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Abstract: In this paper, for a marketing organization consisting of two grades which is subject to depletion of
manpower(wastages) due to policy decisions with high or low attrition rate, an important system characteristic
namely the variance of time to recruitment is obtained for three mathematical models using a suitable policy of
recruitment when(i) wastages form an order statistics and (ii) threshold for each grade has two components,
and (iii) the inter-policy decisions form an ordinary renewal process, order statistics and geometric process.
The system characteristics are analyzed by numerical illustration and the findings are reported.
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. Introduction

An exit of personnel is a common phenomenon in any marketing organization. In [1] and [2] several
stochastic models for a manpower system with grades are discussed using Markovian and renewal theoretic
approach. In [3] the authors have initiated the study on problem of time to recruitment for a single grade
manpower system when the inter-decision times are independent and identically distributed random variables
using shock model approach. In [4] the authors have studied the work in [3] when the breakdown threshold has
a normal component and a component due to frequent breaks. In [5] the author has obtained the system
characteristics for a single grade manpower system when the inter-decision times form an order statistics.
In [6] the authors have obtained variance of time to recruitment for a two grade manpower system when (i) the
loss of manpower form an order statistics and (ii) the threshold for each grades has only the normal component,
and the inter-decision times form an order statistics. The present paper studies the work in [6] when the
threshold has the two components cited above and the inter-decision times have low or high intensity of
attrition. In this paper three mathematical models are constructed which differ from each other in the context of
permitting or not permitting transfer of personnel between two grades and providing a better allowable loss of
manpower in the organization. More specifically, in Model-1, the breakdown threshold is minimum of the
thresholds for the loss of manpower in the two grades. In Model-I1, the breakdown threshold is the maximum of
the thresholds for the grades. In Model-111, the breakdown threshold is the sum of the thresholds for the grades.
This paper is organized as follows: In sections Il, 111 and IV Models I, Il and Il are described and analytical
expressions for mean and variance of the time to recruitment are derived. The analytical results are numerically
illustrated by assuming specific distributions and the influence of nodal parameters on the system characteristics
is reported.

I1.  Model Description And Analysis For Model-I
Consider an organization having two grades in which decisions are taken at random epochs in [0,0)

and at every decision making epoch a random number of persons quit the organization. There is an associated
loss of man-hours(wastages) to the organization, if a person quits and it is linear and cumulative.
Let X; , i=1,2,3... be an independent and identically distributed exponential random variable with density

function g(.) and mean 1/c,(c>0). Let X(l),X(Z)...X(k) be the order statistics selected from the samples
X, X,y X, with respective density functions g, (1),Jx o) (-)-----8y, (). Let S, be the total loss of man-

hours in the first ‘n> decisions. Let U,,i =12,3...be the time between i-1" and i" decisions. The best

distribution when the inter-decision times have high or low intensity of attrition is the hyper exponential
distribution with distribution (density) function F(.)(f(.)), and high(low) attrition rate Ay(%;) and p(q) be the
proportion of decisions having high (low) attrition rate. Let F.(t) (f«(t)) be the distribution(probability density)
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Kk
function of ZUi . Let T be a continuous random variable denoting the time for recruitment in the organization
i=1

with probability distribution function (density function) L(.)(¢(.)). Let (p*(.) be the Laplace transform of ¢(.).

Let Y be the breakdown threshold for the cumulative loss of manpower in the organization. For grade A(B), let
Y a1 (Y1) be the normal exponential threshold for depletion of manpower with mean aa;, 0a1 >0(0g1,08; >0) and
Y a2 (Yg2) be the exponential threshold of frequent breaks of existing workers with mean oa, 0.2 >0(0g2,082 >0).
In this model, the breakdown threshold for the organization Y=min(Y 4,Yg). The loss of man-hours process and
the inter-decision time process are statistically independent. The univariate policy of recruitment is
Recruitment is done as and when the total loss of man-hours in the organization exceeds the breakdown
threshold Y. Let V,(t) be the probability that there are exactly k-decision epochs in (0,t]. Since the number of
decisions made in (0,t] form a renewal process, we note that V(t)= Fi(t)-Fy.1(t), where Fo(t)=1. Let E(T) and
V(T) be the mean and variance of time for recruitment respectively.

Main Results

By definition, Sy is the total loss of man-hours in the N(t) decisions taken in (0,t]

Therefore

PT >t)= P(SN(t) <Y) 1)
By using laws of probability and on simplification we get

PT >0 =7 Y [F® ~ Fa®](0 (@ + ) +7, ) [F®) - Fa®][g” (@5 + a6)]

k=1 k=1
- nZ[F O~ Fea®Ollo @ + )] ~ 72> TR0~ Foa @9 (e + )] )
k=1

where

y= A pyUp, y, = Al ’ = A p0py and

' (aAZ - aAl)(aBZ - aBl)’ ’ (aAZ - aAl)(aBZ - 0‘31)’ : (aAZ - am)(asz - aBl)

Vi = ApOpy

! (aAZ - am)(asz - aBl)
Case(i):

Suppose the inter-decision times U;, i=1,2,3.... are independent and identically distributed random variables.
From (2) it can be shown that

PM>t)=n[ [ (aAl + aBl)]Z F (t) (aAl + aBl))( + 72[ (aAZ + aBZ)]Z F® [g (orpy + aBz)T

-+ a)]D RO @ + )] - 7 0 + a)]> RO @ + @]
k=1 k=1

d
Since I(t)=— (- P(T >t) ), taking Laplace transform and of I(t) and on simplification we get
dt

h 0’ (et )] 1) [1—g*<aAz+aBz>] ' f-g@ara)] e
f1-f )9 (aA1+aBl) f1- f*(s)g*(aAZ +0lgy) 7 1- f*(S) g*(aAl+aBZ)
[ -9 (aAZ +aBl)] f (S)

f1- f*(s)g*(aAZ + agy)

r'(s)=

(4)
It is known that
d¢” d?(
E[T]=— 2;9) E[r?]= ;§§) and V[T]=E[r?]- (E[T]} )
s=0 s=0

From (4) and (5) it can be shown that
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7 72 7 7
E[T]= E[U]{ ; R - -— }
1-g (aAl+aBl) 1-g (aA2+aBZ) 1-g9 (aAl+aBZ) 1-g (aA2+aBl)
(6)
and
7 7> 73 Va

E[T*]= E[UZ]{ ; +— - - }

1-9'(ay+ay) 1-9(an+ag,) 1-9(ay+ag,) 1-0" (o, +ay)

- g*(am + aBl))z (1_ g*(aAZ + aBz))z (1_ g*(aAl + aBz))z (l_ g*(aAZ + aBl))z
In (6) and (7), by hypothesis , U=U; i=1,2,3..

2(E[U )2|:( 19 (o + o) 4 7,9 (@n, + 0tg;) 739" (@ + atg,) B 749 (@, + ;) :| @)
i

E[U]:M, E[U?]= [p’i‘ HM‘] and (8)
Ak I A°
S if 9(X) = g,0,(%)

g*(r)= ©)

Case (ii) :
If Ugy,U),-Uyg, be the order statistics selected from the sample U,,U,,..U, with respective density function

fuw» fuzyfux, the mean and variance of time to recruitment are given by (6) and (7) where, using the theory of
order statistics it can be shown that

k kcrlprlqk—rl - .
;m’ if 1O ="1,,®
E[U]=
k k= rl k n r2 k-r-r2
zz kcrl(k rl)Crzp q ’ |f f(t): fu(k)(t) (10)
1=0 r3=0 (A + A0 + A1 — k4,
& ke, pg" _
) f )= f
Z (A4, = A5 + AKY it ft)=f,,®
E[UZ]: 11)
k k-r (_1)k—r1kcr1(k _ G)Crzprzqk n-r2 -
, If f) =10
rlzzt;rz:o (A + A0, + A1, — ,11) (k)
Case (iii) :

Assume that the inter-decision times U; form a geometric process with parameter ‘a’.
Since {U i } is a geometric process it is known that

£(5)= H (/) 12)

From (4),(5) and (12) we get

E[T]=a E[U]|: i 71 + i V2 _ i V3 B i Va :| 13)
a-g (aAl+aBl) a-g (aA2+aBZ) a-g (aAl+aBZ) a-g (aA2+aBl)
and
v 72
2 * 3 * -
E[T?]=2a’ E[UZ] a-—-g (70/‘A1+a51) a-g (iAz +ag,)
3 4

a’- g*(am + atgy) a’ - 9*(0&\2 +ag)
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€Y [Z{(le (Zl JZDX(M(g*(aM +a)f + 70" (@ + 0, ] "

k=0 | \i=1 i=1 at - 73(9*(0‘A1 + 0‘82))( - ;/4(9*(“/-\2 + 0531))(
In (13) and (14) E[U], E[U?] and g"(t) are given by (8) and (9).

I11.  Model Description And Analysis For Model-11

For this model, Y = max(Y,,Y) . All the other assumptions and notations are as in Model-1. In this
model it can be shown that

0 0

P >t)= 732[Fk (t) - R, ] [g*(am. + aBz)r + 74Z[Fk () - R, ] [9*(0‘A2 + aBl)T +

k=1 k=1
o0 o0

7> [F® - Fea®llg @] +7 > [F® - Fea®]lg (@] -

k=1 k=1

7 [0 - Fa®ll’ @] - 73[R0 - Fus ]l ()] -
k=1

k=1
© k
. K .
7Y [F® ~ Fa®1(0 @ + a5 ~7, D[R~ Fea®l[g (@ + 05)] 15)
k=1 n=1
where 7, = A p20p, y, = ApOp Yo = A py0gy
' (aAZ - aAl)(aBZ - aBl) ? (aAZ - aAl)(aBZ - aBl) ? (aAZ - aAl)(aBZ - aBl)
Yo = A0, yo = Apy Vo= A y, = Apy and 7, = qpy
) (aAZ - aAl)(aBZ - aBl) o (aAZ - aAl)’ ° (aAZ - aAl)’ ! (asz - aBl) ’ (o aBl)
Case (i) :

Proceeding as in Model-I we get
PN - (PR RAC I SR RXC I STV RO
1-1 ()9 (am + ag,) 1-1 ()9 (ap +ag) 1-f ()9 (am)

p [1_ g*(am)] f*(s) —y []‘_g*(aAZ)] f*(s) —y [1_9*(0‘82)] f*(s) B
1190 (@) P 1-f90 (@) T 1-1(5)g (@)

f-g'@nran) 1©  L-g@eran)]f'®

e e e - 5 (16)
-0 (@) 1= 190 (@ + )
From (5) and (16) it can be shown that
V3 + Va + Vs + 77 _
E[T]=E[U] 1-g(ay +ag,) 1-9(ap+ae) 1-g(an) 1-9 () 17)
Ve _ 78 _ Ve B 7>
1—9*(0%2) 1-9 (@) 1-9(an+as) 1-9 (ay+ag,)
and
i 73 + i n + 7:5 + 7:7 _
E[Tz]: E[Uz] 1_g (aAl+aBZ) 1_9 (aA2+aBl) l_g (aAl) 1_g (aBl) +
Ve _ 78 _ N B 7>
1-9(ap) 1-9(as,) 1-9(an+ag) 1-0 (an +as,)
739*(0'/\1 + aBZ) 749*(0%2 + aBl) 759*(0'/A1) 779*(0531)
* + * + * + * -
2(E[U ])2 (1_ g (o + 0‘32))Z 1(_ g (orp + aBl))z (1_ g (am))z (1_ g (am))z (18)

769*(aA2) 3 789*(0532) 719*(0‘A1+0‘31) 729*(0‘A2+O‘Bz)

(1_ g*(aAz))z (1_ g*(asz))z (1_ 9*(0‘A1 + aBl))z (1_ g*(aAZ + O‘Bz))2
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In (17) and (18) E[U], E[U?] and g'(z) are given by (8) and (9)
Case (ii) :
Proceeding as in Model-I , the mean and variance of time to recruitment in this case are given by (17)
and (18) where g'(t), E[U] and E[U?] are given by (9), (10) and (11)
Case (iii) :
Proceeding as in Model-I it is found that
73 V4 Vs V7

* + * + * * -
E[T]=a E[U] a- g}/ﬁ(aAl+aB2) }/83'_ g (aAZ +a871/2 a-g (aAl) a;zg (aBl) (19)

a- g*(O‘Az) a- g*(asz) a- g*(aAl +ay) a- g*(O‘Az + 0tgy)

and
73 + Va + Vs V7 _
E[T?]= 2a2E[U 2] a’ - g*(aAl + Qgy) a’ - g*(aAZ +ag) a’ - g*(am) a’ - g*(asl)
Vs B Vs B N B 72
a’ - g*(aAZ) a’ - g*(asz) a’ - g*(am + ) a’ - g*(aAZ + atg,)
7329*(0%1 }aaz))(k + 7/4(9)1(0'/A2 '(" aBl))k ;;
SASERNESER (@) + 70" (@) ~ 74070 -
+(EU ])2[ [( ilJ _( ilj D <| 75 g* AL 8 o 6 A2 (20)
; ;a ;a 78(9 (asz))k - 71<g (aAl + aBl)>k -

72(9*(0%2 + aBZ)T
In (19) and (20) E[U], E[U?] and g"(t) are given by (8) and (9).

IV.  Model Description And Analysis For Model-111
For this model, Y =Y, +Y_ . All the other assumptions and notations are as in Model-1. Proceeding as
in Model-1 it can be shown that

0

PT >0 =7 R0 - Fa®llg @] + 7203 IR0 - Fallo @] -

k=1 k=1
7 [F® - Fa®llg @] = 7> [F® - Fea®lo’(@s,)] (21
k=1 k=1
where
Yo = A po 0O Yoo = A 201 Ay
? (aAZ - aAl)(aBl - am)(asz - aAl)’ w0 (O‘Bz - aBl)(aBl - aAl)(aBl - aAZ)’
A pOp g1y A pp 0 gy
= and
(aAZ - aAlXaBl - O‘Az)(asz - aAZ) (0‘32 - aBlXaBZ - aAl)(aBZ - O‘Az)
Case (i) :

Proceeding as in Model-1 we get

gl o] o ldelfo i) o
-0 @ " 1-fO0 @ T1-T e @ 1197 ()
From (5) and (22) it can be shown that

79 710 711 V12
E[T]=E[U » - - m - - 23

] ] |:1_ g (am)+1_g (0‘31) 1-g (aAz) 1-¢g (aaz):| 9
and

E[T*]= E[UZ]L

(22)

) =74

7o + 710 _ Y11 _ 712 }_
~9'(an) 1-9(es) 1-97(an) 1-9'(ag)
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2(E[U ])2 |:(1799 (ax) 7109 (2e1) 7119 (@) o8 (as,) :l o

0w -0 G-g(@) 0o

In (23) and (24) E[U], E[U?] and g'(z) are given by (8) and (9)
Case (ii) :
Proceeding as in Model-I , the mean and variance of time to recruitment in this case are given by
(23) and (24) where g'(t) , E[U] and E[U?] are given by (9), (10) and (11).
Case (iii) :
Proceeding as in Model-I it is found that

Yo Y10 Y11 Y12
gl T e T e

a-g(an) a-g(ag) a-g(ay,) a-g(a,)
and

E['I'2]=2a2E[U2]{

(25)

79 + 710 4 711 + V12 i|_
a-g (aAl) a-g (aBl) a-g (O‘Az) a-g (0‘32)

[ 1) (1Y) [rle @) + o (@) -

(EV) [ {[ ilj _( ilj D){Vg * AL 10 * Bl (26)
kZ:(; iZ:l:a iZ:l:a }/11(9 (aAz)T _712(9 (asz))(k

In (25) and (26) E[U], E[U?] and g"(t) are given by (8) and (9).

V. Numerical Ilustration
The influence of parameters on the performance measures namely the mean time for recruitment
derived in case(i) is studied numerically. In the following table these performance measures are calculated by
varying the parameter ‘c’ and taking o;=0.1, 042=0.2 05;=0.3  0ag;=0.4 , p=0.4, A,=0.3and ,=0.2

Table : Effect of ‘¢’ and ‘k’ on the performance measure E[T] for case (i)

Model-I Model-11 Model-111
c |k E(T) E(T) E(T)
9)=9xw(¥) | 9()=0x0(®) | 9()=gxn(X) | 9(X)=0x(X) | 9X)=gxn(}) | 9(X)=gxx(X)

313 11.96 2.3480 69.03 10.4165 72.93 13.6677
413 15.86 3.0194 91.78 13.8853 96.98 18.0408
5 3 19.76 3.7291 114.53 17.3353 121.03 22.4481
3 6 23.66 1.7524 137.28 9.7749 145.08 10.3064
317 27.56 1.6642 160.03 9.2593 169.13 9.7664
3 8 31.46 1.4432 182.78 8.8427 193.18 9.3207

Findings
From the above table it is found that
1. E(T) increases in all the three models as ‘c’ increases when both g(x)=gx)(X) and g(x)=gx(X) .

2. E(T) increases in all the three models as ‘k’ increases when g(X)=gx)(X) but it decreases when g(X)=gx(X) .

VI. Conclusion
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Since the time to recruitment is more elongated in Model-Ill than the first two models, Model-111 is

preferable from the organization point of view.
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