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Abstract: In 1993, Satyanarayana [8] has defined generalized hypergeometric functions through 

p

q

; ;(a )
H (x,w)

n; ;(b )

 


 by using difference operator technique. In this paper we established unification of several 

multilateral generating relations of certain special functions has been established through a bilateral 

generating relation for generalized hypergeometric functions, p

q

; ;(a )
H (x,w)

n; ;(b )

 


.  

 

I. Introduction 

In the present paper an attempt has been made to develop various multidimensional bilateral generating relations 

of certain special functions e.g. Pseudo Laguerre polynomial, Sister celine’s  polynomials, Hermite, Laguerre, 

etc., through a bilateral generating relation for generalized hypergeometric functions p

q

; ;(a )
H (x,w)

n; ;(b )

 


.  In 

Satyanarayana [8] defined and studied the generalized hypergeometric function p

q

; ;(a )
H (x,w)

n; ;(b )

 


and also proved 

that 

p

q

x x2n (a ) : n, 1; ;( ) w; ;(a ) pp:2;1n w wH (x,w) F w,w ,
q:1;0n; ;(b ) x x

(b ) :1 n;....;n!( 1) ( ) qn n
w w

            

 

                                                                                                                      ….       (1.1) 

where )yx,(F ;;
vs;q;
urp

is double hypergeometric functions (see Srivasatava and Karlesson  [9, P.27(28)]).  In 

particular, for  

  p

p

; ;(a )x 2n nlim {e x H (x,w)} L (x),nn; ;(a )w 0

  


                                  ….                              (1.2)  

where nL (x)n
  is the pseudo Laguerre polynomials.  

In this investigation the author require the generalized Lauricella function of several variables Srivastava and 

Manocha [10, P.64 (18)]. 
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                                                                                                                            ….      (1.3) 
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II. The Main Result 
 We prove the following main bilateral generating relation: 

1 M 1 M

p

q1 M 1 M

M 1 M[( )] [(1 (d '))] ...[1 (d )] [(g )] ...[(g )] ; ;(a )n ( )n ( )n ( )n ( )n
I H (x,w)

n; ;(b )M 1 M[( )] [(1 (b '))] ...[1 (b )] [(h )] ...[(h )]n 0 n ( )n ( )n ( )n ( )n

        



      

 
                                                            

1 1 1 M M M

1 1 1 M M M

1 1 1 1[( ) :1;...;1] :[(b ) ( )n : t ],[(g ) ( )n : r ],A 1 1A:B G E ;...;B G E
F
C:D H F ;.....;D H F 1 1 (1) 1[( ) :1,...,1] :[(d ) ( )n : ],[(h ) ( )n : ],c 1 1

         
           

 

1 M M1 M M M[(e ) : s ];...;[(b ) ( )n : t ],[(g ) ( )n : r ],[(e ) : s ];1 M M M nz ,z ,..., z t1 2 M
1 M M M M M[(f ) : v ];...;[(d ) ( )n : ],[(h ) ( )n : ],[(f ) : v ];1 M M M

    

     

 

1 M 1 M 1 M

1 M 1 M 1 M

[( ) :1,1,0,0,...,0],[ :1,1,0,..,0],[(a ) : 0,1,1,0,...,0],pp D ... D G ... G A 1:1,1,1;E ,...,E
F

xq B ... B H ... H C 3:0,0,0,F ,...,F
[( ) :1,1,0,0,...,0],[ 1:1,1,0,....,0],

w

  
        

         
   



 

1 1 1 M M M 1 1 1 M M M[1 (d ): , ,0 ,0,...,0],...,[1 (d ): , ,0,0,...,0, ],[(g ): , ,0,r ,0,...,0],...,[(g ): , ,0,...,0,r ],1 M 1 M

x 1 1 1[ :1,1,0,...,0],[ :1,1,.0,...,0],[(b ):0,1,1,0,...,0],[1 (b ): , ,0, t ,0,...q 1w

           

       M M M,0],...,[1 (b ): , ,0,0,...,0, t ],M   

                                                                                                               

x x
[( ) : 0,0,0,1,...,1] : [ 1: 0,1,0,...,0],[ : 0,0,1,0,...,0],[ :1,0,0,0,...,0],A

w w

1 1 1 M M M[(h ) : , ,0, 0,...,0],.., ,[(h ) : , ,0,...,0, ];[( ) : 0,0,0,1,...,1],1 M c

      

      

 

1 1 2 2 M M

1 M[(e ) : 0,0,0,s ,0,...,0],...,[(e ) : 0,0,..,0, s ]1 M l l l2 1tw , tw ,-w,(-1) z ,( 1) z ,...., ( 1) z1 2 M
1 M[(f ) : 0,0,0, v ,0,...,0],....,[(f ) : 0,0,0,...,0, v ]1 M

         


      

                                                                                                               ….                   (2.1)  

where  ),...,,(F 21
;...;;:

;.....;D;D:C

)()2(1

)((2)1 n
BBBA

D
zzz

n

n
 is Lauricella function of several variables Srivastava and 

Manocha [10,P.64(18)]. 

 

Prof of (2.1): To prove (2.1), we consider 

1 M 1 M

n n p

q1 M 1 M

n n

M 1 M[( )] [(1 (d '))] ...[1 (d )] [(g )] ...[(g )]n ( ) ( ) ( )n ( )n ; ;(a )
I H (x,w)

n; ;(b )M 1 M[( )] [(1 (b '))] ...[1 (b )] [(h )] ...[(h )]n 0 n ( ) ( ) ( )n ( )n

        



      

 
 

1 1 1 M M M

1 1 1 M M M

1 1 1 1 1[( ) :1;...;1] :[(b ) ( )n : t ],[(g ) ( )n : r ],[(e ) : s ];...;A 1 1 1A:B G E ;...;B G E
F
C:D H F ;.....;D H F 1 1 (1) 1 1[( ) :1,...,1] :[(d ) ( )n : ],[(h ) ( )n : ],[(f ) : v ];...;c 1 1 1

         
           

 

M M1 M M M[(b ) ( )n : t ],[(g ) ( )n : r ],[(e ) : s ];M M M nz ,z ,...., z t1 2 M
M M M M M[(d ) ( )n : ],[(h ) ( )n : ],[(f ) : v ];M M M

    

     

 

By using (1.1) and (1.3) and writing (n+k) for n, we obtain  

 

1 M 1

1 1 M M 1 1

1 M

M 1n [( )] ( ) [(1 (d '))] ...[1 (d )] [(g )]n k n k ( )(n k) l ( )(n k) l ( )(n k) r l
I ....

x x
[( )] ( ) [(b ] ( ) ( 1)n 0k 0l 0 l 0 n k n k q k r n k n k

w w

                


               

   


M

1 2 M 1 1 M MM M

1 M 1 M

1 21 1 M M 1 1 M M

xM 1 M........[(g )] [( )] [(a ] [(e )] ...[(e )] ( ) ( 1)A l l ... l p k r s l s l n k( )(n k) r l
w

M 1 M[(1 (b '))] ...[1 (b )] ,[(h )] ,...,[(h )] [( )]C l l ...( )(n k) t l ( )(n k) t l ( )(n k) l ( )(n k) l

        

               
M

l
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1 M 1 1 M M 1 1 M M

1 1 M M

x
( )r l l k l .... l t l .... t l2n 2k n k Mw (w) (tw) ( w) z ....z t ( 1)

M11 M[(f )] ...[(f )] n!k!r!l !....l !v l v l 1 M

  
          

from this we get the result (2.1). 

 

III. Applications 

M M M M M M(i). By writing  A C,( ) ( ),(B ) 1,(G ) 1,(E ) u,(F ) v 2,(D ) 0 (H )A C            

1M M M M M M M M M M(b ) 0,( ) 1 (g ) ( ),(e ) (a ),(f ) (b ),(f ) 1,(f ) ,u u v v1 1 1 1 v 1 v 2 2
         

 
 

(t ) (r ) 1,(s ) (v ) 1  in (2.1) ,M M M M    we obtain a multidimensional generating relation for generalized 

hypergeometric function p

q

; ;(a )
H (x,w)

n; ;(b )

 


 and the Sister celine’s polynomials ([6, P.290(2)]). 

; ;(a )[( )] p 1 1 2 2 M M nn H (x,w)f ((a );(b );z ).f ((a );(b );z )....f ((a );(b );z )tn u v 1 n u v 2 n u v Mn; ;(b )q[( )]n 0 n

   






 

[( ):1,1,0,0,...,0],[ :1,1,0...,0],[(a ):0,1,1,0,...,0],
pp M 1:1,1,1;u,...,uF

q M 3:0,0,0,v 2,...,v 2
[( ):1,1,0,0,...,0],[ :1,1,0,..,0],[(b ):0,1,1,0,...,0],

q

  
       

 


 

 

x x
[1:1,1,01,0,...,0],...,[1:1,1,0,0,...,0],[ :1,0,...,0],[ 1:0,1,0,...,0],[ :0,0,1,0,...,0],

w w

x x
[1:1,1,0, 1,0...,0],...,[1:1,1,0,0,...,0, 1],[ 1:1,1,0...,0],[ :1,1,0,...,0],

w w

   

   

 

1 M[(a ):1],...,[(a ):1]
u u l l l

1 1 2 2 M Mt,-wt,w,(-1) z ,( 1) z ,....,( 1) z1 2 M1 11 M[(b ):1],[1:1],[ :1];....;[(b ):1],[1:1],[ :1]
v v2 2

     
  



 

                                                                                                                           ….        (3.1) 

 

M M M M M M(ii). By  taking A C,( ) ( ),(B ) 1,(G ) (E ) (D ) 0 (H ) (F ) 0A C            

1 tM M(b ) 0, ( ) 1,(t ) 2,z  and T  M M1 1 2 M4X
M (2x )j

j 1


     




 

in (2.1), we have a multilateral generating relation for generalized hypergeometric function  p

q

; ;(a )
H (x,w)

n; ;(b )

 


 

and the Hermite polynomial 

 

p

q

[( )] ; ;(a ) Mn H (x,w)H (x ).H (x )....H (x )Tn 1 n 2 n Mn; ;(b )M[( )] (n!)n 0 n

   




 
 

 

[( ):1,1,0,0,...,0],[ :1,1,0,...,0],[(a ):0,1,1,0,...,0],[1:1,1,0, 2,0,...,0],...,
pp M 1:1,1,1;0,...,0F

q 3:0,0,0;0;...;0 x x
[( ):1,1,0,0,...,0],[ 1:1,1,0,...,0],[ :1,1,.0,....,0],

w w

   
    
    


 
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x x

[1:1,1,0,0,...,0, 2],[ 1:0,1,0,...,0],[ :0,0,1,0,...,0],[ :1,0,0,...,0]
w w

[ :1,1,0,...,0],[(b ):0,1,1,0,...,0]
q

    



 

                             
M M 1 1 1

T (2x ), wT (2x ),w, , ,...,j j 2 2 2j 1 j 1 4x 4x 4x1 2 n

  
   
  

 

                                                                                                                           ….    (3.2) 

 

M M M M M M(iii). By writing A C,( ) ( ),(B ) 1,(G ) 0 (E ) (F ),(D ) 1,(H ) 0,A C           

M M M M M M M(b ) 1 ( ),(d ) 1 ( ),( ) ( ) 1,( ) ( ), t 1 ( )and t (-1) TM M M M1 1 1 1
                  

(s ) (v ) 1M M   

 

in (2.1), we obtain a multilateral generating relation for generalized hypergeometric function and the modified 

Laguerre polynomials 

 

1 2 M

p 1 n 2 2 M n

q

M[( )] (n!) ; ;(a ) nn H (x,w)L (z ).L (z )....L (z )T1 2 nn n nn; ;(b )
[( )]n 0 n

         





 
 

=  Mzz  ...z 21e  

1 1 M M[( ) :1,1,0,0,...,0] :[(a ) : 0,1,1,0,...,0],[ : , 0, 1,0,...,0],...,[ : , ,0,0,...,0, 1],p 1 Mp M 1:1,1,1;0,...,0
F

q M 3:0,1,0;0;...;0 1 1[( ) :1,1,0,0,...,0] :[(b ) : 0,1,1,0,...,0],[ : 1, 1,0, 1,q 1

        
  
  

      
  M M0,...,0],...,[ : 1, 1,0,...,0, 1],M





     

 

x x
[ :1,1,0,...,0],[ :1,0,...,0],[ 1: 0,1,0,...,0],[ : 0,0,1,0,...,0]

w w M M( 1) T,( 1) wT, w, z , z ,..., z1 2 M
x x

[ 1:1,1,0,...,0],[ :1,1,0,...,0],[ :1,1,0,0,...,0], , ,
w w

    


     
    

   

                                                                                                                           ….       (3.3) 

 

(iv). By writing p q,(a ) (b ),( j 1,2,3,...,p) j j   and applying limit as  0w  in (2.1), (3.1), (3.2) and (3.3),  

we obtain a bilateral generating relations  and multidimensional generating relations for Laguerre polynomial 

and Sister celine’s polynomials, Hermite Polynomials, modified Laguerre polynomial: 

1 M 1 M

n n

1 M 1 M

n n

M 1 M[( )] [(1 (d '))] ...[1 (d )] [(g )] ...[(g )]n ( ) ( ) ( )n ( )n nL (x)nM 1 M[( )] [(1 (b '))] ...[1 (b )] [(h )] ...[(h )]n 0 n ( ) ( ) ( )n ( )n

       

      

 
 

 

1 1 1 M M M

1 1 1 M M M

1 1 1 1 1[( ) :1;...;1] :[(b ) ( )n : t ],[(g ) ( )n : r ],[(e ) : s ];...;A 1 1 1A:B G E ;...;B G E
F
C:D H F ;.....;D H F 1 1 (1) 1 1[( ) :1,...,1] :[(d ) ( )n : ],[(h ) ( )n : ],[(f ) : v ];...;c 1 1 1

         
           

  

M M1 M M M[(b ) ( )n : t ],[(g ) ( )n : r ],[(e ) : s ];M M M nz ,z ,...., z t1 2 M
M M M M M[(d ) ( )n : ],[(h ) ( )n : ],[(f ) : v ];M M M

    

     

 

 

1 M 1 M 1 M

1 M 1 M 1 M

1 1 1[( ) :1,1,0,0,...,0] :[1 (d ) : , ,0 ,0,...,0],...,1 1D ... D G ... G A 1:1,0,0;E ,...,E
F

B ... B H ... H C 1:0,0,0,F ,...,Fx 2n 1 1 1e x [( ) :1,1,0,0,...,0] :[1 (b ) : , ,0, t ,0...,0],...,1

             
             

 
            

 

M M M 1 1 1 M M M[(1 (d ) : , ,0,0,...,0, ],[(g ) : , ,0, r ,0,...,0],...,[(g ) : , ,0,...,0, r ],M 1 M

M M M 1 1 1 M M M[1 (b ) : , ,0,0,...,0, t ],[(h ) : , ,0, 0,...,0],[(h ) : , ,0,...,0, ];M 1 M

       

         

  

1 M[( ) : 0,0,0,1,...,1],[ :1,1,0,...,0],[ :1,0,....,0],[(e ) : 0,0,0,s ,0,...,0],...,[(e ) : 0,0,..,0,s ]A 1 M

1 M[( ) : 0,0,0,1,...,1],[ :1,1,0,0,...,0],[(f ) : 0,0,0, v ,0,...,0],....,[(f ) : 0,0,0,...,0, v ]c 1 M

  

 
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                                               1 1 2 2 M M
l l l

t,-xt,(-1) z , ( 1) z ,...., ( 1) z1 2 M
     

  


 

                                                                                                                             …     (3.4)       

where nL (x)n
 is pseudo Laguerre polynomial [6]. 

 

[( )] n 1 1 2 2 M M nn L (x)f ((a );(b );z ).f ((a );(b );z )....f ((a );(b );z )tn n u v 1 n u v 2 n u v M
[( )]n 0 n

  



 
 

[( ):1,1,0,0,...,0]:[1:1,1,01,0,...,0],...,[1:1,1,0,0,...,0],1 M:1,0,0;u,...,uF
M:0,1,0,v 2,...,v 2x 2ne x [( ):1,1,0,0,...,0]:[1:1,1,0, 1,0...,0],...,[1:1,1,0,0,...,0, 1];

  
      

 

 

1 M[ :1,1,0,...,0],[ :1,0,...,0],[(a ):1],...,[(a ):1];
u u l l l

1 1 2 2 M Mt,-xt,(-1) z ,( 1) z ,....,( 1) z1 2 M1 11 M[ :1,1,0,0,...,0],[(b ):1],[1:1],[ :1];....;[(b ):1],[1:1],[ :1]
v v2 2

 
     

  


 

                                                                                                                           ….        (3.5) 

where nL (x)n
 is pseudo Laguerre polynomial [6]. 

 

[( )] n nn L (x)H (x ).H (x )....H (x )Tn n 1 n 2 n MM[( )] (n!)n 0 n

  



 
 

x 2n

[( ):1,1,0,0,...,0]:[1:1,1,0, 2,0,...,0],...,[1:1,1,0,0,...,0, 2],[ :1,1,0,...,0],[ :1,0,...,0]1 M:1,0,;0,...,0F
:0,1,0;0;...;0e x [( ):1,1,0,0,...,0]:[ :1,1,0,0,...,0]

      
  

 

 

M M 1 1 1
T (2x ), xT (2x ), , ,...,j j 2 2 2j 1 j 1 4x 4x 4x1 2 n

  
   
  

 

                                                                                                                           ….    (3.6) 

where nL (x)n
 is pseudo Laguerre polynomial [6]. 

 

1 2 M

1 n 2 2 M n

M[( )] (n!) n nn L (x)L (z ).L (z )....L (z )Tn 1 2 nn n n
[( )]n 0 n

       



 
 

=  
1 2 M

z z ... ze

x 2ne x

  
 

1 1 M M[( ) :1,1,0,0,...,0] :[ : , 0, 1,0,...,0],...,[ : , ,0,0,...,0, 1],1 MM 1:1,0,0;0,...,0
F

M 1:0,0;0;...;0 1 1 M M[( ) :1,1,0,0,...,0] :[ : 1, 1,0, 1,0,...,0],...,[ : 1, 1,0,...,0, 1],1 M

           
               

 
 

                                  
[ :1,1,0,..., 0],[ :1,0,0,..., 0] M M( 1) T, ( 1) xT, z , z ,..., z1 2 M

[ :1,1,0,0,...,0],

  
     

 
 

                                                                                                              ….               (3.7) 

where nL (x)n
 is pseudo Laguerre polynomial [6]. 
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