Maximilian Ganster [3], N.Levine [5]
introduced the concept of g-continuity, supercontinuity, 8-continuity, 8g-continuity, w-continuity, respectively.
The purpose of this paper is to introduce the concept of 8 -continuity, § -irresolute, & s-continuity, § sirresolute
maps. Also, we study some of the characterization and basic properties of these maps.

Il.  Preliminaries
Definition 2.1 A subset A of a topological space (X, 1) is called a
(i) Semi-open set [5] if A < cl(int(A))
(ii) g-closed set [6] if cl(A) < U whenever A < U and U is openin (X, 1)
(iii) w-closed set [11] cl(A) < U whenever A < U and U is semi-open.
(iv) &-closed set [13] if 8cl(A) = A, where dcl(A) = {xeX : int(cl(U))nA=¢, for each Uet(x)}.
(v) dg-closed set [3] if dcl(A) < U whenever AcU and U is open.
The complement of semi-open (resp. g-closed, w-closed, 8-closed, 8g-closed) set is called semi-closed
(resp. g-open, w-open, 3-open, 3g-open) set.
Definition 2.2 [14] Let (X, 7, 1) be an ideal topological space, A a subset of X and x a point of X.
(i) xiscalled a 8-1-cluster point of A if Anint cl*(U) = ¢ for each open neighbourhood of x.
(i) The family of all 8-1-cluster points of A is called the 8-1-closure of A and is denoted by [A]s.; and
(iii) A subset A is said to be 3-1-closed if [A]s., = A. The complement of 3-1-closed set of X is said to be 5-I-
open.
Remark 2.3 [9] From the Definition 2.2 it is clear that [A]s = {xeX: int(cl*(U)) n A= ¢, for each Uet(x)}.
Notation 2.4 [9]. Throughout this paper [A]s. is denotd by ocl(A).
Definition 2.5 A subset A of an ideal topological space (X, t, I) is called
(i) lg-closed set [2] if A* < U whenever A < U and U is open.

(i) 5 -closed set [9] if ocl(A) = U whenever A < U and U is open.
(iii) & s-closed set [8] if ocl(A) = U whenever A < U and U is semi-open.

The complement of Ig-closed (resp. & -closed, § s-closed) set is called Ig-open (resp. & -open; & —open) set.
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Definition 2.6 Let A be a subset of an ideal space (X, t, I) then the § «—closure of A is defined to be the
intersection of all & «—closed sets containing A and is denoted by & «cI(A). That is & cl(A) = ~{F: AcF and F is
§ «—closed}.

Definition 2.7 Amap f: (X, t) = (Y, o) is said to be

[1]. g-continuous [1] if f*(F) is g-closed in X for every closed set F of Y.

[2]. g-irresolute [1] if f*(F) is g-closed in X for every g-closed set F of Y.

[3]. w-continuous [5] if f*(F) is w-closed in X for every closed set F of Y.

[4]. w-irresolute [5] if £(F) is w-closed in X for every w-closed set F of Y.

[5]. 8g-continuous [3] if f*(F) is 8g-closed in X for every closed set F of Y.

[6]. 8g-irresolute [3] if f*(F) is 8g-closed in X for every 3g-closed set F of Y.

[7]. 8-continuous [10] if f*(U) is 8-open in X for every 8-open set U in Y.

[8]. Supercontinuous [7] if £*(U) is 8-open in X for every open set U in Y.

Definition 2.8 Amap f: (X, 1, I1) = (Y, o, |,) is said to be

(i) Ig-continuous if *(F) is Ig-closed in X for every closed set F of Y.

(ii) lg-irresolute if f*(F) is Ig-closed in X for every Ig-closed set F of Y.

Definition 2.9 A topological space (X, t) is called

(i) Ty-space [6] if for every g-closed subset of X is closed.

(ii) Ts-space [3] if for every &g-closed subset of X is &-closed.

Definition 2.10 [2] An ideal space (X, =, I) is called T,-space if for every Ig-closed subset is *-closed.

I1l. 5 -Continuous And 5 -Irresolute Maps
Definition 3.1 A function f from an ideal space (X, T, I1) into an ideal space (Y, o, 1,) is called & -continuous if
f1(F) is & -closed in (X, t, 1) for every closed set F of (Y, o, I,).
Definition 3.2 A function f from an ideal space (X, 1, I;) into an ideal space (Y, o, I,) is called & -irresolute if f*
(F) is & -closed in (X, 1, I1) for every & -closed set F in (Y, o, ).
Theorem 3.3 Ifamap f: (X, 1, I1) = (Y, o, I,) from an ideal space (X, 1, I;) into an ideal space (Y, o, I,) is S -
continuous, then it is g-continuous.
Proof. Let f: (X, 1, I1) = (Y, o, I,) be & -continuous and F be any closed set in Y. Then the inverse image f*(F)
is & -closed in (X, 1, 1y). Since every & -closed set is g-closed, f(F) is g-closed in (X, t, I5). Therefore f is g-
continuous.
Remark 3.4 The converse of Theorem 3.3 need not be true as seen in the following Example.
Example 3.5 Let X=Y={a,b,c,d}with topologies t = {X, ¢,{b},{a,b},{b,c} {a,b,c}, {ab,d}} o = {Y, ¢,{b},
{c,d}, {b,c,d} and ideals I,={¢,{c}, {d}, {c.d}}, .= {d,{b}, {c},{b,c}}. Letf: (X, 1, 1) = (Y, o, |;) be a map
defined by f(a)=b, f(b)=c, f(c)=d and f(d)=a, then f is g—continuous but not § - continuous, since for the closed
set F={a,b} in (Y, o, I,), F*(F) = {a,d} is not § - closed set in X 1, ).
Theorem 3.6 Ifamap f: (X, 1, 1) = (Y, o, I;) from an ideal space (X, t, |;) into an ideal space (Y, o, I,) is 5 -
continuous, then it is lg-continuous.
Proof. Let f: (X, 1, 1) > (Y, o, |,) be & -continuous and F be any closed set in (Y, o, I,). Then the inverse
image f*(F) is & -closed in (X, 7, 1y). Since every & -closed set is Ig—closed, f1(F) is 1g-closed. Therefore f is Iy
continuous.
Remark 3.7 The converse of the above Theorem is not always true as shown in the following Example.
Example 3.8 Let X=Y={a,b,c,d}with topologies t = {X, ¢,{b},{d},{b,d},{b,c,d}}, o = {Y, ¢,{b}, {ab},
{b,c},{a,b,c}, {a,b,d}} and ideals I,={¢,{d}}, .= {$,{c}, {d},{c,d}}. Let f: (X, 1, I}) = (Y, o, I,) be a map
defined by f(a)=d, f(b)=a, f(c)=b and f(d)=c, then f is I, —continuous but not § - continuous, since for the closed
set F={c} in (Y, o, I,), f1(F) = {d} isnot 5 - closed set in (X,t,11).
Theorem 3.9 Amap f: (X, 1, I1) = (Y, o, I,) from an ideal space (X, 1, l;) into an ideal space (Y, o, I,) is
supercontinuous, then fis & - continuous.
Proof. Let f: (X, 7, 1) = (Y, o, I,) is supercontinuous and U be an open set in (Y, o, I,). Then f(U) is 8-open
in (X, 1, Iy). Since f1(U°) = [f}(U)]°, F1(U°) is 8-closed in (X, t, I;) for every closed set U® in (Y, o, I,). Also,
since every &-closed set is & -closed f1(U°) is & -closed for every closed set U° in (Y, o, ). Hence f is & -

continuous.
Remark 3.10 The converse of the above Theorem is not always true as shown in the following Example.

DOI: 10.9790/5728-11610108 www.iosrjournals.org 2 | Page



On Some Continuous and Irresolute Maps In Ideal Topological Spaces

Example 3.11 Let X =Y = {a, b, ¢, d} with topologies t = {X, ¢, {b}, {c, d}, {b, ¢, d}}, o = {Y, ¢, {c}, {a, d},
{a, ¢, d}} and ideals 1, = {¢, {c}}, I, = {¢, {a}, {d}, {a, d}}. Let f: (X, 7, I) = (Y, o, I,) be a map defined by
f(a) = b, f(b) = a, f(c) = c and f(d) = d, then fis & -continuous but not supercontinuous because, for the open set
U={a d}in (Y, o, I,), f}(U) = {b, d} is not 8-open in (X, 1, 1).

Theorem 3.12 A function f: (X, t, 1) = (Y, o, 1,) is & -continuous if and only if f* (U) is & - open in (X,t,l,)
for every open set U in (Y,o,1,).

Proof. Necessity - Let f: (X, 1, 1)) > (Y, o, I,) be § -continuous and U any open set in (Y, o, I,). Then £1(U°) is
§ -closed in (X, 7, 1,). But f1(U°) = [F(U)]° and so £*(U) is & -open in (X, 1, 1,).

Sufficiency - Suppose f*(U) is 8 -open in (X, 1, Iy) for every open set U in (Y,o,1,). Again since f1(U%) = [f
YU)IS, F1(U%) is § -closed in X, for every closed set U in (Y,o,1,). Therefore f is & -continuous.

Definition 3.13 A map f: (X,t,11)—>(Y,0,l) is called &-1-closed if the image of &-1-closed set under f is &6-1-
closed.

Theorem 3.14 Let f: (X, 1, I1) — (Y, o, I,) be continuous and 3-1-closed, then for every & -closed subset A of
(X, 1, Ib), f(A) is & -closed in (Y, o, 1,).

Proof. Let A be § -closed in (X, 1, 1)). Let f(A) < U where U is open in (Y, o, 1,). Since A c f* (U) and A is
& -closed and since f1(U) is open in (Xtl), then ocl(A)cf'(U). Thus f(ocl(A))cU. Hence
ol (f(A))=ocl(f(ocl(A)))= f(ocl(A))=U. Since fis &-I-closed. Hence f(A) is & -closed in (Y, o, I,).

Remark 3.15 Let f: (X, 1, 1)) —> (Y, o, I,) be & -continuous function then it is clear that f(ocl(A)) < cl(f(A)) for
every &-1-closed subset A of X. But the converse is not true. For instant, let X =Y = {a, b, ¢, d}, with topologies

= {X, ¢, {b}, {c, d}, {b, c, d}}, o = {Y, ¢, {a}, {b}, {a, b}, {c, d}, {a, c, d}, {b, c, d}} and ideals I, = {¢,
{c}}, L =4{¢, {a}}. Let f: (X, 1, I1) = (Y, o, I;) be identity map. Then f(ccl(A)) < cl(f(A)) for every 5-I-closed
subset A of X. But for the closed set {b} of Y, f'({b}) = {b} is not § -closed set in X. Therefore f is not § -
continuous.

Remark 3.16 Let f: (X, 1, I1) — (Y, o, I,) be a continuous function then it is clear that, f(ccl(A))ccl(f(A)) for
every 8-1-closed subset A of X. But the converse is not true. For instant, let X, Y, 1, o, Iy, I, f be as Example
given in Remark 3.15. Then f(ccl(A)) < cl(f(A)) for every subset A of X. But for the closed set B={b}in Y, f
Y(B) = {b} is not closed in X. Hence f is not continuous.

Theorem 3.17 Amap f: (X, 1, 1) — (Y, o, I,) from an ideal space (X, t, ;) into an ideal space (Y, o, I,) is 5 -
irresolute if and only if the inverse image of every 5 -open setin (Y, o, Iy) is 8 -open in (X, 1, ly).

Proof. Necessity - Assume that f is § -irresolute. Let U be any 8 -open set in (Y, o, I5). Then X-U is § -closed
in (Y, o, I,). Since fis & -irresolute f*(X-U) is 5 -closed in (X, 1, 1;). But  £1(U°%) = [f}(U)]° and so f*(U) is & -
open in X. Hence the inverse image of every 8 -open setin (Y, o, Iy) is 8 -open in X,

Sufficiency - Assume that the inverse image of every 5 -open set in (Y, o, Iy) is 5 -open in (X, t, ;). Let V be
any & -closed set in (Y, o, I,). Then X-V is & -open in (Y, o, I,). By assumption, f*(X-V) is & -open in (X, ,
1,). But £1(V°) = [f}(V)]® and so £1(V) is & -closed in (X, 1, I5). Therefore f is & -irresolute.

Theorem 3.18 Let every & -closed set is 5-closed in Xt l)and f: (X, 1, 1) > (Y, o, 1) be § -irresolute.
Then f is 5-continuous.

Proof. Let F be a 3-closed subset of (Y,o,l,). By Theorem 3.3 [9], F is 5 -closed. Since fis & -irresolute, f1(F)

is & -closed in (X, 1, 1). By hypothesis f*(F) is 8-closed. Then f is §-continuous.
Remark 3.19 The converse of Theorem 3.18 is need not be true as shown in the following Example.
Example 3.20 Let X =Y = {a, b, ¢, d} with topologies t = {X, ¢, {a}, {b}, {c}. {a, b}, {b, c}, {a, c}, {a, b, c}},

o =(Y, ¢, {c}, {c, d}, {a c, d}} and ideals I, = {¢, {a}, {b}, {a, b}}, 1> = {¢, {b}, {d}, {b, d}}. Here every 5 -

closed set is 6-closed in (X, 1, Iy). Let f: (X, 7, I1) = (Y, o, I,) be identity map. Then f is 3-continuous, but not
§ -irresolute because for the & -closed set A = {a, b} in (Y, o, I,), FX(A) = {a, b} is not & -closed in (X, t, Iy).
Theorem 3.21 If f: (X, 1, 1)) = (Y, o, I,) is bijective, open and & -continuous then f is § -irresolute.

Proof. Let F be any § -closed set in Y and f*(F)cU, where Uet. Then it is clear that ocl(F)=f(U) and therefore
f1(ocl(F))<U. Since fis & -continuous and ocl(F) is a closed subset of (Y, o, I,), acl(FX(scl(F)))=U and hence
ocl(F(F)) < U. Thus £1(F) is & -closed in (X, 1, I). This shows that fis & -irresolute.
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Theorem 3.22 Let f: (X, 1, I1) = (Y, o, I,) be surjective, § -irresolute and &-closed. If every § -closed set is &-
closed in (X, 1, 1) then the same in (Y, o, I,).

Proof. Let F be a & -closed set in (Y, o, I,). Since f is 5 -irresolute, f*(F) is & -closed in (X, t, I3). Then by
hypothesis, f*(F) is 5-closed in (X, 1, 1,). Since f is surjective and F is 8-closed in (Y, o, I,).

Theorem 3.23 Let f: (X, 1, I1)) = (Y, o, I5) and g: (Y, o, I,) = (Z, n, l3) be any two functions. Then the
following hold.

(i) gofis & -continuous if f is & -irresolute and g is & -continuous.

(i) gofis § -irresolute if fis & -irresolute and g is & -irresolute.

(iii) gof is g-continuous if f is g-irresolute and g is § -continuous.

(iv) gof is Ig-continuous if f is Ig-irresolute and g is § -continuous

Proof. (i) Let F be a closed set in (Z, 1, I3). Since g is & -continuous, g™*(F) is & -closed in (Y, o, I,). Since f is
§ -irresolute, F1(g™(F)) is & -closed in (X1, 1y). Thus (gof)*(F) = f1(g™(F)) is a & -closed set in (X, t, I;) and
hence gof is & -continuous.

(ii) Let VV be a & -closed set in (Z, m, 13). Since g is & -irresolute, g*(V) is & -closed in (Y, o, I,). Also, since f is
§ -irresolute, F(g(V)) is & -closed in (X, t, 1,). Thus (gof) }(V) = Fi(g(V)) is a & -closed set in (X, , 1) and
hence gof is § -irresolute.

(iii) Let F be a closed set in (Z, n, I3). Since g is § -continuous, g(F) is § -closed in (Y, o, Ip). Since every 5 -
closed set is g-closed g™(F) is g-closed in (Y, o, I,). Since f is g-irresolute, *(g™*(F)) is g-closed in (X, T, Iy).
Thus (gof) *(F) = £1(g™(F)) is g-closed in (X, t, I;) and hence gof is g-continuous,

(iv) Let F be a closed set in (Z, n, 13). Since g is & -continuous g'(F) is § -closed in (Y, o, I,). Since every S -
closed set is Ig-closed g™*(F) is Ig-closed in (Y, o, 1,). Since f is Ig-irresolute, f*(g™(F)) is Ig-closed in (X, T, Iy).
Thus (gof)™*(F) = f*(g"(F)) is lg-closed in (X, t, l;) and hence gof is Ig-continuous.

Remark 3.24 Composition of two & -continuous functions need not be § -continuous as shown in the following
Example.

Example 3.25 Let X =Y = Z = {a, b, ¢, d} with topologies t = {X, ¢, {a}, {c, d}, {a, ¢, d}, {b, c, d}}, o = {Y,

o, {a, b, c}}, n=4{Z, ¢, {b}, {c, d}, {b, ¢, d}} and ideals I, = {¢, {a}}, I = {¢, {a}} and I3 = {¢, {d}}. Let f: (X,
T, 1) > (Y, 0, 1) and g: (Y, o, I) = (Zn,15) defined by f(a) = g(a) = d, f(b) = g(b) = b, f(c) = g(c) = c, and f(d)

=g(d) =a. Then fand g are & -continuous but their composition gof: (X, t, 1) = (Z,n,l3) is not § -continuous,
because for the closed set A = {a, ¢, d} in (Zn,1s), (gof)*(A) = {a, ¢, d} is not 5 -closed in X, 1, 1y).

\YA § s -Continuous And § s —Irresolute Maps
Definition 4.1 A function f from an ideal space (X, 1, I;) into an ideal space (Y,c,l,) is called § «—continuous if
f1(F) is 5 s—closed in (X,z, ly) for every closed set F of (Y,c,1,).
Definition 4.2 A function f from an ideal space (X,t, I;) into an ideal space (Y,c,l,) is called § —irresolute if £
Y(F)is & s—closed in (X,t, 1) for every & -closed set F of (Y,o,15).
Theorem 4.3 If a map f: (X,t, 1) =>(Y,c,l,) from an ideal space (X,t, I;) into an ideal space (Y,o,l,) is §s—
continuous then it is & —continuous.
Proof : Let . (X7, I})) =>(Y,c,l,) be § s —continuous and F be any closed set in (Y,o,l,). Then the inverse
image f*(F) is & s-closed. Since every & s — closed set is & -closed, f*(F) is & -closed in (X,t, I5). Therefore fis
§ -continuous.
Remark 4.4 The converse of Theorem 4.3 is not always true as shown in the following Example.
Example 4.5 Let X=Y={a,b,c,d} with topologies ={X, ¢,{c}, {c,d}, {a,c,d}}, o={Y, ¢, {a}, {c.d}, {a,c.d},
{b,c,d}} and ideals I,={¢,{b},{d}.{b.d}} 1={d.{a}}. Letf: (X1, I) =>(Y,0,l,) be an identity map, then F is
& -continuous but not & —continuous since for the closed set F={a,b} in (Y,o,l,), f* (F)={a,b} is not & —closed
in (X7, ly).
Theorem 4.6 If a map f: (X1, 1)) —>(Y,o,l;) from an ideal space (X,t, 1) into an ideal space (Y,o,l) is &s—
continuous then it is g-continuous.
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Proof : Let f: (X1, 1) =>(Y,0,l;) be § s —continuous and F be any closed set in (Y,o,l;) . Then the inverse
image fX(F) is & — closed in (X,t, I1). Since every & — closed set is g-closed, f(F) is g-closed in (X,t, I1).
Therefore f is g-continuous.

Remark 4.7 The reversible implication of Theorem 4.6 is not true as shown in the following Example.

Example 4.8 Let X=Y={ab,c,d} with topologies © ={X, ¢, {a}, {b}, {ab}}, o = {X, ¢
{b}{a,b}{b,c}.{a,b,c.}.{a,b,d}} and ideals I,={d{d}}, I. = {¢, {a}, {b}, {a,b}}. Let f: (X7, I}) >(Y,0,l,) be
an identify map, then f is g- continuous but not § «—continuous, since for the closed set F={c} in (Y,0,ly), !
(F)={c} is not & s —closed in (X,t, 1) .

Theorem 4.9 If a map f: (X,t, 11) —(Y,o,l,) from an ideal space (X,r, 1) into an ideal space (Y,c,l,) is §s—
continuous then it is w-continuous.

Proof : Let f: (X,z, I1) =>(Y,o,l,) be § s —continuous and F be any closed set in (Y,o,l;). Then the inverse image
f1(F) is § s —closed in (X,z, 1y). Since every § s —closed set is w-closed f1(F) is w-closed in X. Therefore F is w-
continuous.

Remark 4.10 The converse of Theorem 4.9 need not be true as seen in the following Example.

Example 4.11 Let X=Y={ab,c,d} with topologies 1={ X, ¢, {c}, {a,c}{b.c}, {ab,c}{acd}}, o =
{Y,d,{b},{b,c}} and ideals I,={¢,{c}}, 1.={¢}. Let f: (X1, I}) —(Y,0,l,) be a map defined by f(a)=c, f(b)=a,
f(c)=b and f(d)=d, then f is w-continuous but not § s —continuous, because, for the closed set F={a,d} in
(Y,o,1,), F(F)={b,d} is not § «—closed in X1, 1y).

Theorem 4.12 If amap f: (X1, 11) —=(Y,0,l,) from an ideal space (X,z, I;) into an ideal space (Y,o,l,) is §s—
continuous, then it is lg-continuous.

Proof : Let f: (X1, 1) —>(Y,0,l,) be § s —continuous and F be any closed set in (Y,o,l;). Then the inverse
image f*(F) is 5 s —closed. Since every § s —closed set is Ig-closed, fY(F) is lg-closed in (X,t, I;). Therefore f is
I;-continuous.

Remark 4.13 The reversible direction of Theorem 4.12 is not always true as shown in the following Example.
Example 4.14 Let X=Y={a,b,c,d} with topologies © = {X,9,{b}{d}{b,d}{b,c.d}}, o = {Y,9,{b}, {ad},
{a,b,d},{a,c,d}} and ideals 1,={¢,{d}}, I.={¢d,{b}}. Let f:(X,z, I1) =(Y,0,l,) be a map defined by f(a)=c, f(b)=a,
f(c)=d, and f(d)=b, then f is Is-continuous, but not 8 s —continuous, because for the closed set F={b,c} in
(Y,o,1p), £1(F)={a,d} is not § s —closed in X7, 1)

Theorem 4.15 If f: (X,z, 1) —>(Y,o,ly) is supercontinuous then f is § s —continuous.

Proof: Let f: (X1, 1) =(Y,o,1,) is supercontinuous and U be any open set in (Y,o,l,). Then f*(U) is 8-open in
(X,t, 1y). Since f* (U)=[FX(U)]%, F1(U°) is 8-closed, in (X,t, 1) for every closed Set U° in (Y,o,l,). Also since
every &-closed set is § s —closed LU is § s —closed for every closed U® in (Y,c,l,). Hence, fis 5 —

continuous.
Remark 4.16 The following Example shows that the converse of Theorem 4.15 is not true.

Example 4.17 Let X,Y,Zc,l3,l, and f be as in Example 3.11. Then f is Ss—continuous but it is not
supercontinuous because, for the open set U={a,d} in (Y,o,1,), f*(U) ={b,d} is not 8-open in (X1, I,).

Theorem 4.18 Let f:(X,t,1;) — (Y,0,l,) be a map from an ideal space (X,t,l;) into an ideal space (Y,o,l,), then
the following are equivalent.

(i) fis & - continuous

(ii) The inverse image of each open setin Y is S open in X.

Proof: (i) = (ii) Assume that f:(X,t,1;) = (Y,oc,l,) be a § s — continuous. Let U be open in (Y,s,l,). Then U is
closed in (Y,o,1,). Since fis & s— continuous, ~ F1(U%) is a & s — closed in (X,t,15) But f1(U°%) = [F*(U)]°. Thus
[FY(U)]° is & s —closed in (X,t,15) and so F1(U) is & s —open in (X,,1;)

(ii) = (i) Assume that the inverse image of each open set is & s — open in (X,t,1;). Let F be any closed set in
(Y,5,l). Then F¢ is open in (Y,o,l,). By assumption, f(F%) is & s — open in (X,t,l;). But F(F%) = [f*(F)]°. Thus
[FY(F)]°is & s — open in (X,t,11) and so F1(F) is & s— closed in (X,t,1). Therefore f is & ;— continuous.

Theorem 4.19 Let f:(X,t,1)—(Y,o,l,) be a & --continuous function. Then (5 «cI(A))cl(f(A)) for every subset
A of X.
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Proof: Since f(A)ccl(f(A)), we have Acf*(cI(f(A))). Also since cl(f(A)) is a closed set in (Y,o,l,) and hence f
YCI(f(A)) is a § «~closed set containing A. Consequently SSCI(A)Q 1 (cI(f(A))). Therefore f(S SCI(A)) < f(F
Y(CI(f(A)))) CI(f(A)).

Remark 4.20 The following Example shows that the converse of Theorem 4.19 is not true.
Example 4.21 Let X,Y,t, o,l3,l; and f be f as Example given in Remark 3.15. Then f(S SCI(A))cl(f(A)) for

every subset A of X. But for the closed set A={b}, f*{A}={b} is not 5 — closed in X. Hence f is not & «—
continuous.

Remark 4.22 Let f:(X,t,1)) = (Y,o,l,) be a § —continuous function then it is clear that f(scl(A)) —cl(f(A)) for
every &6-1-closed subset A of X. The following Example shows that the converse is not true. Let X,Y,t, o,l,l,.
and f be as Example given in Remark 3.15. Then f(ccl(A))ccl(f(A)) for every 5-1-closed subset A of X. But for

the closed set B={b}, f*{B}={b} is not & s— closed in X. Therefore f is not & —continuous.

Theorem 4.23 Let :(X,t,l1) = (Y,0,lx) and g: (Y,0,l2) - (Z,m,13) be any two functions. Then the following
hold.

(i) gofis &— continuous iffis & — continuousand g is continuous.

(ii) gofis g— continuous if f is g— irresolute and g is & s — continuous.

(iif) gof is Ig— continuous if f is I;— irresolute and g is § s— continuous.

(iv) gofis w— continuous if f is w— irresolute and g is & ; — continuous.

(v) Let (Y,c,1,) be Ts, - space. Then gof is & — continuous if f is & s— continuous and g is g — continuous.

(vi) Let every § s — closed set is 8-1-closed in (Y,o,l). Then gof is § s — continuous if both f and g are 5
continuous.

(vii) Let (Y,,1,) be Ty, — Space. Then gof is & s— continuous if f is & s— continuous and g is g — continuous
(viii) Let every Ig-closed set is closed in (Y,o,l,). Then gof is § .-continuous if f is & s — continuous and gislg—
continuous

(ix) Let (Y, o, 1) be Ty, — Space. Then gof is g- irresolute if f is § s — continuous and g is g—irresolute

(x) Let every Ig-closed set is closed in (Y,o,l2). Then gof is I —irresolute if fis 8 s — continuous and gislyg—
irresolute

Proof: (i) Let F be a closed set in (Z,n,l5). Since g is continuous g™ (F) is also closed in (Y, o, I,). Since fis S
continuous FX(g™(F)) is & s closed in (X,t,1,). Thus (gof)™ = f* (g*(F)) is & s closed in (X,t,11). Therefore gof is
§ s-continuous.

(ii) Let F be a closed set in (Z, n, I3). Since g is § s —continuous, gt (F)is § sclosed in (Y, o, I,). Since every S+
closed set is g—closed, g*(F) is g - closed in (Y,o,l,). Also, since f is g-irresolute f* (g™(F)) is g- closed in
(X,t,11) Thus (gof)™* = £(g™*(F)) is g-closed in (X,t,1,). Therefore gof is g-continuous.

(iii). Since g is § «-continuous, for any closed set F in (Z,n,13), g™(F) is 5 s - closed in (Y, o, Ip). Since every 5
- closed set is Ig-closed and f is Ig-irresolute, (g™ (F)) is Ig— closed in (X,t,l1). Hence gof is Ig-continuous.

(iv) Since g is § s-continuous for any closed set F in (Z, 1, 15), g™ (F) is 8 s - closed in (Y, o, ). Since every S
closed set is w—closed and f is w—irresolute , f* (g™ (F)) is w-closed in (X, t, I1). Hence gof is w-continuous.

(v) Since g is 8g — continuous, for every closed set F in (Z, 1, ls), g*(F) is 8g-closed in (Y,o,1,). Since by
hypothesis and f is § s-continuous, fi(g*(F)) is 8 «~closed in (X, 1, ly). Hence gof is § «-continuous.

(vi) Since g is § s-continuous, for every closed set F in (Z, n, l3), g* (F) is 85 - closed in (Y,ol,). By
hypothesis g* (F) is 8-1-closed. Since every 8-1 —closed set is closed, g™ (F) is closed in (Y, o,1,). Also since f is
§ s-continuous f* (g™ (F) is & s-closed in (X, 1, I,). Therefore gof is  s-continuous.

(vii) Since g is g-continuous and by the assumption, for every closed set F in (Z, 0, l3), g™ (F) is closed. Also
since fis & s—continuous. f* (g™ (F)) is & s-closed in (X, t,11). Therefore gof is & ;—continuous.

(viii) Since g is l-continuous and by the assumption, for every closed set F in (Z, 1, I3), g™ (F) is *-closed in (Y,
o 1,). Also, since fis & -continuous, F(g(F)) is & s-closed in (X, t, I1) and hence gof is § s-continuous.

(ix) Since g is g-irresolute and by the assumption, for every g-closed set in (Z, n, I3), g*(F) is closed in (Y,c ).
Also, since f is & s-continuous and every § .-closed set is g—closed, f* (g™ (F)) is g—closed in (X,t,l;). Therefore
gof is g- irresolute.
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(x) Let F be an Ig-closed set in (Z, n, I3), Since g is Ig-irresolute and by the assumption, g* (F)isclosed in (Y, o,
l,). Again, since f is & —continuous and every & .-closed set is l,-closed, f* (g (F)) is I-closed in (X,t,1y).
Therefore gof is Ig- irresolute.

Remark 4.24 Composition of two § <-continuous functions need not be § s-continuous as shown in the
following Example.

Example 4.25 Let X,Y,Z, 1, 5, 0, Iy, Iz, I, f, g and A be as in Example 3.25. Then fand g are 3 s-continuous but
their composition gof is not § « continuous because, (gof)*(A) ={a,c,d} is not § « closed in X, 1, 1y).
Definition 4.26 Let (X, 1, I1) be an ideal space and 16 s ={UcX : & «cl(X-U) = X-U}, 155 is a topology in (X,

T, Il)
Theorem 4.27 Let f: (X, 1, 1) — (Y, o, I) be a function from an ideal space (X, , 1) into an ideal space (Y, o,

l,) such that t is atopology on (X, 1, 1;). Then the following are equivalent.

(i) For every subset A of X, (5 s cl(A)) < cl (f(A)) holds.

(i) f: (X, t5 ) = (Y,0) is continuous.

Proof: (i)= (i) Let A be a closed subset in Y. By hypothesis f (5 ¢l (F1(A))) < cl (f(f* (A)) = cl(A) = A.
Therefore 5 cl (F1(A)) = f1(A). Also f* (A) = &5 ¢l (FY(A)). Hence & cl (FX(A)) = F}(A). Thus fX(A) is
closed in (X,rS s) and so f is continuous.

(ii) = (i) Let AcX, then cl(f(A)) is closed in (Y, o, I,). Since f: (X134 l1) = (Y, o, I) is continuous, f*
(cI(f(A))) is closed in (X, t5 I1) and hence &l (F* (cI(F(A)))= f* (cI(f(A))). Since A < fY(f(A)) < f*
(CI(F(A)), § 5 cl(A) = & cl (F* (CI(f(A)) = F* (cI(f(A))). Therefore f(§ s cl(A)) = ¢l (F(A)).

Theorem 4.28 Let f: (X, 1, I1) — (Y,o, I,) be a function from an ideal space (X, 1, I;) into an ideal space (Y, o,
I,). Then the following are equivalent.

(i) For each point x in X and each open set V in Y with f(x)eV, there is a & s-open set U in X such that xeU
and f(U)cV.

(ii) For each subset A of X, f(S <l (A)) c cl(f(A))

(iii) For each subset G of Y, § ¢l (F1(G) < f*(cl (G)

(iv) For each subset G of Y, f* (int(G) = 5 4int (F1(G))

Proof : (i) =(ii) Let yef (Sscl (A)) and V be any open set of Y containing y. Since y € f (8 €l (A)), there

exists xe CI(A) such that f(x)=y. Since f(x)eV, then by hypothesis there exists a 8 open set U in X such that

xeU and f(U)cV. Since xe 8 I(A), then by Theorem 5.7 [8] UNA #¢. Then ¢=F(UNA)F(U)Nf(A) = VN I(A)

and hence Vf(A)=¢. Therefore we have y=f(x) ecl(f(A).

(i) =(i) Let x € X and V be any open set in Y containing f(x). Let A = (V). Then xgA. Since f(S s

cl(A))cl(f(A)SVE, § s cl(A)=F(VE)=A. Since x2A, X 5 s cl (A). By Theorem 5.7 [8] there exists a & ; -open

set U containing x such that UNA = ¢, and so UcA° and hence f(U)<f(A")cV.

(ii) =(iii) Let G be any subset of Y. Replacing A by f}(G) in (ii), we get f(S <l (FYG))) < cl(f(FY(G))) c ¢l

(G).

(iii) =(ii) Put G=F(A) in (iii) we get, & I (F(f(A))) < FL(CcI(f(A))) and hence f(5 cI(A)) < cl (f(A)).

(iii) =(iv) Let G be any subset in Y. Then Y-GcY. By (iii), Sscl(f‘l(Y—G)) c ! (cl(Y-G)). Therefore X3 s int

(FY(G)) = X — f* (int (G)) and so f* (int (G)) < & sint (F(G).

iv) =(iii) Let G be any subset in Y. Then Y-GCY. By (iv), f* (int (Y-G))< & < int(f*(Y-G)). Therefore X—f*

(cl(G)) = X—d scl (FX(G)) and hence § I(f* (G)) < F(cI(G)).

Theorem 4.29 A map f: (X, 1, lt) > (Y, o, I,) is & s — irresolute if and only if the inverse image of every § .-

open set in (Y, o, I,) is & s —open in (X, 1, I).

Proof : Necessity - Assume that f is & - irresolute. Let U be any & - open set in (Y,o, 1). Then UCis & -

closed in (Y, o, I). Since fis & ¢ — irresolute, F*(U°) is & s — closed in (X, 1, Iy). But FX(U%)=[f*(U)]° and so f*

(U) is & c-open in (X, 1, Iy). Hence the inverse image of every & c-open set in (Y, o, I,) is & s-open in (X, 1, 1)

Sufficiency — Assume that the inverse image of every § , - open set in (Y., I) is & <-open in (X, 1, 1,). Let \V be

any & s closed set in (Y, o, I,). Then VE is & ;-open in (Yo, I,). By assumption, £1(V°) is & c-open in (X, 1, Iy).

But F1(VO)=[F1(V)]® and so f1(V) is & «-closed in (X, 7, I5). Therefore f is & c-irresolute.
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Theorem 4.30 Let every § - closed set is 8-closed in (X, t, Iy). If f: (X, 1, 1) — (Y, o, I,) be § «irresolute.
Then f is 5-continuous.

Proof : Let F be a 6—closed subset of (Y, o, I,). By Theorem 3.2 [8], F is § ~closed. Since fis § s-irresolute, f
Y(F) is & -closed in (X, 1, I;). By hypothesis f*(F) is 5-closed. Then f is 5—continuous.

Theorem 4.31 Let f: (X, 1, I) > (Y, o, Ip) and g: (Y, o, I;) > (Z, n, I5) be any two functions. Then the
following hold.

(i) gofis &¢— continuous if fis & ; — irresolute and g is & s — continuous.

(ii) gofis &— irresolute if fis & ; — irresolute and g is & s — irresolute.

(iii) hof is g — continuous if f is g — irresolute and h is & s — continuous.

(iv) gof is w— continuous if f is w — irresolute and g is & s — continuous.

(v) gofis Ig- continuous if f is I — irresolute and g is § s — continuous.

(vi) gofis & s— continuous if f is & ; — irresolute and g is & s — continuous.

Proof : (i) Since g is & — continuous, for every closed set F in (Z, n, 1), g™ (F) is s — closed in (Y, o, ).
Since fis & s — irresolute, FX(g™(F) is & s — closed in (X, 1, I1).

(ii) Since g is & s — irresolute, for every & s— closed set F in (Z, 1, I3), g (F) is & s — closed in (Y, o, 1,). Since f
is & s— irresolute, F1(g™(F)) is & s — closed in (X, 1, 1,).

(iii) Since h is § s —continuous, for every closed set Fin (Z, n, I3), h™(F) is § s closed set in (Y,o, 1,). Since fis
g-irresolute and every § s - closed set is g—closed, F(h*(F)) is g — closed in (X, t, I1).

(iv) Since g is § s — continuous, f is w — irresolute and every § s — closed set is w — closed, f* (g (F)) isw —
closed in (X, t, I;) for every closed set F in (Z,n,l5).

(v) Since g is & s — continuous, f is Iy — irresolute and every 5 s — closed set is ly — closed, f* (g™ (F)) is Iy —
closed in (X, t, I;) for every closed set F in (Z, 0, 13).

(vi) Since g is & — continuous, fis & — irresolute and every &, — closed set is & — closed, f* (g(F)) is & —
closed in (X, t, I;) for every closed set F in (Z, 0, 13).

Theorem 4.32 (i) f:.( X, t, I)—> (Y, 0, 1)) is a § s — continuous, surjection and X is 8 s — connected then Y is
connected.

(i) IF :( X, 1, 1)— (Y, o, I,) is & s — irresolute, surjection and X is & s — connected then Y is & s — connected.
Proof: (i) Suppose Y is not connected. Then Y = AuB where AnB = ¢, A=¢, B=p and A, B are open in Y.
Since fis & s— continuous and onto X = f*(A)u f(B) where f*(A) and f(B) are disjoint non-empty & ; — open
sets in X. This contradicts the fact that X is & s — connected. Hence Y is connected.

(ii) The proof is similar to the proof of (i).
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