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Abstract: This paper covers our computational work and the algorithms designed and implemented 

in the construction of the main program designated for the determination of the tensor product of 

representations for the symmetric groups 𝑆𝑛, 1 ≤ 𝑛 ≤ 14 including a flow – diagram of the main 

program. We have also been able to design the program of the diagram of the tensor product of 

permutations. Some algorithms are followed by simple examples for illustrations. 

 

I. Introduction 

The tensor product of representation groups 𝑆𝑛 has Morris [10] for , 1 ≤ 𝑛 ≤ 14. It seems to 

be that there is no ready – program available to calculate those tables. We give algorithms of 

programs to calculate tensor product table for 𝑆𝑛, 1 ≤ 𝑛 ≤ 14. In our work we adopt the tensor 

product of two matrix as follows: 

 

Definition 

Let 𝐴 ∈ 𝑀𝑛(𝐾), 𝐵 ∈ 𝑀𝑚(𝐾) we defined a matrix 

𝐴 ⊗ 𝐵 ∈ 𝑀𝑛𝑚(𝐾) Put 

𝐴 ⊗ 𝐵 = (

𝛼11𝐵 𝛼12𝐵 … 𝛼1𝑛𝐵
𝛼21𝐵 𝛼22𝐵 … 𝛼2𝑛𝐵

⋮ ⋮ ⋮ ⋮
𝛼𝑛1𝐵 𝛼𝑛2𝐵 … 𝛼𝑛𝑛𝐵

)

𝑛𝑚×𝑛𝑚

 

𝐴 =

(

 
 

𝛼11 𝛼12 … 𝛼1𝑛

𝛼21 𝛼22 … 𝛼2𝑛

⋮ ⋮ ⋮ ⋮

𝛼𝑛1 𝛼𝑛2 … 𝛼𝑛𝑛)

 
 

𝑛×𝑛

 

𝐵 =

(

  
 

𝛽11 𝛽12 … 𝛽1𝑚

𝛽21 𝛽22 … 𝛽2𝑚

⋮ ⋮ ⋮

𝛽𝑚1 𝛽𝑚2 … 𝛽𝑚𝑚)

  
 

𝑚×𝑚

 

Thus  

𝐴 ⊗ 𝐵 =

(

  
 

𝛿11 𝛿12 … 𝛿1𝐾

𝛿21 𝛿22 … 𝛿2𝐾

⋮ ⋮ ⋮ ⋮

𝛿𝐾1 𝛿𝐾2 … 𝛿𝐾𝐾)

  
 

𝑚×𝑚

 

Where  

𝛿11 =

(

  
 

𝛼11𝛽11 𝛼11𝛽12 … 𝛼11𝛽1𝑚

𝛼11𝛽21 𝛼11𝛽22 … 𝛼11𝛽2𝑚

⋮ ⋮ ⋮ ⋮

𝛼11𝛽𝑚1 𝛼11𝛽𝑚2 … 𝛼11𝛽𝑚𝑚)

  
 

𝑚×𝑚
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𝛿1𝐾 =

(

  
 

𝛼1𝑛𝛽11 𝛼1𝑛𝛽12 … 𝛼1𝑛𝛽1𝑚

𝛼1𝑛𝛽21 𝛼1𝑛𝛽22 … 𝛼1𝑛𝛽2𝑚

⋮ ⋮ ⋮ ⋮

𝛼1𝑛𝛽𝑚1 𝛼1𝑛𝛽𝑚2 … 𝛼1𝑛𝛽𝑚𝑚)

  
 

𝑚×𝑚

 

𝛿𝐾𝐾 =

(

  
 

𝛼𝑛𝑛𝛽11 𝛼𝑛𝑛𝛽12 … 𝛼𝑛𝑛𝛽1𝑚

𝛼𝑛𝑛𝛽21 𝛼𝑛𝑛𝛽22 … 𝛼𝑛𝑛𝛽2𝑚

⋮ ⋮ ⋮ ⋮

𝛼𝑛𝑛𝛽𝑚1 𝛼𝑛𝑛𝛽𝑚2 … 𝛼𝑛𝑛𝛽𝑚𝑚)

  
 

𝑚×𝑚

 

And 𝐾 = 𝑛𝑚 

 

Example 

𝐴 = (
1 2

−1 0
)

2×2

  ,     𝐵 = (

1 3 −1

2 1 2

5 6 4

)

3×3

, 

 
Proposition 

We prove that: 

Let 𝐴, 𝐴′ ∈ 𝑀𝑛(𝐾), 𝐵, 𝐵′ ∈ 𝑀𝑚(𝐾) then  

1. (𝐴 + 𝐴′) ⊗ 𝐵 = (𝐴 ⊗ 𝐵) + (𝐴′ ⊗ 𝐵) 

2. (𝐴 ⊗ 𝐵)(𝐴′ ⊗ 𝐵) = 𝐴𝐴′ ⊗ 𝐵𝐵′ 

Prove: 

(2) Let 

𝐴 = (𝑎𝑖𝑗)𝑛×𝑛
  , 𝐴′ = (𝑎𝑖𝑗

′ )
𝑛×𝑛

 

𝐵 = (𝑏𝑖𝑗)𝑚×𝑚
  , 𝐵′ = (𝑏𝑖𝑗

′ )
𝑚×𝑚

 

∴ 𝐴𝐴′ ⊗ 𝐵𝐵′ = (𝑎𝑖𝑗)(𝑎𝑖𝑗
′ ) ⊗ (𝑏𝑖𝑗)(𝑏𝑖𝑗

′ ) 

𝐶𝑖𝑗 = ∑ 𝑎𝑖𝑘𝑎𝑘𝑗

𝑛

𝐾=1

 

Where  

𝐴𝐴′ ⊗ 𝐵𝐵′ = (𝑐𝑖𝑗) ⊗ 𝐵𝐵′ 

= (𝐶𝑖𝑗𝐵𝐵′) 

= ∑𝑎𝑖𝑘
′ 𝑎𝑘𝑗

′ 𝐵𝐵′ 

= [𝑎𝑖1𝑎𝑖𝑗
′ 𝐵 + 𝑎𝑖2𝑎2𝑗

′ 𝐵 + ⋯+ 𝑎𝑖𝑛𝑎2𝑛
′ 𝐵]𝐵′ 

= [𝑎𝑖1𝐵𝑎𝑖𝑗
′ 𝐵′ + 𝑎𝑖2𝐵𝑎2𝑗

′ 𝐵′ + ⋯+ 𝑎𝑖𝑛𝐵𝑎2𝑛
′ 𝐵′] 

= (∑ 𝑎𝑖𝑘𝐵𝑎𝑘𝑗
′ 𝐵′

𝑛

𝐾=1

)

𝑛.𝑚×𝑛.𝑚

 

𝐴 ⊗ 𝐵 =

(

 
 
 
 
 
 

1 3 −1

2 1 2

5 6 4

2 6 −2

4 5 4

10 12 8

−1 −3 1

−2 −1 −2

−5 −6 −4

0

)

 
 
 
 
 
 

6×6
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= ∑ 𝑎𝑖𝑘
∗ 𝑎𝑘𝑗

′

𝑛.𝑚

𝑘=1

 

And (𝐴 ⊗ 𝐵)(𝐴′ ⊗ 𝐵′) = (𝑎𝑖𝑗𝐵)(𝑎𝑖𝑗
′ 𝐵) 

= (𝑎𝑖𝑘
∗ )(𝑎𝑘𝑗

∗ ) 

= ∑ 𝑎𝑖𝑘
∗ 𝑎𝑘𝑗

′

𝑛.𝑚

𝑘=1

 

Where 𝑎𝑖𝑘
∗ = (𝑎𝑖𝑘𝐵) 

(1) (𝐴 + 𝐴′) ⊗ 𝐵 = (𝐴 ⊗ 𝐵) + (𝐴′ ⊗ 𝐵) 

Let 𝐴 = (𝑎𝑖𝑗)𝑛×𝑛
  , 𝐴′ = (𝑎𝑖𝑗

′ )
𝑛×𝑛

𝐵 = (𝑏𝑖𝑗)𝑚×𝑚
 

∴ (𝐴 + 𝐴′) = (𝑎𝑖𝑗)𝑛×𝑛
+ (𝑎𝑖𝑗

′ )
𝑛×𝑛

 

(𝐴 + 𝐴′) ⊗ 𝐵 = ((𝑎𝑖𝑗 + 𝑎𝑖𝑗
′ )𝐵)

𝑛𝑚.𝑛𝑚
= (𝑎𝑖𝑗𝐵 + 𝑎𝑖𝑗

′ 𝐵)
𝑛𝑚.𝑛𝑚

 

𝐴 ⊗ 𝐵 = (𝑎𝑖𝑗𝐵)
𝑛𝑚.𝑛𝑚

 

𝐴′ ⊗ 𝐵 = (𝑎𝑖𝑗
′ 𝐵)

𝑛𝑚.𝑛𝑚
 

(𝐴 ⊗ 𝐵) + (𝐴′ ⊗ 𝐵) = (𝑎𝑖𝑗𝐵)
𝑛𝑚.𝑛𝑚

+ (𝑎𝑖𝑗
′ 𝐵)

𝑛𝑚.𝑛𝑚
 

∴ (𝐴 + 𝐴′) ⊗ 𝐵 = (𝐴 ⊗ 𝐵) + (𝐴′ ⊗ 𝐵) 

 

Definition 

1. 𝑇is called representation Group of 𝐺 if 𝑇(𝑥)𝑇(𝑦) = 𝑇(𝑥, 𝑦)𝑇: 𝐺 ⟶ 𝑀(𝐹), 𝑇(𝑒) = 𝐼∀𝑥, 𝑦 ∈ 𝐺, 𝐼: 

is the identity matrix of degree 𝑛. 

2. Let 𝑆 and 𝑇 be two representations of degree 𝑛 and 𝑚 of the group 𝑆𝑛 for each 𝑃 ∈ 𝑆𝑛, define 

𝑈(𝑃) = 𝑆(𝑃) ⊗ 𝑇(𝑃) 

Then 𝑈 is a representation of degree 𝑛.𝑚 we write 𝑈 = 𝑆 ⊗ 𝑇. Now let 𝜒𝑆, 𝜒𝑇 be two 

character of 𝑆 and 𝑇 respectively then 𝜒𝑈 = 𝜒𝑆 .  𝜒𝑇. 

 

The Algorithm 

This part contains a collection of the computer – ready Fortran algorithms for many standard 

methods of number theory installed in our main program. 
Algorithm1 The Number of degree of Presentation for groups 𝑆𝑛. 

Algorithm2 The tensor product of two representation for groups 𝑆𝑛. 

Algorithm 3 The tensor product of three representation for groups 𝑆𝑛. 

Algorithm 4 The character of representation for groups 𝑆𝑛. 

Algorithm 5 The main algorithm of tensor product. 

This algorithm is designed to evaluate the main program of the tensor product 

of representation for groups 𝑆𝑛, 𝑛 ≥ 3. 

 

Algorithm (1) the number of degree of representation for groups 𝑆𝑛 

Input: in (the degree of groups 𝑆𝑛) 

Step 1: to evaluate 𝑚 where  

𝑇: 𝑆𝑛 ⟶ 𝑀𝑚(𝑘) 

𝑚is the degree of matrix 𝑀(𝐾): 

𝑀𝑚(𝐾) =

(

 
 

𝑎11 𝑎12 … 𝑎1𝑚

𝑎21 𝑎22 … 𝑎2𝑚

⋮ ⋮ ⋮

𝑎𝑚1 𝑎𝑚2 … 𝑎𝑚𝑚)

 
 

𝑚×𝑚

 

Step 2: Do I=1 to m 

Do J=1 to m 

PRINT IA(I,J) 

END J-Loop 
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END I-Loop 

Output: the number of degree of representation for groups 𝑆𝑛(𝑚). 

Example (1) 

𝑇: 𝑆3 ⟶ 𝑀2(ℝ) 

The degree of representation groups 𝑆3 = 2 

𝑇(𝑒) = (
1 0

0 1
) 

𝑇(12) = (
1 0

0 −1
) 

𝑇(13) = (
−1

2⁄ −√3
2

⁄

−√3
2

⁄ 1
2⁄

) 

𝑇(23) = (
−1

2⁄
√3

2
⁄

√3
2

⁄ 1
2⁄

) 

𝑇(123) = (
−1

2⁄
√3

2
⁄

−√3
2

⁄ −1
2⁄
) 

𝑇(132) = (
−1

2⁄ −√3
2

⁄

√3
2

⁄ 1
2⁄

) 

𝑇is the representation of degree 2 for 𝑆3. 

Algorithm (2) Two representation for group 𝑺𝒏 

Input: n (the degree of groups 𝑆𝑛) 

Step 1: DC is the matrix of dimension 𝑚𝑛 × 𝑚𝑛 

𝐶(0,0) = 0 

Do I = 1 to n 

Do J = 1 to n 

𝑇(𝑝) =A(I,J) 

END J-Loop 

END I-Loop 

Step 2: Do I= 1 to m 

Do J = 1 to m 

Set T(p)=B(I,J) 

END J-Loop 

END I-Loop 

Step 3: call algorithm 1 

Step 4: to evaluate C where  

C(I, J)=A(I,J)*B 

Step 5: Set C(1,1) = A(1,1)*B 

C(1,2) = A(1,2)*B 

⋮ 
C(1,n) = A(1,n)*B 

𝐵 =

(

  
 

𝐵11 𝐵12 … 𝐵1𝑚

𝐵21 𝐵22 … 𝐵2𝑚

⋮ ⋮ ⋮

𝐵𝑚1 𝐵𝑚2 … 𝐵𝑚𝑚)

  
 

𝑚×𝑚

 

Step 5: Set 
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𝐶 =

(

  
 

𝐶11 𝐶12 … 𝐶1𝑚

𝐶21 𝐶22 … 𝐶2𝑚

⋮ ⋮ ⋮

𝐶𝑚1 𝐶𝑚2 … 𝐶𝑚𝑚)

  
 

𝑚×𝑚

 

Output: the tensor product of representation of 𝑆𝑛𝐺(𝑚𝑛,𝑚𝑛) 

 

Example 

𝑇(12) = (
1 0

0 −1
)

2×2

, 𝑇(23) =

(

 
 

−1
2⁄

√3

2

√3

2
1

2⁄
)

 
 

2×2

, 𝑇(13) =

(

 
 

−1
2⁄

−√3

2
−√3

2
1

2⁄
)

 
 

2×2

 

 

 

 

 
 

 

 

𝑇(12) ⊗ 𝑇(23) =

(

 
 
 
 
 

−1
2⁄

√3
2

⁄

√3
2

⁄ 1
2⁄

0

0
1

2⁄
−√3

2
⁄

−√3
2

⁄ −1
2⁄ )

 
 
 
 
 

4×4

 

 

 

 

 

𝑇(23) ⊗ 𝑇(12) =

(

 
 
 
 

1
2⁄ 0

0 −1
2⁄

√3
4

⁄ 0

0 −√3
4

⁄

√3
2

⁄ 0

0 −√3
2

⁄

1
2⁄ 0

0 −1
2⁄ )

 
 
 
 

4×4

 

 

 

 

 

 

𝑇(13) ⊗ 𝑇(23) =

(

 
 
 
 
 

1
4⁄

√3
4

⁄

−√3
4

⁄ −1
4⁄

√3
4

⁄ −3
4⁄

−3
4⁄

−√3
4

⁄

√3
4

⁄ −3
4⁄

−3
4⁄

−√3
4

⁄

−1
4⁄

√3
4

⁄

√3
4

⁄ 1
4⁄ )

 
 
 
 
 

4×4

 

𝑇(13) ⊗ 𝑇(23) =

(

 
 
 
 
 

−1
2⁄

−√3
2

⁄

−√3
2

⁄ 1
2⁄

0

0
1

2⁄
√3

2
⁄

√3
2

⁄ −1
2⁄ )

 
 
 
 
 

4×4
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Algorithm (3): Three representation for Groups 𝑆𝑛 

Input: n (the degree of groups 𝑆𝑛) 

Step 1: Call algorithm 2 

Step 2: Do I = 1 to K 

Do J = 1 to K 

D(I,J) 

END J-Loop 

END I-Loop 

Step 3: to evaluate R where  

R(I, J)=C(I,J)*D 

Step 4: Set 

R(1,1) = C(1,1)*D 

R(1,2) = C(1,2)*D 

Where  

𝐷 =

(

  
 

𝐷11 𝐷12 … 𝐷1𝐾

𝐷21 𝐷22 … 𝐷2𝐾

⋮ ⋮ ⋮

𝐷𝐾1 𝐷𝐾2 … 𝐷𝐾𝐾)

  
 

𝐾×𝐾

 

Step 5: Set 

𝑅 =

(

  
 

𝑅11 𝑅12 … 𝑅1𝑆

𝑅21 𝑅22 … 𝑅2𝑆

⋮ ⋮ ⋮

𝑅𝑆1 𝑅𝑆2 … 𝑅𝑆𝑆)

  
 

𝑆×𝑆

 

Where 𝑆 = 𝑛𝑚 × 𝑘 

Step 6: Do I= 1 to S 

Do J = 1 to S 

PRINT R(I,J) 

END J-Loop 

END I-Loop 

𝑇(13) ⊗ 𝑇(23) =

(

 
 
 
 
 

1
4⁄

√3
4

⁄

√3
4

⁄ −1
4⁄

−√3
4

⁄ −3
4⁄

−3
4⁄

√3
4

⁄

√3
4

⁄ −3
4⁄

−3
4⁄

−√3
4

⁄

−1
4⁄

−√3
4

⁄

−√3
4

⁄ 1
4⁄ )

 
 
 
 
 

4×4

 

𝑇(13) ⊗ 𝑇(12) =

(

 
 
 
 

−1
2⁄ 0

0 1
2⁄

−√3 4⁄ 0

0 −√3
4

⁄

−√3
2

⁄ 0

0 √3
2

⁄

1
2⁄ 0

0 −1
2⁄ )

 
 
 
 

4×4
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Output: the Three representation for Groups 𝑆𝑛𝑅(𝑆, 𝑆) 

 

Example 

 

 

 

 
 

 

𝑇(𝑒) ⊗ 𝑇(23) ⊗ 𝑇(12)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

−1 2⁄ 0

0 1 2⁄
−√3 4⁄ 0

0 √3 4⁄

√3 2⁄ 0

0 −√3 2⁄

1
2⁄ 0

0 −1
2⁄

0

0

−1 2⁄ 0

0 1 2⁄
√3 4⁄ 0

0 −√3 4⁄

√3 2⁄ 0

0 − √3 2⁄

1 2⁄ 0

0 1 2⁄ )

 
 
 
 
 
 
 
 
 
 
 
 

8×8

 

𝑇(𝑒) ⊗ 𝑇(23) ⊗ 𝑇(12)

=

(

 
 
 
 
 
 
 
 
 
 
 
 

−1 2⁄ 0

0 1 2⁄
−√3 4⁄ 0

0 −√3 4⁄

−√3 2⁄ 0

0 √3 2⁄

1 2⁄ 0

0 −1 2⁄

0

0

−1 2⁄ 0

0 1 2⁄
−√3 4⁄ 0

0 −√3 4⁄

−√3 2⁄ 0

0 √3 2⁄

1 2⁄ 0

0 −1 2⁄ )

 
 
 
 
 
 
 
 
 
 
 
 

8×8

 

𝑇(12) ⊗ 𝑇(23) ⊗ 𝑇(12) =

(

 
 
 
 
 
 
 
 
 
 
 
 

−1 2⁄ 0

0 1 2⁄

−√3 4⁄ 0

0
−√3

4
⁄

−√3 2⁄ 0

0 √3 2⁄

1
2⁄ 0

0 −1
2⁄

0

0

1 2⁄ 0

0 −1 2⁄
−√3 4⁄ 0

0 −√3 4⁄

√3 2⁄ 0

0 −√3 2⁄

−1 2⁄ 0

0 1 2⁄ )

 
 
 
 
 
 
 
 
 
 
 
 

8×8
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Algorithm (4) The character of representation for 𝑆𝑛 

Input: n (the Degree of 𝑆𝑛) 

Step 1: 𝜒(0) = 0 

Step 2: Do I= 1 to m 

𝜒(𝐼) 
End I-Loop 

Step 2: Do J = 1 to n 

𝜒(𝐽) 
End J-Loop 

Step 4: Do I= 1 to m 

Do J = 1 to n 

𝜒(𝑘) = 𝜒(𝐼) ∗ 𝜒(𝐽) 
END J-Loop 

END I-Loop 

PRINT𝜒(𝑘) 

Step 5: set 𝜒(𝑘) =

[
 
 
 
 
𝜒(1)

𝜒(2)

𝜒(3)

⋮
𝜒(𝑆)]

 
 
 
 

 

𝑆 = (𝑛.𝑚) 2⁄  
Step 6: Call algorithm 3 

Step 7: Call algorithm 4 

Output: the character of representation for 𝑆𝑛. 

(𝜒(𝑘), 𝑘 = 1 𝑡𝑜𝑆) 
Class 13 12 31 

Order 1 3 2 

𝜒(1) 1 1 1 

𝜒(2) 1 −1 1 

𝜒(3) 2 0 −1 

 

In 13 

𝜒(1) ⊗ 𝜒(2) = 1 ∗ 1 = 1 

𝜒(1) ⊗ 𝜒(3) = 1 ∗ 2 = 2 

𝜒(2) ⊗ 𝜒(3) = 1 ∗ 2 = 2 
In12 

𝜒(1) ⊗ 𝜒(2) = 1 ∗ −1 = −1 

𝜒(1) ⊗ 𝜒(3) = 1 ∗ 0 = 0 

𝜒(2) ⊗ 𝜒(3) = −1 ∗ 0 = 0 
 

In 31 

`𝑇(𝑒) ⊗ 𝑇(23) ⊗ 𝑇(12) =

(

 
 
 
 
 
 
 
 
 
 
 
 

1 0

0 1
0

0
1 0

0 −1

0

0

1 0

0 1
0

0
−1 0

0 −1)

 
 
 
 
 
 
 
 
 
 
 
 

8×8
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𝜒(1) ⊗ 𝜒(2) = 1 ∗ 1 = 1 

𝜒(1) ⊗ 𝜒(3) = 1 ∗ 1 = 1 

𝜒(2) ⊗ 𝜒(3) = 1 ∗ (−1) = −1 
 

In 13 

𝜒(1) ⊗ 𝜒(2) ⊗ 𝜒(3) = 1 ∗ 1 ∗ 2 = 2 

𝜒 =

[
 
 
 
 
 
 
 

1
2
2

−1
0
0

−1
2 ]

 
 
 
 
 
 
 

 

The Algorithm of the Main Program  

The Tensor Product of Representation Groups 𝑺𝒏 

1 ≤ 𝑛 ≤ 12 
Input: n (the degree of the Symmetric groups) 

Step 1: Call algorithm 1 

Step 2: Call algorithm 2 

Step 3: Call algorithm 3 

Step 4: Call algorithm 4 

Output : (T(I), I=1 to m) To evaluate the tensor product of representation groups 𝑆𝑛. 

End 

 

 

 

II. Recommendation 
Our recommendation for future worke are  

1. Evaluating the tensor product of representation for groups 𝑆𝑛, 𝑛 ≥ 12. 

2. Evaluating the Tensor product of representation for groups 

𝐶𝑛 = 〈𝑔: 𝑔𝑛 = 𝑒〉. 
3. Evaluating the Tensor product of regular representation for a group 𝑆𝑛. 

 

Flow Diagram of the Main Program  
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