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The Solution of Bessel Equation of Order Zero and Hermit
Polynomial by Using the Differential Transform Method
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!(Mathematics Department, College of mathematical Sciences/ Alneelain University, Sudan)

Abstract : The differential Transform method is one of important methods to solve the differential equations.
In this paper we show to that the differential transform method (DTM) is very Hermite equation.
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I.  Introduction
The basic definition of differential transform method is introduced after Taylor
series as follows:-

I1.  Definition
The one-dimensional differential transform of the function f(x) is defined as
ak
F(k)= = |zzf(x) 1
k! | ax* ! = (1)

and therefore the differential inverse transform of f(x) is given by

f(x]=ZF[k]x" (2)

k=0

I11.  Indentations And Equations
we can easily prove the following results satisfy by (DTM)

@if f(x)=u(x)+ v(x) | then

F(k)=U(k)+ v(k) (3)
) if flx)= aulx) ;a isconstant then

F(k]? alU(k) (4)
©if = ;':,” : then

rMk)=(k+1)(k+2) .. (k+r)U(k+r) (5)

IV.  Formulation Of The Problem
(A) Solution of Bessel function of order zero let Bessel differential equation of
order zero written as

-

47 e Db ay=o0 6
XS+ -+ ay= (6)

Now we are giving to apply the differential transform (DT) on equation (6),
but first of all we compute the following
2 k
d‘V 1 a i
DT a r——= —— [ xV
(DT) of x75= figa(¥V)
k k=1

1 x Jr.' + k a Jr.' _ 1
k| * gk 17 | x=07 (k=1)
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d?y B
DT(xdx:)—k(k‘Fl]Y(kj (7)
where Y(k)=DT (y(x))
also
dy 1] 8 o1 [ ot
(DT) of Ea| @J’ v=0 kI axk+1y x=0
=(k+1)Y(k+1)
dyy
DT(E)—[I;+1]Y[I¢+1] (8)
and
o Y 1 P . g%1
DT[?S}’]—E g Y| s=0 T 1 XEJH' Gck—17 | x=0
i.e DT (xy)=Y(k+1) (9)

substitute (7),(8) and (9) in equation (6) we find
[k(k+1)+ (k+1)]V(k+1)= —¥(k—1)

Y(k—1)

i.e Vik+1)= — —— 10
(k+1)= - 557 (10)
assumethat ¥(0)=a, , Y¥Y(1)= a, then ¥k =1 wehave

ay £l
Y(2)= — = . ¥(3)= — =
(2)= - (3)=— 3
2y t
Y(4)= — = - . Y(5)= — = -
(4) 2. 4 (5) 3<. 5
a, £l
Yi6)= ———— , V(7)=— 0———
(6) 2¢ . 4. 6" (7) 3< . 5=.7°
For the special case when @, = 0 we have
—1*
Y(2k)= (—:],. (11)
2% (k1)
taking the inverse of (DT) we get
ﬂﬂ:Zy(zij“
k=0
Jo(x)= Z}’[Ekj x2 (12)

k=0
(B) Solution of Hermite Polynomials The Hermite Polynomials satisfy the differential equation

dz}r 2 d}r+2 =0 13
a2 a7 (13)

By using the (DTM) for equation (13) we get
5 k
d‘V 1 a "
DT ~ = —=—(y )at x=0
( dx? ) koY)

TH| e Y| =T (k=11
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DT(i};)=(i’¢+2](k+1j}’[k+2] (14)
also
f 1 9" :
DT(xy' )= m@[xy]at x =10
_E xaxk-l-l‘y_'_k@y] x:IJz_! ﬁy] x=0
DT{ xv' )=k ¥(k) (15)

Substitute (14), (15) in equation (13) leading to
(k+2)(k+1) Y(k+2)— 2k¥Y(k)+ 2n¥(k)=0

2(n—k)
- Yk 16
(Ic-l-zj(k—l-l] (k) (16)
clearlyatn = k Y(in+2)=0 and then the solution is a polynomial of degree n
Nowif ¥(0)=a, , ¥(1)= a,

ie V(k+2)=

r(zj=—;_"1a1 , y(aj=—%a: (17)
PH]:_E(:._;j(_;n) al:f@al (18)
F(E']:_2(:._43](_2(2!_1))%:zziﬂ_lifn_Ejaf (19)

V.  Conclusion
Generally
P(Ek]=%n[n—zj...[n—zk—kzj% (20)
F(Zk-l—l]:%[n—l][ﬂ—E]...[n—Zkﬂ-l]a: (21)
Hence
O
Ha(x) = Zz?kk!(n—zkj!xn_”“i (22)
where o
1 ' '
" B Eﬂ if n isaneven
z0]= 1. o
E(ﬂ,—lj if n isanodd
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