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Abstract: In this paper we have indicated and analyzed a mathematical model of unemployment. In this
nonlinear mathematical model we focused on three dynamic variables (i) Number of unemployed persons ,(ii)
Number of employed persons and (iii) Number of newly created vacancies by intermediation of government and
private sector. We assumed the situation that unemployed persons are also trying for their independent work
and create chances for self employment. We studied stability of equilibrium point of the model. Numerical
simulation is also given to compare with analytical result.
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I.  Introduction

In present, Unemployment is one of the most serious issue for every country. Since last few decades
population is constantly grow up and with this uncontrollable population unemployment is also raised.
Unemployment affects economically as well as socially to a person and the country.

Nikolopoulos and Tzanetis developed a model for housing allocation of homeless families due to
natural disaster [1]. Based on some concept of this paper Misra and Singh presented a nonlinear mathematical
model for unemployment. In [3] they considered three dynamic variables (i) Number of unemployed persons
denoted by U, (ii) Number of employed persons denoted E, (iii) Number of newly created vacancies through
government intervention denoted by V. Time delay is considered proportional to newly created vacancies.

Inspired by ([2,3]) we considered a new model for better understanding of unemployment problem and
it’s possible solution. In this model we have assumed that there is no time delay by government and private
sector in creating new vacancies. Also, assumed that unemployed persons try for independent work and create
chances for self employment which is necessary to survive in their life.

The paper is organized as follows: Model of unemployment is described in section 2, An equilibrium
analysis is described in section 3, The stability of equilibrium point is verify in section 4, Effects
(characterization ) of different variables on unemployment is presented in section 5, Numerical simulation is
described in section 6 and conclusion is given in section 7.

Il.  Mathematical Model
In the process of making model we assume that all entrants of the category unemployment are fully

qualified to do any job at any time t. Number of unemployed persons, U ,increases with constant rate a, .

Number of present jobs in the market provided by government and private sector is constant denoted by P. Also,
government and private sector both try to create new vacancies, V, proportional to number of unemployed
person without any delay but they unsuccessful at some rate due to lack of funds and less demand of human
load. Also, there is possibility that employed persons, E, fired from their job or leave the job and joint to
unemployed class. It is assume that rate of migration proportional to number of unemployed person. The rate
of self employment is also assumed proportional to number of unemployed. So, number of available vacancies
in the market is (P+V-E) and rate of movement from unemployed class to employed class is jointly
proportional to U and (P+V-E).

du

—=a,-aU(P+V -E)-a,U +a,E-aU

dt

dE

—-aU(P+V -E)-a,E+aU -a,E 1)
dt

v

—=aU - gV
dt

a, = Rate of movement of unemployed persons to joint employed class,
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a, = Rate of migration as well as death of unemployed person,

a, = Rate of employed persons who become unemployed because of losing
their job (Either fired or leave the job )
a, = Rate of unemployed person who start their own independent work and
become self employed,
a, = Rate of death and retirement of employed person,
a , B = Rate of newly created vacancies and diminution of newly created
vacancies by government and private sector.

I11.  Equilibrium point
To obtain equilibrium point of system (1) we have to solve algebraic equations

a,-a,Uu(P+V -E)-a,U +a,E-aU =0 @
a,U(P+V -E)-a,E+aU -a,E =0 (3)
al - BV =0 . ®»

From (3) we get

e :U[aZ(P +V)+a,l (5)
a,uU +a,+a,
From (4) we get v - %Y. __®
s

Put the values of (5) and (6) in (2)

N al aU
a,U [a,(P+—)+a,] a,Ula,(P+—)+a,]
B B

alU —
a, —a,uUu(P+——)+ -a,U + -a,U =0
a,uU +a, +ag a,uU +a, +a,

By taking L.C.M. and simplify the above equation we get

AU ®+BU -C=0

Where, A = a,a,a +a,a,pf, B=pla,a,P+a,a, +a,a, +a,a, —a,a,],
C =aa, +a,a,

Since a,,a, B i=1,2,3,4,5,6 all are positive so, A,B,C are also positive.

2

Let, h(u) = AU
+ + -
1
Number of changes in signs of h(U ) is one so, h(U ) will have only one positive root say u ’by put

this value in (5) and (6) we get positive value of g v saye’,v" That is system has only one non negative

+BU -C

equilibriumsay (U ", E",v ).

IV.  Stability Analysis
We can check the stability of equilibrium point (U ", E ",v ") by calculate the variational matrix of
system (1)
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[-a,(P+V -E')-a, -a, a,u’ +a, 7a2u*1|
M =| a,(P+V -E’)+a, —a,-a;-a,u"  au’

] a 0 -5 |
The characteristic equation of the matrix is
2P +b A +b,A+b, =0

+ 1 + 2 + 3 —(7)

Where,

bl=[a2(P+V*—E*)+a3+a4+a5+a6+azu*+ﬂ]

b, = pla, + a; +a2U*+a2(P +V*—E*)+a3+a5]+a2au *+a3a4+a2a6(P +V -E)
+a,a, +aza, +a,a,u

b, =a,a,aU + pla,a,(P+V -E )+a,a, +a,a, +a,a, +a,au ]

Since a,,e,pf , i=12,3,4,5,6 allarepositiveso, b ,b,,b, arealso positive.

By calculating b,b, — b, we get,

bb, -b, =[a,(P+V —-E)+a,+a,+p+a,u J[p{a, +a,u +a,(P+V —-E )+a,+a.}

+a,al T4 a,a, +a,a,(P+V T - E*)Jr a,a, +aza,]+a,a,u *[aZ(P +V - E*)

+a,+a,+a,U +a,+a,+al+pa,[2a,+a,U +p+a,]+(a,+a,)p{a,u’

+a,(P +V - E*)+a3 +a,}+a,a, +a,a (P +V - E*)+a3a6 +aga;]

Which contains all positive terms with positive elements

. bb,—b, >0

By Routh Hurwitz criterion all roots of (7) have negative real part and therefore equilibrium point w " v ")
is locally asymptotically stable.

V.  Characteristics of equilibrium values.
5.1 Characteristic of the equilibrium values of unemployed persons, employed persons and newly created

vacancies with respect to a,

al

f(U ,E,a,)=a,-a,u (P+ -E)-a,u +a,E -aU’

5

P N aU
gU ,E ,a,)=a,u (P+

-E')-a,E +a,U -a,E’

6

of of
dE~  oa,
a9 o9 of og of dg
@ JoET oa,| Z'ff Oaaz Oaafz 55 ®)
da, |of of| 99 9 98
oU- oE°| QU eET 9ET U
og og
au’  oE’
of T . aVa
au*——az(PJr -E )- -a, - a,
of .
—=a,U +a,
oE
of . au’ .
—=-U (P + -E)
oa, B
a9 aU’” .. a,aU’
—=a,(P+ -E )+ +a,
ou
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o .
g* =_azu —a, - a;
oE
og . aU’” N
——=U ' (P+ -E")
oa, b
aof  ag g of . aU’” .
—_— -————=-aU (P+ -E)<o0
OE oa, OE oa,
af  ag of  og au’ . .
- — - - —=a,a,(P+ -E )+a,a, +a,a, +a,a, +a,a,u +
oU ~ BE"  8E U
du ” of og og of of o9 of o9
o 98 98 9 _ S
I "Ga, + 0B 02, oE oa, and 5y T e ou
du ’
i.e.in "~ numerator is negative and denominator is positive.
2
dU 5 which shows that a, increases then U " decreases.
da, !
Now,
of of
oa, ou’”
og ag of og B of og
aE oa, oU | da, oU oU  oa,
= of o of o
da, |of ot | 9 _ 9 9
B 7| eu"eE’ GE U
ou oE
o9 o9
ou’”  oE’
of  og of  ag . aU’” .
—— ———=a,u (P + —E")>0
da, oU ou  oa,
. of @ of o
|ndE of %9 of 99 _, and g 9 .o

da, 'oda,ou  oU’ da

2

dE ~

oU " GE" B8E auU

i.e. In ‘ta_ Numerator and denominator both are positive.
2

So, a, increases then E "~ increases
au’ v’ adu’
5 Weget da, p da,

a, increases then v = decreases.

From y -

<o

a,a;al

5.2 Characteristic of the equilibrium values of unemployed persons, employed persons and newly created

vacancies with respectto « .
Now let,

aU

f(U E ,a)=a,-a,u (P+

aU

gU L E ,a)=a,u (P+

of dg of dg

*

Y e da o4 0E
da of og of ag
oU " 8E" GE  8U’

-E)-a,Uu +a,E -aU

—E*)—aAE*JraSU*—a

*

5

£

6
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du -~ of og og of of a9 of o9

- S & <0 = 2%
N4y v oET 0a 0E da and 5, 5e GE” oU

du ’
i.e. in "~ numerator is negative and denominator is positive.

dU_ _, whichshows that « increases then u " decreases.
da !

Similarly,

of og of dg

da U~ 8U " da

da of o9 of oy

dE ~

oU " BE" BE  oU’

dE ~ of o ot o of & of o
PR 779_7ig>0 and 779_779>0

IN 4o v oaou” oU” da oU " GE" 9E  oU’
dE
i.e.In ", numerator and denominator both are positive.

So, a increases then E = increases
From aU’ v U’
vV = = >0
5 we get " P

a increases then V = increases.

5.3 Characteristic of the equilibrium values of unemployed persons and employed persons with respectto a,

Let,
o N aU’ “ N . “
f(U ,E ,a;)=a,-a,Uu (P+ -E)-aU +a,E -aU
P . au’ . N . .
g(U ,E ,a;)=a,uU (P+ -E)-a,E +a,U -a.E
of og of dg
dU ' e da, oa, 0E
da of og of dg
auU " @E" GE " aU’
du ~ of ag og of 0 af  ag af  ag .
R — T - < " T S e
IN 4a, + 0E" 0a, 0E oa, and 55" oe" sE” ou
du ’
i.e. in da_ humerator is negative and denominator is positive.
5
v o Which shows that a, increases then U ~ decreases.
da '
Similarly,
of og of og
dE° a, 0U " oU " oa,
da of 0g of 0og
ou’  GE" BE  aU
- of 0 of 0
JOEL Aoy ooy gpg K09 0T 09
Nga, *oa, 0U" oU’ oa, oU " 9E" 9E” U
dE
e In yq numerator and denominator both are positive.
5
So, a, increases then E ~ increases.
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From, above discussion we analyze that at the equilibrium the number of unemployed persons
decrease as a, increases. (i.e. at equilibrium level rate of movement of unemployed person to employed class
increases then number of unemployed persons decrease.) , number of employed persons increase and newly
created vacancies decrease when a, increases. As well as @ and a. (i.e. rate of newly created vacancies and

rate of self employment) increases then number of unemployed persons decrease and number of employed
persons increase.

VI.  Numerical Simulation
For the Numerical Simulation through Bisection method we consider the following data,

a, =500 , P =15000 , a, =0.00001 , a,=0.05, a, =0.0001 |,
a,=0.07,a,=00, =03, g=02
So, the equilibrium values of model are:
U =34932 , V =52398 , E = 65066

The eigenvalues of the matrix corresponding to the equilibrium (u “, E",v ") of model system (1)
are:  —0.3463 +0.2888 i, —0.3463 —0.2888 i, — 0.0501 Which are either negative or have a negative real
part. So, the equilibrium (u *, E",v ") is locally asymptotically stable.

Using above data , Fig.1, Fig.2, Fig.3 represent the variations in the number of unemployed persons
with respect to time with different values of a,,a and a, respectively. From Fig.1 it is observe that as the

rate of movement of unemployed persons in employed class increases then number of unemployed decrease,
from Fig.2 it is clear that if rate of newly created vacancies is higher then number of unemployed persons
decrease and Fig.3 represent that with high rate of self employment rate of unemployment is law.

Figure 1
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Figure 3
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VIl.  Conclusion
In this paper, we described and analyzed a non linear mathematical model of unemployment for better

understanding of unemployment problem and their possible solutions. We check the stability of the equilibrium
and verify it with numerical data. We find that if rate of newly created vacancies increases then unemployment
decreases. That is if government or private sector create more new vacancies proportional to number of
unemployed persons then unemployment can control at some level. Also, if unemployed person try for their
independent business (at any level) then it is helpful to survive the person as well as control the unemployment.
Unemployment is a serious problem and it can control by the efforts of government and private sector by

creating new vacancies and also by individual unemployed person by taking a step of self employment.
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