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On The Tensor Product Of Representations For The
Symmetric Groupss,,
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Mathematic Department, Collage Of Education, AL-Mustansiriyah University

Abstract: This paper covers our computational work and the algorithms designed and implemented
in the construction of the main program designated for the determination of the tensor product of
representations for the symmetric groups S,,1 <n < 14 including a flow — diagram of the main
program. We have also been able to design the program of the diagram of the tensor product of
permutations. Some algorithms are followed by simple examples for illustrations.

I.  Introduction
The tensor product of representation groups S,, has Morris [10] for ,1 < n < 14. It seems to
be that there is no ready — program available to calculate those tables. We give algorithms of
programs to calculate tensor product table for S,,1 <n < 14. In our work we adopt the tensor
product of two matrix as follows:

Definition
Let A € M,,(K),B € M,,(K) we defined a matrix
A ® B € M,,,,(K) Put

a1B a,B ... au,B
AQB = azle az:zB aZ:nB
B an2B .. anwnB/ o nm
all alz s aln
azl azz aen aZn
A=
An1 Anz - Unn/
P11 Bz - Blm\
B21 B2z - Bom
B=| — o
,Bml ,Bmz .Bmm/me
Thus
621 522 en 62K
A®B=| |
Where
/anﬁll 1112 - A11Pim
1121 ®11P22 o X11Pom

611:k N N H . )
A11Pm1 ®%11Pmz - %11Pmm
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a1nB11 A1z - alnﬁlm\

/a1nﬁ21 A1nBaz - AnPam
81k = | |
\a1nﬁm1 A1nPmz - a1nﬁmm/mxm
/annﬁll annﬁlz annﬁlm\‘
annﬁZl annﬁzz annﬁZm
6KK = k H H . H )
annﬁml annﬁmz annﬁmm mxm
And K = nm
Example
1 3 -1
1 2
A= Lo , B=12 1 2 ,
2%2 5 6 4/,
1 3 —} 2 6 =2
2 1 21 4 5 4
5 6 4: 10 12 8
ARB=f — = == r—-—-—----
-1 -3 11
~2 -1 12 0
-5 —6 L4’ 6X6
Proposition

We prove that:
LetA4, A" € M, (K),B,B" € M,,(K) then
1. (A+A)®B=(A®B)+ (4 ®B)
2. (AQB)(A®B)=A4A®BB
Prove:
(2) Let

A= (aij)nxn ,A' = (altj)an
B = (bij) m B = (bij),_ .
~AA ® BB = (aij)(aij) b2 (bij)(bij)

n
Cij = Z Ak A

K=1
Where

AA'® BB = (c¢;;) ® BB’
= (C;;BB))
= Z alfka,’{jBB'
= [ailalij + aiza’ZjB + o+ ainaénB]B'
= [ailBalij' + aizBa'sz' + -+ apBay, B

n
= <Z al-kBa,'(jB'>
nmxnm

K=1
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nm

— * !
= z Qi Ay j

k=1
And (A® B)(A'® B') = (a;;B)(a;;B)
= (@) (e,

— * !
= z Qi Ay j

k=1
Where a;,, = (a;B)

(D(A+A)®B=(AQB)+(A®B)
LetA = (aif)nxn A= (alfj)anB = (bij)mxm
(A + A') = (aij)nxn + (aztj)nxn

(A+A) @B =((ay +a)B) = (aB+aB),,,,
AQB= (aijB)nm.nm
AQB (aU )nmnm

~(A+4A)®B=(AQ®B)+ (A ®B)

Definition
1. Tis called representation Group of G if T(x)T(y) = T(x,y)T:G — M(F), T(e) = IVx,y € G, I:
is the identity matrix of degree n.
2. Let S and T be two representations of degree n and m of the group S,, for each P € S,,, define
UP) =S(P)QT(P)
Then U is a representation of degree n.m we write U =S @ T. Now let yg, xr be two
character of S and T respectively then y; = xs . x7-

The Algorithm
This part contains a collection of the computer — ready Fortran algorithms for many standard

methods of number theory installed in our main program.

Algorithm1 The Number of degree of Presentation for groups S,,.

Algorithm2 The tensor product of two representation for groups S,,.

Algorithm 3 | The tensor product of three representation for groups S,,.

Algorithm 4 | The character of representation for groups S,,.

Algorithm 5 | The main algorithm of tensor product.

This algorithm is designed to evaluate the main program of the tensor product
of representation for groups S,,,n > 3.

Algorithm (1) the number of degree of representation for groups S,
Input: in (the degree of groups S,,)
Step 1: to evaluate m where

T:S, — M, (k)
mis the degree of matrix M (K):
aqq aqp A1m
azq1 [2%Y) aZm\
Mm(K) = | |
Am1 Amz2 - amm/me
Step2: Do l=1tom
DoJ=1tom
PRINT IA(1,J)
END J-Loop
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END I-Loop
Output: the number of degree of representation for groups S,,(m).
Example (1)
T:S3 — M,(R)
The degree of representation groups S; = 2

1 0
Tey = 0 1
1 O
T(12): 0 -1

— ~1, “/5/2
T,

-1/, 3
T(23):< /2 /2

LR
T(123) = ( _\jéz ‘/5/2
-V 7,
T132) = <;;/2 _\/g/z
/2 1/2

Tis the representation of degree 2 for S;.
Algorithm (2) Two representation for group S,,
Input: n (the degree of groups S,,)
Step 1: DC is the matrix of dimension mn X mn
€(0,00=0
Dol=1ton
DoJ=1ton
T(p) =A(lJ)
END J-Loop
END I-Loop
Step2:Dol=1tom
DoJ=1tom
Set T(p)=B(l,J)
END J-Loop
END I-Loop
Step 3: call algorithm 1
Step 4: to evaluate C where
C(l, )=A(1,9)*B
Step 5: Set C(1,1) = A(1,1)*B
C(1,2)=A(1,2)*B

C(Ln) = A(Ln)*B

Step 5: Set

DOI: 10.9790/5728-1202020110 www.iosrjournals.org 4 | Page



On the Tensor Product of Representations for the Symmetric GroupsS,,

/Cn Ciz Clm\
C21 CZZ e szl

R

Output: the tensor product of representation of SnG(mn, mn)

(-, f\ (- 1/2 ‘f\

. <1 0) . | _ |
(12) = ’ (23) = Tas) =
0 —1/,y, \\/5 1/2/ \ 1/2/
X2

mxm

Example

2

)

— 1
| 3y Yy
Tasy @ Ty =|—==—=—== -r-—__\_/_
0 : 2 3/2
V3 -1
v T,

1, @/4:@/4 =34
_ﬁ/4 _1/4:_3/4 _ﬁ/4
AR

Taaz) @ Tzz) =

I
e T
I
1/2 0 : \/§/4 0 \
Tips ® Tiyy) = ° TUa o 3,
23) ® Taz) = 7§—2———0-:-—-1/_2__0_
0 —\/5/'E 0o ~1/, B

Tt12) @ Tiaz) = l‘ """

I
0 : 2 ¥ 2
1 —V3 /, 1/,
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/—1/2 0 :—x/§/4 0 \
| © 1 0 —\/§/4
|

3
=
N/
b2y
3
=
N
|
1
|
|
|
-l

1
\/§/4 —1/4| —3/4 \/§/4
Ta13) @ Tz = !

(1/4 \/5/4: —\/5/4 —3/4\‘
|
)

\_3/4 _ﬁ/z; _@/4 14

Algorithm (3): Three representation for Groups S,
Input: n (the degree of groups S,,)
Step 1: Call algorithm 2
Step2:Dol=1to K
DoJ=1toK
D(1,9)
END J-Loop
END I-Loop
Step 3: to evaluate R where
R(l, J)=C(1,9)*D
Step 4: Set
R(1,1) = C(1,1)*D
R(1,2) = C(1,2)*D

Where
/Dn Di; DlK\
Dy1 Dy, D,k
p=| " |
\Dm Dk, DKK/ KXK
Step 5: Set

Where S =nm x k
Step6:Dol=1t0 S
DoJ=1toS
PRINT R(1,J)
END J-Loop
END I-Loop
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Output: the Three representation for Groups S, R(S, S)

Example

T12) @ T(23) ® Taz) =

Te) ® T23) & Ta2) I

0 V3/2 0o -1/2

|
|
|
1 0 3T T o
: 0 —\/3/4

Tey @ T2z) @ T(12) !
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10
I 0!
0 L !
S 1 0
| |
" 1 D
0, |
S (VIS s R
1 1
. I I
Tte) ® Tizs) ® Taz) = I I
[ T -
! 1 b
| | 0
' 0 1
Algorithm (4) The character of rdpresentation for S,
Input: n (the Degree of S,,)
Step 1: x(0) =0
Step2:Dol=1tom
x()
End I-Loop
Step2: DoJ=1ton
x()
End J-Loop
Step4:Dol=1tom
DoJ=1ton
x(k) = x(D) * ()
END J-Loop
END I-Loop
PRINT (k)
X(1)
X(©2)
Step 5: set y(k) = X(a)‘
X(S)
S=(Mnm)/2
Step 6: Call algorithm 3
Step 7: Call algorithm 4
Output: the character of representation for S,,.
(x(k),k = 1toS)
Class 13 12 3t
Order 1 3 2
x(D 1 1 1
x(2) 1 -1 1
x(3) 2 0 -1
In13
x(H®x2)=1+1=1
x(D®xB)=1+2=2
1x2)®@xB)=1+2=2
In12
x(D®x2)=1+-1=-1
x(DH®xB)=1x0=0
x2)®x(B)=-1%x0=0
In 31
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xR x(2)=1x1=1
x(D®xB)=1x1=1
x2)Qx(B)=1+(-1)=-1

In13
xDRx2)®x(B)=1+1x2=2
_1_
2
2
_|-1
=l o
0
-1
2_

The Algorithm of the Main Program
The Tensor Product of Representation Groups S,,
1<n<12
Input: n (the degree of the Symmetric groups)
Step 1: Call algorithm 1
Step 2: Call algorithm 2
Step 3: Call algorithm 3
Step 4: Call algorithm 4
Output : (T(I), I=1 to m) To evaluate the tensor product of representation groups S,,.
End

Il. Recommendation
Our recommendation for future worke are
1. Evaluating the tensor product of representation for groups S,,,n > 12.

2. Evaluating the Tensor product of representation for groups
Ch=(g:9" =e).

3. Evaluating the Tensor product of regular representation for a group S,,.

Flow Diagram of the Main Program
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