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Abstract: Let & = (V,E) be a graph. A subset 5 of V is called a boundary dominating set of & if

every vertex in ¥ — 5 is vertex boundary dominated by some vertex in 5. The minimum taken over

all boundary dominating sets of G is called the boundary domination number of & and is denoted by

¥uG&). In this paper, we introduce the boundary domination and the boundary domatic number dy(G)
in Middle graph.
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I.  Introduction
Domination in graphs has become an important area of research in graph theory, as evidenced by
the many results contained in the two books by Haynes, Hedetniemi and Slater (1998) [3]. All graphs in this

paper will be finite and undirected, without loops and multiply edges. As usual 11 = V]
and m = |E| denote the number of vertices and edges of a graph &, respectively. In general, we use
N(v) and N[v]to denote the open and closed neighbourhood of a vertex 7, respectively. A subset D of
vertices in a graph G is a dominating set if every vertex in ¥V — IJ is adjacent to some vertex in I}. The
domination number ¥(G) is the minimum cardinality of a dominating set of G.

Middle graph M (G) of a graph G is defined with the vertex set V' (G) u E((G), in which two

elements are adjacent if and only if either both are adjacent edgesin G or one of the elements is a vertex
and the other one is an edge incident to the vertex in G.

Let G be a simple graph G = (V.E) with vertex set V(G) = {v1,vz2---,¥n}- For I ¥ J, a
vertex ¥i is a boundary vertex of ¥j if d(v;,ve) = d(vj,vi) foralve €N (1) (see [1, 2]).
A vertex v is called a boundary neighbor of u if ¥ is a nearest boundary of w. If w € V,
then the boundary neighbourhood of 2 denoted by N (1) is defined as

Ny(u) ={v € V: d{u,w) < d(u,v) for all w& N (u)]}. The cardinality of N (u) is denoted
by degy(u) in G. The maximum and minimum boundary degree of a vertex in G are denoted
respectively by Az(G)and 8;(G). That is A,(G) = max, ., |N,(u)l, §,(G) = min, | N, (u)l.
A vertex U boundary dominate a vertex v if 7 is a boundary neighbor of iL.

A subset B of V(G) is called a boundary dominating set if every vertex of ¥ — B is boundary
dominated by some vertex of B. The minimum taken over all boundary dominating sets of a graph G is
called the boundary domination number of G and is denoted by ¥ (G).[4]. We need the following
theorems.

Theorem.1.1. [4]
(1) Forany complete graph K., ¥ (K,) = 1.
(2) Forthe complete bipartite graph Ko n with 2 = m < n, ¥, (K n) = 2.
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The definition of boundary domination motivated us to introduce the boundary domination in Middle
graph of .

Il.  Main Results
Boundary Domination number of middle graphs are obtained in this section. Let G = (V,E)
be a graph with vertices v1,¥z..., V. Let €; = ;¥ . 4 for 1 = i = n — 1 be the

edges of G. The middle graph of G is M (G). Here V(M(G))={re:1=i=n} and
EMI\G)) =lejej y 1.viej.ejvi y 1:1 =1 =n— 15

Definition2.1. A vertex v € V (M (G)) is said to be a boundary of u if d(w,w) =< d(w,u) for all
w € Ny (v). A vertex v is a boundary neighbor of a vertex 1t if ¥ is a nearest boundary of . Two
vertices ¥ and . are boundary adjacent if 1 adjacent to 1 and there exist another vertex W adjacent to
both 17 and L.

Definition2.2. A subset 5 of vertices is called a boundary dominating set if every vertex of
V(M (G))— S is boundary dominated by some vertex of 5. The minimum taken over all boundary
dominating sets of a middle graph of G is called the boundary domination number of M (G} and is denoted
by ¥ (M (G)).

A boundary dominating set 5 is minimal if for any vertex v £ 5,5 — {w} is not boundary dominating set
of M (G). A subset S5 of V(M (G)) is called boundary independent st if for any
v ES, vE Ny(w), foralw € 5§ — {v} If awexv € V(M (G)) be such that Ny(v) = ¢@
then F is in any boundary dominating set. Such vertices are called boundary-isolated. The minimum
boundary dominating set denoted by ¥ (M (G)) — Set. For a real number x: |x| denotes the greatest
integer less than or equal to x and [x] denotes the smallest integer greater than or equal to x.

Example2.3. In Figure 1, {vy, ¥4}, fv72, 73 1, {v5, s} are the minimum boundary dominating set of
G, Vu(G)=2, {vyey,vsi}{v:,vave) {es s ec).{esese:} are the minimum  boundary
dominating sets of M(G), and yp(M (G)) =3.

Figure 1: G and M (G)
Observation2.4. For any graph G, we have ¥ (G) = (M (G)).

2.1 Boundary Domination Number

By the definition of Middle graph, we have V(M (G) = V(G) U E(G), and
) WM({Pp)ll= 2n - LAL(M(Pr)) = 4and & M (P} = 2.

) IWM(Cq)ll= 20,5 (M(Cq)) = & (M(Cp)) = 4
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3 WM(K{n)ll=2n + LA, (M(K{ n))=2n - land §pb(M(Ky n))=n - 1.

9 MOl = 25, Ay (M (Kn)) = 2 and & (M (K )) = TR,

5 VIM(Wn)]|=3n+1, Ab(M (Wn)) = 2n and 3p(M (Wn)) = 2n 3.

6) VM (Em nll|=m+n+mn Ap(MEmn))=mnand & (MEm,n))=mn —1,

) M (Bm n)ll=20m+ )+ 3,8, (M(Bm n))=m + n+ 1and & (M By, n))=m+ n.

We now proceed to compute ¥4 (M (G)) for some standard graphs. It can be easily verified that

(1) For the complete bipartite graph Km n with 2 = m = n,yp (M (Km n)) = 3.
(2) For the wheel Wp on n vertices, ¥ (M (W3 ) =
(3) For the bistar graph By pwith 2 = m = n,yy (M (Bgp n 1) = 3.

-
J,

Theorem?2.5. Forany path Py, ,n = 3,y (M (P )) = EJ + 1L

Proof. It is easy to observe that ¥ (M (P2)) = 2, Let Pn be a path on 7 vertices where
n =3 V(Pp) = {v,ve,...., 0 1, ef = viviy1;1=i=n-1 and let
u;j £ V(M (Pyn)) be the vertex corresponding toej. Since di(wy,uy) << dl1y,12), then let
S=1{vy eV(M(Pp)):i = 2j + 1} If n is odd, then 5 is a boundary dominating set of
M (P3 ). If 1 is even, then 5 U {u,—4}is a boundary dominating set of M (P ), and the boundary
dominating set of M (P ) is

Wivgewvn _ 1.up_qf if n=2k
5=

v1.v3 o uvn ¥ if n=2k + 1.
and
+1 if n=2k

n

sl =

P21 ifn=2k +1

Hence v (M (P, ) = FJ +1

Theorem?2.6. For any cycle graph C; .n = 3.vp {\“I Ch ]} = [%J

Proof. It is easy to observe that ¥k (M (C3)) = 3, let Cn be a cycle on M vertices where
n=4V(Cp)= {vove..... vy, v} and € = Viviy;1 =i =n -1, enp = vuv; and
let uj EV(IM(Cn)) be the vertex corresponding to € . Since
d(vyun ) =< d(vyvs) = d(vy,vp), thenlet 5= [v; eV(IM(Cpl):i = 2j+1L If n
is even, then S is a boundary dominating set of M (L3 ). If nis odd, then 5 U {1y }is boundary
dominating set of M (Cy; ). Therefore the minimum boundary dominating set of M (Cy ) is

{ fv,v3,...., -1} ifn=2k
yr=

v, v, L0} ifn=2k+1,

and
n—1-—-1
T-'_l ifn = 2k,
151 = -
n—1
+1 ifn=2k+ 1.

2
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= ifn = 2k,
= ifn =2k + 1.

Hence ‘rh(‘{ (Cpl)= [%J

Theorem2.7. Forany star graph K 15 , ¥ (M (K 1)) = 2.

Proof. Let G ZKinand let wu; EV(M(K,,)) be the vertex corresponding to €i, since
div,w) = div.t)for all weN({v) and Np(v) = {veV:dvw)=diwrt) for all
weN@)) = V() - wu} and Ap(v) = Np@) = V() — [vull = L -2, we have
Ap (M(KQ n)) = 2n - L =L - 2, then there exist only one vertex say u £ Np (¥). u = N (v) and
u is boundary dominating itself, therefore S = [v.u}and I5| = 2. Hence ¥y (M (K 1,)) = 1.

Theorem2.8. For any complete graph Ky , ¥p (M (K4 J) = 3.
Proof. Let G = M(K,) and let u; EV(G) Dbe the vertex corresponding to €; .

Suppose v; € V(G), since d(wv;,v;) = d(v;,v) for all j = t, then there  exist
m‘n:l}E Ny(v,Jand (n — 1) £ N(v;) If a vertex u; € V(G) is adjacent vj then there exist

2
(n—1)(n—2)
4

ENy(u;)and 2(n — 1) £ N (1 ). Now we take a vertex v; £ Ssuch that i # j, then
nin—1)

-
r

there exist (S Nb{v}-} and (n — 1) £ N (vj ) also there exists are boundary vertices are common

between vj.ui and v; which this number is boundary vertices of i , therefore only (m —2) are

boundary neighbor vertices of 1) also v and

4

Ny (v ) U Np () U Np (eg) U {vg, 05,7 )| =2(n — 2) + 2202 4 5208 _y(G),

Therefore the boundary dominating set is 3 = {1"pepvj }. Which contained any path P3 in M (G).
Hence y3 (M (K3 )) = 3.

Proposition 2.9. Let u be a vertex of a middle graph of G. Then V(M {(G)) —Np(u) is a
boundary dominating set for M ().

Theorem 2.10. If G is a connected graph of order n >3 and M{() is a middle graph of G of order | >
5, then ¥p (M I{G)) =1 — Ap (M (G)).

Proof. Let u be a vertex of a middle graph of G. Then by the above proposition, ¥ IiM I:G}] — Np(u) is
a boundary dominating set for M(G) and [Np (u)l = Ap (u). But Np(u) = 1. Thus
yu (M (G)) = 1 — 1. Suppose ¥} [M (G)} = [ — 1, then there exists a unique vertex u*in M(G)
such that u* is a boundary neighbour of every vertex of V(M (G)) — {u*}, this is a contradiction to

the fact that in a graph there exist at least two boundary vertices. Thus ¥ (M (G)) = [ — 2. Hence
¥h(MI(G)) =1 — Ap (M(G)).

Theorem 2.11. If G is a connected graph of order n >3 and M(G) its a middle graph of order | >5, then
¥e(M(6)) = [_1

14+A

Proof. We have four cases: )
Case 1: If G2, since L=|VIMIFn)]|=2n—1 and Ap (M (Pn)) =4 then

[_-| _ [:n—1'| - EJ +1=y,(M(B)).

1+dp 5
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Case 2: If G20 since [=IVIMLnll|=2n ad Ap(M(Cnd)=4 then
) [ <[] (o)

144p 5
Case 3: If G2Ky since 1=|V[ME)] = mn;u, and Ap(M(K.))= mz = then
- TR
— . T In —
1445 = .I.I.-I.z N = 1 + [nl:n—1}-| = 3 - Fb{M(HH}}

Case 4 If G =ZKin since [ =|V|M(fn)||=2n+1 and Ap (M (Kin )) =2n—1, then

[Zn+1

-1-:5;3- = -| =1+ [§-| =2 =7 (M{HL”})'

In

From the Theorems 2.10 and 2.11, we obtained the upper and lower bounds of the boundary domination
of the middle graphs.

Observation 2.12. Forany graph G, we have, [de =yp (MIG)) =1 — Ap (M(G)).

Theorem 2.13. Forany graph G and M (&) its middle graph of order | ,

y(M(G)) + yp (M(G)) =1 + 1.
Proof. Letv € V(M {(G)), then N(v)UNp (1)U {v} =V(M(G)), N (v)|+ Ny (v)+1 =1
and AMI(G)) +Ap (MIG))+1=1 But we have yIMIG)) =1 — A(M(G))and yp (M (G)) <

I-Aph(M (G)). Therefore
pIMIG))+ypMIG)) = 2l -AMIG)) FARIMIG)) = 21 -1+ 1 =1+ 1

Hence YIM (G)) + yp IMI(G)) =1 + 1

2.2 Boundary Domatic Number
Definition 2.14. Let G = (V,E) be a connected graph. The maximal order of partition o f the vertices

V into boundary dominating sets is called the boundary domatic number of G and denoted by dj ().

Example 215, {{wy, v}, {v2,v3}.{vs,vs}} is a boundary domatic partition of G, and
vy, v5,v3}, {ea, €5, 1} is a boundary domatic partition of M (&), therefore dp(G) =3 and
dp (M (G)) = 2.

Q

es5

Figure 2: G and M (G)

Observation2.16. For any graph G, we have dp (M (G)) = dp (G).

We first determine the boundary domatic number of middle graphs of some standard graphs, we
observe that:

1 dp(M(Bm n))=1
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1 ifn=2or9,
3. db [M(Pnj] = [
2  otherwise.
2 ifn=23,
4. dy (M(W,)) =
1 otherwise.
2 ifn=3or4
5, db(M(Cn]]=[3 ifn=2k+ 1;k = 2,
4 ifn=2kk=3.

Remark2.17. Since ¥p(K3p) = 1, then d (Kp ) = L (?:c }J =n
Blin

Theorem?2.18. For a complete graph K4,

2 ifn=3or4,
db (M[:Kn:]j =

n  otherwise.

1

Proof. It is easy to observe that dp (M (K3)) = dp (M (K4)) = 2, let Kn be acomplete graph
(n+l
nintl) , since dp (M {G)) = dp(G) and
dp(Kypn ) = n, it follows that dp (M (K )) = dp(Kyn ) = n. To prove the reverse inequality,
from the Theorem 2.8 we have the boundary domination number of M (K3 ) is 3, then V(M (K ))
contains 7 disjoint paths of order 3. Clearly 151,52:---.5n }is a boundary domatic partition of
M (Kn ), sothat db (M (Kn )) = n, therefore db (M (K72 )) =n. Hence

2 ifn=3or4,

with . = 5 such that its middle graph of order I =

db (M(Kn:]j =

n  otherwise.

Theorem?2.19. For a star graph Ki.nj dp (M (Ky ) = n.
Proof. Let K , be a star graph with n >2 such thatits middle graph of order I=12n +1 since

_ . 1 2 .
e (M(K,,)) =2 it follows that dp(M(K, ))= lmJi l nflJ =n . Since

dv; uy) < d(v,v2), Ap(v) = Bp (M(Kyzn)) =2n — Land 65 (MK, ,)) =n ~ 1.
Thenlet 5i = ivi,ui: 1 = 1 = njpe the boundary dominating sets of MK ). Clearly
{51,52,....5n } isa boundary domatic partition of MUKy ;) so thatdb (M(K; ,)) = n,
Hence db(MI(K; ,)) = n,

Proposition 2.20. For any connected graph G of order n and M (&) its middle graph with [ vertices,

1. dp (M (G)) = [ : J

¥l MOED)
2. dp (M (G)) = 6, (M(G)) +1

Theorem 2.21. For any connected graph G, and M (&) its middle graph, then
(i) ¥ (M(G)) + dy (M (G)) = n + 2 and equality holds if and only if G is isomorphic to K1,n.

(i) ¥p (M (G)) + dp (M (G)) = n and equality holds if and only if G is isomorphic to W3.
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Proof. (i) Since dy=8,+1 and yp =1— A, we have yp+dp=2n+1-2n+1+n—-1+1
=n+2, Furtheryy, +dy=n+2 ifandonlyif dy =8z +1 and ¥y =1— Ay . Weclaimyy, = 2 If
¥y = 3, then dy = liJ Eg. Since ¥ + dy = 1+ 2, we have ¥y Ezﬂ—n . It follows that 4, = 2 s that

¥» = m . Which is a contradiction. Hence ¥y = 2and dy =71 sothat r = K, ,,.
(ii) Similarly as (i).

Theorem 2.22. Forany connected graph G, and M (G) its middle graph, then

(i) ¥p(M(G)) +dp(M(G)) =86y (M(G)) and equality holds if and only if G is isomorphic to
Km_n or Ki withmn = 6.

(i) ¥p(M(G)) +dp (M({G)) =n and equality holds if and only if G is isomorphic to Bm n or Pn.
Proof. (i)

Case 1: Let ¢ 2 K, ,, with 4=m = n =5 since db(M(G}} = d,(6) = l?l:l'?!J = lmT-I-nJi:

m+mn, and ¥ {M(Hmn})f_iI—ﬂbimn+m+n—mn:m+n, we have ¥pt+dy=2m
+2n =mn—1=4&,. Further equality holds if and only if ¥ =3 and dp=m+n—1 and it
follows that & = K, .

Case2: Let G 2K, with n =6 since dy(M(G)) = d,,(6) = [lJ =n, and

¥h
(m—1)(n—2)
-~

n(nt+l) n(n-1) = gy Further

yb(M(G}}EE—ﬁ.bE =n, we have yp+dy, =2n =
equality holds if and only if ¥y = 3 and dy = n, and it follows from the Theorem 2.7 that & 2 K.

Proof. (ii) Similarly as (i).

e 3
= =

I11.  Conclusion
In this paper we computed the exact value of the boundary domination number and the boundary
domatic number for middle graphs of paths, cycles, complete graphs, complete bipartite graphs, star graphs,
bistar graphs, wheel graphs and some special graphs. In addition, we found some upper and lower bounds for
boundary domination number and boundary domatic number for middle graph of graph.
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