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Uniform Boundedness of Shift Operators
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Abstract.We show, if thenormsofs, areuniformly boundedon i»! for a bounded 'r./ if and onlyifthereexists

r,1 < r < oo,such thatthenormsin |*! andtheclassical space | " are equivalent. A "pointwise-bounded" family
of continuous linear operators from a Banach space to a normed space is "Uniformly bounded."

Stated another way, letX be a Banach space and Y be a normed space. If A is a collection of bounded linear
mappings of X into Y such that for eachxeX, sup{||Ax||; A € A} < oo, thensup{||Al]|: A € A} < oo.
Keywords:Banach space, characteristicfunction, linear mappings,Uniformly bounded.

I. Introduction

A crucial difference between L** and the classical Lebesgue space is that L is not, in general,
invariant under translation [1]. Moreover, there is a function f < L*") which is not ,(x)_ mean continuous

provided P is continuous and non-constant.

Consider a discrete analogue,»'of L") In[2] it is proved that under certain assumptions on {p,} the
norms of shift operators given by

Ska:{(ska)n}' (Ska)n:an—k‘ a={a},
areuniformlyboundedon | {»-'.Recallthat, jneednotbeconstant.Asan immediateconsequenceit is
shownthatthenormsofaveragingoperatorsgivenby

1
(Tka)n = E(an +tay tort an+k—1):a = {an} € {{Pn}'

areuniformlyboundedon (=} ,too.
In this paper we prove the following assertion: Thenormsofs, areuniformly boundedon;te!for a

bounded , ;if and onlyifthereexistsr, 1 < r < co,such thatthenormsin, i».: andtheclassical space,- are equivalent

31

Il. Preliminaries
Let Z denotethesetofallintegersandletudenotethesetofallmappings a:Z — R. Wewill alsodenoteelementsof
uby= {a, }.Let
e={pewl<p, foralln € 7Z}.

Denoteby p* = sup{p,;;n € Z}foranyp € ¢ and
B={p€ep <o}
Letthesymbol x* standforthecharacteristicfunctionoftheset
(neZ—k <n<k}.Letak, a eu.Saythata >0 if a,> Ofor eachn € Zanda* ~a if(a*), .~ a,foreachn €7Z..
We recall thedefinitionofaBanachfunctionspace.
DEFINITION2.1. Alinearspace X,X c u, iscalled a Banach functionspace if there existsa

functional]|. || x: # = [0, co]withthe normpropertysatisfying :

(M a € X ifand only if ||a||y < oo;

(ii) llallx = lllalllx forall a € u;

(iii) if 0 < ak 7 athen ||a*|ly 7 |lallx;

(iv)  llax*llx <o forany k € N;

(V) for any k € N there is a positive constant ¢, such that
> la, = ck||a||x forallae X .

‘n‘ék

DEFINITION2.2.Let p e ¢ .Denotefor a € u the Luxemburgnormby
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a., Pn
lallg,; = inf{/l > o;z 2" < 1}.
NneEZ

_l{Pn} = {a; ||a||{pn} < OO}
Remarkthatwewillusetheusualsymbols | and  ||a||.inthecaseofconstantmappingr € ¢ .Recall that [|af|, =
(Snezlan™)"/r inthis case .

LEMMA23Thespace| ‘P! is aBanachfunctionspace.
DEFINITION2.4.Letp, g € &, andletThealinearmappingon » .WewillsaythatTis boundedfrom| !/ into

|{qn}if

Definethespace| t*} by:

1T, 2,1 = sup{lITallig,y; lallp,) < 1} < oo

l{pn} = {a;Zlanlpn < oo} .

LEMMAZ2.5.Letp € B.Then

nez
LEMMAZ2.6.Letp, g € B,andletT bealinear mappingwhichmaps y into itself.Letchea
positiveconstantsuchthat:
Dlanr <12 3 (T, <c.
nez nez
Then
"T ||{pnﬁq"> < max (1,c).
Proof Assumel[af, | <1 Thenitiseasyto verify that " |a,|" <1 and accordingtothe assumptionswe
have
D |(Ta ), [ < max (1.¢)
nez
Then
s |+ a ‘v (Ta),
= Umace))) | S fmac o)
1 c
< —y |(Ta ), e — <1,
mex (L,¢);z max (L,c)

Thisgives [T ||, -q,3 < max (1, c)andthe resultfollows.

COROLLARY2.7. Let p,geBand {T _}" a sequence of linear mappings such that

an

T :u —> u .Let ¢ >0 ,aconstantsuch that, if Z ‘an‘p" <1 and, Z Z ‘(Tma) <c, , then

m
neZ nezZ m=1

_ < max (1,¢) where E = {p, > q,}.

> I,

Proof.Lemma 2.6 implies that

3

nezZ m=1

()" < mx @.8)

and

pio(=ta) zilenl

neZ m=1 neZ m=1 max (1’6)
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Where

which gives the result.
LEMMAZ2.8.Letp, g € BandletTbealinear mappingwhichmaps » into itself.Letc > 1bea

positivenumbersuchthat|| T, 4,3 = ¢ [5] - Thenthereexistsan a € u suchthat
Z|an|p" <1land Z|(Ta)n|q" >c.

nez nez
Proof. Since |||, _, ; = cwehaveang e psuchthatforanyy e cit s

T n
Zlanlp" <1land Z % >1.
nez nez
Consideringonlyl < A < ¢, wecanwrite
(T) dn 1
1< <@l
i . nez nez
from which it follows that
DTl =,
nez

andtheproofisfinished [4].
COROLLARY29. If {1} is a sequence of linear mappings, and T :u — u .Letc, >1 such

that E = {p, —> q,}.

Py c- Po
COANREEEE 3535 38 Ui | T
nez j=1 neZ m=1 j=1 n
~ ” Pn
ProofForany 1 < 4, < C, wehave ), D, ‘(a <1 and
nez j=1
)
Z Z Z > 1.
neZ m=1 j=1 J
Then
k)
1< Z Z
neZ m=1 j=1 ]
w Ay
cx-xxfn)| -
j=1 j neZ m=1
Therefore

DI

neZ m=1 j=1
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LEMMAZ2.10.Letp, q € BandletTbealinearmapping  fromu  intoitself.  Assumethatthere  exists

anumberc > landa € usuchthat
Zlanlp" <1land Zl(Ta)nlq" >c.

1 nez nez
Then [ITllgy, g3 = ¢ /"
Proof.Clearly,||al|,,; < 1.Further

TN, g0y = ITallg,y = inf {l > 0; Z

nez

(1)71.

qn
21}.

1
Taked <c /q*.Then

(T)a|™

|(Ta)n|™ |(T, )nlq"
i 2) e

qn/
q*

2,

n1€Z
Consequently, [Tl L,y =c /a".

I11. Key assertions

Givene € u weadoptthenotation P(¢) = {n € Z: g, > 0}.
DEFINITION3.1.Let ¢ € u.Wesaythats € §¢ € Sifthere exists arealnumberc > 0 suchthat
sncl/gn < oo, @8]
neP(e)

1
v(e) = inf{;(l + Z &n cl/€n>;c > 0}.
nelP(e)

REMARKS3.2.Itiseasytoseethate € §ifandonly ify(g) < coandle| € & if andonlyife € $and—¢ € &.
LEMMARZ.3. Letk > 0and € ube such that0 <«,< k for n € Z.Lete € §.Thenae € 4.

Set

Proof. Letcsatisfy (1). Withoutlossofgeneralitywecanassume ¢ <1 .Set d = ¢ ‘ .Letus estimate

Y
&, d ' (@nen),
neP(xe)
Since0 < a, < k ,wehaved = c* < c*andusingthesimplefactthat P(ae) = P(g)we obtain

1 1
z angnd /(anfn) = Z a, gn(ck) /(‘xnen)

neP(«e) neP(e)
1/ 1/
< k Z gn(Can) (anen) = k Z &, C &n < oo,
nepP(e) neP(e)

whichfinishestheproof.
LEMMA3.4.Let € §, b € psatisfye < 1,0 < b. Then

an <1= Zb}l_gn <1+e'ev(e).

nez nez
Proof. Let ¢ satisfy (1) and assume Y, ez b, < 1. set

Zl ={nEZ;€n SO},
Z, = {n e P(e); b, > ¢ cl/gn}

Zg = {ne P(e); b, < g,C /Sn}
SinceZ, , Z; , Z3 arepairwisedisjointandZ, U Z, U Z3 = Z, we canwrite

Db =Y T Y B Y B =L+ L+ ]y ©)

nez nezq nezyp nezs
Notethat,accordingto theassumptions,b, <1 forallne Z .

Letne Z; . Then1-&,>1andb} " <b, .Thus
I < Z by <1. 3)

nezq
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e,
Letn € Z,.Thenb,, > encl/en and,consequently, b, ™ < (encl/En) Sincel > ¢, >0 , then
g " < e'le andb. " < %el/ebn Thus
1 1
Izs—el/e an <Ze'le, (4)
Cc C
nezy

Let n € Z3.Then0 <b,< &,c'/*" whichgives
1— 1/¢n 1/en\~€n _1 1/e 1/en
biin <g et/ (g, <e'/’g0

1
I, <-eVe Z g cl/n

And

Cc
nezs

This yields with (2),(3) and (4)

_ 1
Yoyrsiael14 D e
nez n€Zsz
Consequently,

Dbt < 1+ eou(e).
nez

LEMMA35. Lete ¢ § , & <1.Thenthereexistsbh € u, 0 < b ,such that

Proof. Assumefirst
0<g,<1 forall n€Z(5)
SetN, = —1. Wewillconstructsequences{ Ny }en, Nx € N,and {c }xen, cx € (0, ), satisfyingforanyk € N

1 Ye e
0<c Sz—kand Z €€y =1. (6)
Nj—1<In|<Ny
Accordingto theassumptionon {g, }, wehave
zgncl/fn = o0 forallc > 0. 7
i nez
Thus, wecan find N; € N such that
1\ Yen
> alz) =t
[n|<Nq
Then there exists a number 0 < ¢; < %such that
1/511 _ l/gn —
NS &t =1.
[n|<N¢ No<|n|<Ng

AssumethatwehaveconstructedpositiveintegersN; < N, < --+ < N, andreal numberscy, c,, ..., ¢, such that
/

1
0<CrS2—T and Z g0/ m=1.
Ny—_1<|n|<N;

Forr= 1, 2,...,k . Accordingto (7),we canfindN, , , suchthat

1 1/511
e () 21

Ni<In|sN41
Thenwe cantakec,, ,, suchthat

1 1
0<cpqr < ST and z &n (Crt1) fen =1
. N <|n|sNg41
whichproves (6).
Defineb € uby

1, \ e
n) ika_1 < |n| < Nk .

b, = (enck
Using (6) wehave
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[oe] [o0]

Zb,ll_gn =Z z snc;/g" =Zl=00.

nez k=1 Nj_1<|n|<Nj k=1
1

fen < 1forn € Zand k € N. Since 1 — €2 < 1 we obtain

1, \ ey 1
bn = <€an n) < <£nck/£n>

Shzy Y ()

Let us estimate }.,c b,.Clearly, by (5) itis 0 < ¢, ¢,
1+ey,

whichimplieswith (6)

1+ep

nerz. k=1 Np_1<[n|<Ny
[oe]
1 e
n &n
SZz_k Z <£"Ck )E" k
k=1 Ni_1<in|<ng
fee]

1 v, ol
< oK Z €€, =Zz—k= 1.
k=1

k=1 Np—1<|n|<Nj

Assumethat (5) isnotsatisfied. Sincee ¢ §,theset P(¢)must be infinite. Thenthereexistsaone-to-
onemapping : P(€)— Z. Setd,= &x~(n), n € Z .Thend & & andsatisfies (5).Thus,there exists a € u,a > 0, such

that
Zan <1land Z:(‘7ln)1_5’1 =,
nez nez
Define
Ar(n) if n€P(e)
b,=
) 0 if né& P(e)
Now,it is easy tosee that
an = Z aﬂ(n) zzak < 1
nez neP(e) kEZL
and
_ 1-§ _
Zbrll "= Z an(n)n(n) zzallc ok < .
nez nepP(e) kEZ

Thus,bsatisfies the desiredproperties,whichcompletestheproof.

IV. Equivalence of 1" norms
Letusdenoteby Idtheidentityoperatorongandby ~ [Pn} & [{anlthe imbeddingof ~ 1Pr)into
113 Recallthat!Pn} o 1@ndif |1d]|g, 4,3 < 0.
THEOREM41Letp, g€ B , p — q € 4 .Then
1P} & [lan}
Proof.Lety, csla, |’ < 1..For eachn € Z setb,=|an["",
Pn—Aqn

e P Then Ynezbn < land,accordingtoLemma3.3, {€,}e8 .By

Lemmag3.4,wehave
Zmnl‘“ = Zbi‘f" <1+e Vev(e)

nez nez

andconsequently,usingLemma2.6
-1
Al o) ptan < 1+ €7 /ev(e) < o0
whichprovesthelemma [3].
THEOREM4.2.Letp, g € B and let
1Pn} & [lanl,
Thenp — qe 4. ~
Proof. Assumep — q & 4 .Set &= p"pnq"forn € Z .According toLemma 3.3, {e,} € §. Moreover,s, <
1 forn € Z.Lemma3.5givestheexistenceofb € p,0 < b ,suchthat
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an <1 andz bl = oo,

nez nez

/pn

1
Set a, = b, , n € Z.Then

Pn _
ZnEZ ann - ZnEZ bn <1

qn _—_ 1-en _
Zan _an =

nez nez
Which yields with Lemma 2.5.1P»} o [{n}and the proof is complete [1].

THEOREM43.Let p,q € B . Thenthenormsinspaces,+- and |- are equivalentif andonlyif |[p —q| €

and

A

V. Shift operators
In this section we showthattheuniformboundednessofshiftoperatorsisequivalent totheexistenceofarealr >
1suchthatthenormsinthespaces te-} and | - are equivalent.
Letp € Bbefixedinthis part.
DEFINITION 5.1. For each k € Z defineashiftoperatorsS), from pintoitselfby
Sxa), =a,ra€pu,n€l.
Set
D = sup{lIScll, -,y k € 2}
LEMMAS.2 Letr € [1,0)be such that the norms in the spaces,ir.'and,= are equivalent . Then
D < oo,
ProofLet ¢  satisfyc Mlallp,; < llall, < cllallg,; for all a€ep. Let ke
zbearbitrary.Sincellk [lgrry= 1,we immediatelyobtain
”Sk”{pn—mn} =< ||Id||{pn—>r}||sk”{r—>r}”1d”{r—>pn} < c?.
Thus,D < c?, whichfinishes theproof [1].
LEMMAS.3. Assume that
lim|pni1 —pul #0.
Theneither S; or S_;isunboundedon .} .
Proof.Accordingtotheassumptions, thereexistsa > Osuchthat [pns1 —pnl =
aforinfinitelymanypositiveintegersn;<n,< ... .Set
P={neN;p, —ppt1 2 a} and Z_={neN;p, —p,1 < —a}
Theneither P orZ_is infinite.
Assumefirst that IP is infinite.Choose y € Rsuchthat

y(l—;—*)sl<y. (8)
Letm: P — N beone-to-onemappingandleta € ubegivenby

(n(n))_y/p", ne€ P,

a, =
|
k 0, n¢kpP.
By (8) we have
(@) =) (rm) " = ) k7 <o
and
_YPn+1
D@0 =Y @ = Y @) = ()
nez nez nez nep
2oy (1=, (=)
> (m(n)) p") > > (r(n) Y P> Nk p*) = oo,

hus,S; is unbounded.
If Z_ is infinitethenanalogouslysS_; is unbounded,whichprovesthelemma.

As aneasyconsequencewe obtainthefollowinglemma.
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LEMMAS.4.LetD < 0. Then
lim|pniy —pul = lim |pniq —pal =0
LEMMAS.5.Let lim o0 | P41 — Pn| = 0.Denotep = lim,,_o, inf p,, , p = limy,_,, SUp pn-Letp <p.
Thenfor anyc >1 thereexists m € Z suchthatll>™ ll@» Puy>c,

Proof.Let ¢ > 1. Assume p<plets= %(5 — g)and, {b,}nen, br > 0, be a sequencesatisfying

Z(bn)5‘5 < 1land Z(bn)ﬂﬂs = oo. )
n=1

n=1

Thenthere existN€ N such that

Z(b LAY (10)

According to the assumption lim, . |pni1 —Pnl =0, there are nq,n, € N,n, >ny + N, such that for any
1<s<Nitispu,+s) >p —6and pg,+5) <p + 6. Leta € pbe given by
by, ifne{n +s;1<s <N},
a, =
0 ifng{n+s1<s<N}
Set m =n, —n; .By(9),wehave b, < 1and consequently,

> (@ = Ecb Pt < Z(" RS

nez s=
Using (10) ,we obtain )
D (Sn@ = D @) = (@)Pren =
neZ nEZ nEZ

Z(b yp(itstm) — Z(b Y nzts) > Z(b DAL

ByLemma 2.10 wehave||S,, ||{pn_,pn} >, whlchprovesthe lemma.

As aneasyconsequencewe obtainthefollowing lemma.
LEMMAGS.6. Let D < oo . Thenexistlimitslim,,_,., p,andlim,__q pp-
LEMMAGS.7.Let D < oo. Then lim,, e Py, = liMy,_s_o Py,
Proof. Set

pi= Um p,, py=limip, (11)
Let p; # p..Without lossofthe generalitywecan assumep; > p,.Let ¢ > 1bean arbitraryrealnumber.Seté =

g(pl —p,). Let 0 < by, satisfy
Z(bn)pl_6 <1 andZ(bn)Pr+5 = 00,

n=1 n=1
According to (11)and p, > p.thereisN; € Nsuchthatp, = p, — éforn < —N;and p, < p, + 6for n = N;. Take
N, € Nsuchthat N, > N; and
Ny
S oz e

n=N1
Let a € ube given by
b—n if_NnglS—Nl,
a, =
0 other wise .
Setm = Ni+ N.Since0 < a,< 1forn € Zwe obtain
Z(an)p” = Z (b_y)Pn = Z (by)Pn < Z (b,)P% <1
nek n=-N; n=Ny n=N;
and
Z((Sma)n)pn = Z(an_m)Pn = Z(an)l’n+m =
nez nez nez
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—N1 N3 Ny
Z (b_,)Pn+m = Z (b,)Pm—n > Z (b,)Prtd > P’
TL=—N2 Tl=N1 TL=N1

Thus,byLemma?2.10, [IS,, ll g, —p,} = € -

Givena realnumberrwe keep thesame symbolforthe constantmappingr:Z — Rgivenbyl, = T
forallk € 7.

LEMMAS 8.1 et = lim,_,_e P = lim,_, p,, and let {p, —r} & § .Then for any c > 1there ism €
Zsuch that ||S,, [l gy, —p,3 = € -

Proof. Since {(p, —1} € @wehavebyLemmaSBthat{l - pi} Z 48 set S, =1- pl,
n € Z. ByLemma3.5thereis beu , 0<b,,suchthat
1-6,
an51andzbn = oo (12)
k€Z n=Z%

Given N eNdenote
Z(N)={neZ;—N <n < N} (13)
Letc > 1beanarbitraryrealnumber.Fix)y eNsuchthat

by " > 2eP".

n€ez(N)
By (12)wehave0 < b,, < landduetothefactthattheset Z(N)isfinitewecan chooses > 0 with
1—6n+£/ (r+s)/ .
b, Pn b, m=cP. (14)

n€z(N) n€z(N)
Takingthisewecanfind n; € Zsuchthat p, < r + eforall n > n;.Setm =n; + N. Thenp, ., <r + eforalln €
Z(N) and,by (14),
p(n+m)/
DR

n€zZ(N) n€zZ(N)

(r+£)/ .
b, " =cP .(15)

Leta e ubegivenby
a, = {(bnf/vn if n € Z(N)

0 if n ¢ Z(N)
Thenby (12)and(15)we obtain

D@y = b=t
nez n€ezZ(N)
And
P(n+m)/ *
D (@) = ) (@) = D@m= " (o) ez e,
nez nez nez nezZ(N)

Thus, due to Lemma 2.10, We have ||S,, [[¢,, -»,3 = ¢ , which proves the lemma.
LEMMA 5.9. Letr= [Mn__oPn = M p, and{r —Pn} ¢ P-Then for any ¢ > 1there is m e

Zsuch that|| Sy, ||, ~p,3 = € -
Proof. The proof is analogous to that of Lemma 5.8 and therefore we will proceed faster. Given c >
1sets, =1 -2 Since{5,} & 4, there is b, € uand N € N such that

r

Z b, < 1 and Z bl > 2cp° (16)
nez nez(N)
WhereZ(N)is givenby (13).Takes > 0 suchthat
br(ll_d")/(r_g) _ Z bzn/(r—a > P’ (17)
n€zZn) n€z(N)

Findn, € Z satisfyingp, = r — € if n = n;.Setm = n; + N. Definea € u
By
o, = [ Bup)nif m—mez()
n 0 if n—m e Z(N).
Thenby (16) and (17) we obtain
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Z(an)vn < an <1

nez nez
and
p(n)/ .
(S @P =D @) = Y (B = e
nez nez nez(N)

Thus,dueto Lemma2.10, we have||S_,, ||, -p,3 = ¢, whichprovestheLemma.

LEMMAGSWLetD < oo. Then there exists r € [1,00) such that the norms in 1"'and in 1" are
equivalent.
This Lemma with Lemma 5.2 immediately gives the following theorem.
THEOREMS.11. The following statements are equivalent:

(i) D<o;
(ii) there is r € [1, ) such that the norms inlP=}and in ["are equivalent.
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