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I.Introduction
In 1960,Levine.N [7] introduced and studied the concept of strong continuity. Later T.Noiri

[10] and S.S.Benchalli et.al [3]introduced the concepts of perfectly continuous functions and 6&gb-
continuous functions in topological spaces respectively. In 2007, E.EKici[6] defined the concept of
y-normal spaces and established results related to it and J.H.Park[11] introduced the concept of
b-regular set in topological spaces.

Throughout this paper,(X, 1),(Y,c) and (Z,n) (or simply X,Y and Z ) represents topological spaces
on which no separation axioms are assumed  unless explicitly stated.

Il1.Preliminaries
Let us recall the following definitions which are useful in the sequel,

Definition 2.1 A subset A of a topological space X is called,

(i) b-closed [1]if cl(int(A))N int(cl(A))CA.

(i) regular-closed [12]if A=cl(int(A)).

(iii)d-closed[13] if A=cl§ (A)where clg (A)={LxeX:int(cl(U))NA=¢p,Uet and xeU}.

(iv)delta generalized b-closed (briefly,dgb-closed)[2] if bcl(A)SG whenever ACG and G is 8-open in X.

The complements of the above mentioned closed sets are their respective open sets.The b-closure
of a subset A of X is the intersection of all b-closed sets containing A and is denoted by bcl(A).

Definition 2.2 A function f:X—Y from a topological space X into a topo- logical space Y is called,
(i) b-continuous [5] if f_1 (G) is b-closed in X for every closed set G of Y.

(ii)b-irresolute [5] if f_1 (G) is b-closed in X for every b-closed set G of Y.

(iii)d-continuous [9] if ffl(G) is d-closed in X for every &-closed set G of Y.

(iv)perfectly continuous [10] if f_l(G) is both open and closed in X for every open set G of Y.
(v)strongly continuous [7] if f_l(G) is both open and closed in X for every subset G of Y.

(vi) pre-dgb-continuous [3] if = (G) is dgb-closed in X for every b-closed set G of Y.

(vii) ogb-irresolute [3] if f_l(G) is dgb-closed in X for every dgb-closed set G of Y.

(viii)b-closed(resp,b-open) [6] if for every b-closed (resp,b-open) subset A of X, f(A) is b-closed
(resp,b-open) in Y.

(ix) d-closed [8] if for every &-closed subset A of X, f(A) is 8-closed in Y.

(x) dgb”-closed [4] if f(A) is dgb-closedin Y for each 5-closed set A of X.

(xi) b-ogb-closed [4] if f(A) is dgb-closedin Y for each b-closed set A of X.
(xii)almost dgb-closed [4] if f(A) is dgb-closed in Y for each regular-closed set A of X.
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Definition 2.3 [3] A topological space X is said to be
(xiii) Tggh-space if every dgb-closed subset of X is closed.

(xiv) dgbT,,-space if every dgb-closed subset of X is b-closed
(xv) 8Tsgh -space if every dgb-closed subset of X is §-closed.

I11.Some Stronger Forms of Pre-dgb-Continuous Functions.

In this section, the concepts of strongly d&gb-continuous and strongly pre-8gb-continuous
functions in topological spaces are introduced and some of their properties and characterizations are
established.

Definition 3.1 A function f:X—Y is called,
(i)perfectly dgb-continuous if £l (V) is clopen in X, for each dgb-closedset V inY.
(ii)strongly pre-6gb-continuous if £l (V) is b-closed in X, for each dgb-closed set V in Y.

Theorem 3.2 A function f:X—Y is perfectly dgh-continuous(resp,strongly pre-6gb-continuous) if and only
if £1 (G) is both open and closed (resp,b-open) in X for every 6gb-open set GinY.

Theorem 3.3(i)Every perfectly dgb-continuous function is strongly pre-6gb-continuous.
(ii)Every strongly pre-dgb-continuous function is b-irresolute.

(iii)Every strongly pre-dgb-continuous function is dgb-irresolute.

Proof:Follows from definitions.

Remark 3.4 The converse of Theorem 3.3 need not be true as seen from the followingexamples.

Example 3.5 Let X=Y={ab,c}.Let 1={X,0,{a}.{b}.{a,b}} and o={Y,p,{a}} be
topologies on X and Y respectively. Let f:X—Y be a function defined by f(a)=a and f(b)=f(c)=a.
Then f is strongly pre-6gb-continuous but not perfectly dgb-continuous, since {a} is égb-closed in Y but

£l {a})={a} is not clopen in X.

Example 3.6 Let X=Y={ab,c,d}.Let t={ X, 90,{a},{b}.,{a,b},{ab,c}} and

o={Y,0,{a},{b}.{a,b},{ac} {ab,c}} be topologies on X and Y respectively.
Let f:X—Y be a function defined by f(a)=a,f(b)=b,f(c)=c and f(d)=d. Then f is b-irresolute

but not strongly pre- dgb-continuous , since {a,b,d} is dgb-closed in Y but ffl{a,b,d}):{a,b,d} is
not b-closed in X.
If h:X—Y is a function defined by h(a)=h(b)=h(c)=a and h(d)=d. Then h is dgb-irresolute but not

strongly pre-dgb-continuous, since {a} is dégb-closed in Y but 1:_1 ({a})={ab,c} is not b-closed in
X.

Remark 3.7 The converse of Theorem 3.3(ii) is true if Y is dgbTy.,- space.

Theorem 3.8 If f:X—Y is strongly pre-3gb-continuous ,then for each xeX and for each dgb-open set V in
Y with f(x)eV,there exists a b-open set U in X containing x such that f(U)cV.

Proof: Let xeX and V is an 3dgb-open set in Y with f(x)eV, then xef_l(V). Since f is strongly dgb-
continuous, f_l(V) is b-open in X. Put U=f_1(V),then xeU and f(U)=f(f_1(V))cV.

Theorem 3.9 Let f:X—Y be a function.
(1) IfY is Tggh-space then f is perfectly dgb-continuous if and only if it is perfectly continuous.

(i) If Y is Tggb-space then fis strongly pre-dgb-continuous if and only if it is b-continuous.
Proof:(i). Suppose Y is Tggh-space and f is perfectly continuous. Let G be a dgb-closed set in Y, then

G is closed in Y.Therefore f_l(G) is clopen in X. Hence fis perfectly dgb-continuous.
Converse is obvious,since every closed set is dgb-closed.
(i) Suppose Y is Tggh-space and f is b-continuous. Let G be a dgb-closed set in'Y, then G is closed in Y.

Therefore f_l(G) is b-closed in X. Hence f is strongly pre-dgb-continuous.
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Converse is obvious,since every b-closed set is dgb-closed.

Theorem 3.10: Let :X—Y and g:Y—Z be any two functions.

()If fand g are perfectly dgb-continuous,then g-f is perfectly dgh-continuous.

(ii)If fand gare strongly pre-dgb-continuous,then g.f is strongly pre-gb-continuous.

(iii)If fis b-continuous and g is perfectly dgb-continuous,then g.f is strongly pre-3gb-continuous.
(iv)If fis b-irresolute and g is strongly pre-3gb-continuous,then g.f is strongly pre-3gb-continuous.
(V)If f is perfectly dgb-continuous and g is b-continuous,then g.f is perfectly continuous.

(vi)If f is 6gb-continuous and g is perfectly dgb-continuous,then g.f is dgb-irresolute.

(vii)If f is strongly pre-dgb-continuous and g is b-irresolute then g.f is b-irresolute.

Proof: (i)Let h=g.f and V be a dgb-closed set in Z. Since g is perfectly &gb-continuous,then g_1 V)
is clopen in Y. Now f is perfectly gb-continuous and every clopen set is dgb-closed,implies g_l(V) is
dgb-closed in Y and 1 [g_l(V)]:h_l(V) is clopen in X.Hence g.f is perfectly dgh-continuous.

(vi) Let h=g.f and V be a dgb-closed set in Z. Since g is perfectly 5gb-continuous, g_l(V) is clopen in Y

which implies g_l(V) is closed in Y. Now f is dgh-continuous,implies 1 [gfl(V)]:hfl(V) is
dgb- closed in X. Hence g-f is dgb-irresolute.
The proofs of (ii),(iii),(iv),(v) and (vii) are similar to (i) and (vi) with the obvious changes.

Definition 3.11[11] A subset A of a space X is said to be b-regular if Ais both b-closed and b-open.

Definition 3.12 A function f:X—Y s called perfectly pre-dgb-continuous if for each dgb-closed set V
inY, f_l(V) is b-regular in X .

Theorem 3.13 : Let f:X—Y be a function. Then ,

(i)If fis perfectly dgb-continuous, then it is perfectly pre-dgb-continuous.

(i)If fis perfectly pre-6gb-continuous, then it is strongly pre-6gb-continuous.
Proof: Follows from definitions.

Remark 3.14 The converse of Theorem 3.13 need not be true as seen from the following examples.

Example 3.15 Let X={a,b,c}and 1={X,0,{a},{b},{a,b}} be a topology on X.
Let f:X—X be a function defined by f(a)=a=f(c) and f(b)=b. Then f is perfectly pre-3gb-continuous but

not perfectly dgb-continuous, since {b} is 6gb-closedin Y but fﬁl({b}):{b} is not clopen in X.

Example 3.16 In Example 3.15,if h:X—X is a identity function.Then f is strongly pre-6gb-continuous
but not perfectly pre-6gb-continuous, since {c} is dgb-closed in Y but f_l({c})z{c} is not b-regular
in X.

Theorem 3.17 Let f:X—>Y and g:Y—Z be any two functions.

(i) If fand g are perfectly pre-dgb-continuous,then gf is perfectly pre-3gb-continuous.
(ii) If fis perfectly dgb-continuous and g is dgb-irresolute,then gf is perfectly dgb-continuous.
(iii)If fis perfectly dgb-continuous and g is dgb-continuous,then gf is perfectly continuous.

Proof:(i) Let h=gf and V be a dgb-closed set in Z. Since g is perfectly pre-gb-continuous, g_l(V) is
b-closed in Y. Now f is perfectly pre-6gb-continuous and every b-closed set is dgb-closed, implies g_l(V)

is dgb-closed in Y and f_l[g_l(V)]=h_1(V) is b-closed in X. Hence gf is perfectly pre-6gh-continuous.
(ii) The proof is similar to (i).

(iii) Let h=g«f and V be a closed set in Z.Since g is dgb-continuous, then g_l(V) is ogb-closed in Y.

Now f is perfectly dgb-continuous, implies f_l[g_l(V)]zh_1 (V) is clopen in X. Hence gf is perfectly
continuous.
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IV.Some Stronger And Weaker Forms Of égb-Closed Functions.
In this section, the notions of of strongly dgb-closed,quasi dgb-closed and regular
dgb-closed functions in topological spaces are introduced and discuss some of their properties.

Definition 4.1 A function f:X—Y is said to be strongly dgb-closed (resp,strongly dgb-open) if f(B) is
dgb-closed (resp,strongly dgb-open) in Y for each dgb-closed (resp,strongly dgh-open) set B of X.

Theorem 4.2 Every strongly dgb-closed function is b-8gb-closed. But converse need not be true in
general.

Example 4.3 Let X=Y={a,b,c}.Let t1={X,0,{a}.{b} {ab} {a,c}} and

o={X,p,{a} {b},{abF} be topologies on X and Y respectively. Let f:X—Y be a identity function.
Then f is b-6gb-closed but not strongly &gb-closed, since {a,b} is 6gb-closed in X but f({a,b})={ab}
is not dgb-closed in Y.

Remark 4.4 The following examples show that strongly dgb-closed and strongly b-closed functions are
independent

Example 4.5 In Example 4.3, f is strongly b-closed but not strongly égb- closed.

Example 4.6 Let X=Y={a,b,c}Let t=LX,0,{a}.{b} {a,b}}and
o={X,0,{a}.,{b}.{ab},{ac}} be topologies on X and Y respectively. Let f:X—Y be a identity
function ,then f is strongly &gb-closed but not strongly b-closed, since {a} is b-closed in X but
f({a})={a} is not b-closed in Y.

Theorem 4.7 If f:X —Y is b-6gb-closedand X is 8gbTy, —space,then f is strongly dgb-closed.

Lemma 4.8 A surjective function f:X—Y is strongly égb-closed if and only if for each subset M of Y
and each &gb-open set U containing f*l(M), there exists a dgb-open set G of Y such that McG and
f1(G)cu.

Theorem 4.9 [2] A subset A of a topological space X is dgb-open if and only if Mchint(A) whenever
M is 5-closed and MCA.

Corollary 4.10 If :X—>Y s strongly dgb-closed,then each 6-closed set K of Y and each &gb-open set

U containing f_l(K),there exists a b-open set V containing K such that f_l(V)cU.
Proof: Suppose that f:X—Y is strongly dgb-closed.Let K be any 6-closed set of Y and U be any égb-open

set containing f_l(K).By Lemma 4.8, there exists a dgb-open set H of Y such that KcH and
f_l(H)cU. Since K is é-closed, then by Theorem 4.9, Kcbint(H).Put bint(H)=V, then V is a b-open
set such that KcV and ffl(V)cU.

Definition 4.11 A function f:X—Y is said to be quasi dgb-closed (resp, quasi dgb-open) if f(A)
is closed (resp, open) in Y for each dgb-closed (resp,5gb-open) set A of X.

Theorem 4.12 Every quasi dgb-closed function is strongly dgb-closed. But converse need not be true in
general.

Example 4.13 Let X=Y={a,b,c}.Let t={X,0,{a},{b},{a,b}} and
o={X,0,{a},{b}.{a,b},{ac}} be topologies on X and Y respectively. Let f:X—Y be a identity
function, then f is strongly &gb-closed but not quasi dgb-closed, since {a} is dgb-closed in X but
f({a})={a} is not closed in Y.

Theorem 4.14 If f:X—Y is strongly dgb-closed and Y is Tggh-space, then f is quasi dgb-closed.
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Definition 4.15[5] A space X is said to be b-normal if for any pair of disjoint closed sets A and B,
there exist disjoint b-open sets U and V such that AcU and BcV.

Corollary 4.16[4] If f:X—Y is almost &gb-closed, then each 6-closed set K of Y and each regular-open
set U containing f_l(K),there exists a b-open set V containing K such thatf_l(V)cU.

Theorem 4.17 Let f:X—Y be a continuous almost dgb-closed surjection and Y is 3 Tggh-space.

If X is normal, then Y is b-normal.
Proof: Let N1 and N2 be any two disjoint closed sets of Y.Since fis continuous, then

f_l(Nl) and f_l(Nz) are disjoint closed sets of X. By the normality X, there exist disjoint open sets
M1 and M2 such that £1 (Nj)cMj , where i=1,2.  Now put int(cl(Mj))=Uj, for i=1,2, then Uj
eRO(X), f_l(Ni)cMi cUj and UpNU2=¢. Since every closed set is dgb-closed and Y is 3Tggh-space,
then N7 and N2 are disjoint 5-closed sets of Y. By Corollary 4.16, there exists VjebO(Y) such that
NjcVij and ffl(Vi)cUi,where i=1,2. Since U1 NU2=¢ and f is surjective, then V1NV2=0¢.

Corollary 4.18[4] If f:X—>Y is b-dgb-closed,then each &5-closed set K of Y and each b-open set U
containing ffl(K),there exists a b-open set V containing K such that ffl(V)cU.

Theorem 4.19 Let f:X—Y be a continuous b-gb-closed surjection and Y is 6 Tggh—space.

If X is b-normal, then Y is b-normal.
Proof: Let H1 and H2 be any disjoint closed sets of Y.Since f is continuous, then

ffl(Hl) and ffl(Hg) are disjoint closed sets of X.By the b-normality X ,there exist disjoint b-open

sets N1 and N2 such that ffl(Hi)cNi, where i=1,2. Since every closed set is dgb-closed and Y is
8 Tggh-space, then Hp and Hp are disjoint d-closed sets of Y. By Corollary 4.18, there exists

VjebO(Y) such that HjcVj and f_l(vi)cNiwhere i=1,2. Since N1NN2=¢ and f is surjective,
then V1NVo=¢.

Theorem 4.20 Let f:X—Y be a closed pre-3gh-continuous injection and X is 5 Tggh—space.

If Y is b-normal,then X is b-normal.
Proof: Let K1 and K2 be any disjoint closed sets of X. Since fis a closed injection,

then f(K1) and f(K2) are disjoint closed sets of Y. By the b-normality Y, there exist disjoint b-open
sets N1 and N2 in Y such that f(Kj)cNj ,wherei=1,2. Since f is pre-dgb-coninuous, then ffl(Nl) and

ffl(Ng) are disjoint dgb- open sets of X and Kj cfﬁl(Ni),for i=1,2.Since every closed set is 5gb-
closed and X'is 6 Tggh-space, then K1 and K2 are disjoint 3-closed sets of X. Therefore by Theorem 4.9,

K cbint(FNj),for i=1,2.Put bint(f 1Nj)=Ujthen UjebO(X) and KjcUj for i=1,2 and U1NU2=¢ .

Definition 4.21 A space X is said to be b*-normal if for any pair of disjoint 5-closed sets A and B, there
exist disjoint b-open sets U and V such that AcU and BcV.

Remark 4.22 Every b-normal space is b™-normal but not conversely in general.

Example 4.23 Let X={a,b,c,d}and
={X,0,{a} {c}.{a,c} {b,c},{cd} {ab,c} {ac,d},{b,cd}} be a topology on X.

Then X is b*-normal but not b-normal.

Theorem 4.24 For a space X the following statements are equivalent:

(i) X is b*-normal.
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(ii)For every pair of 5-open sets M and N whose union is X, there exist b-closed sets A and B such that
AcM ,BcN and AuB=X.

(iii)For every 6-closed set H and every 5-open set K containing H,there exists a b-open set U such that
HcUcb-cl(U)cK.

Theorem 4.25 :For a space X the following statements are equivalent:

(i) X is b*-normal.

(if)For every pair of disjoint 5-closed sets A and B,there exist disjoint dgb-open sets U and V such that
AcU and BcV

(iii)For every d-closed set H and every 4-open set K containing H,there exists a sgh-open set M such that
HcMcaghel(M)cK.

Proof:(i)—(ii):Obvious,since every b-open set is 8gb-open.

(ii)—(iii):Let H be a d-closed set and K be an &-open set containing H. Then H and X-K are disjoint
d-closed sets .Then by (ii),there exist disjoint dgb-open sets M and N such that HcM and X-KcN. Now
MNN=¢, implies McX-N. Therefore HcMcX-NcK.As X-N is d&gb-closed , we have &gbcl(M)cX-N
and HcMcégb-cl(M)cK.

(iii)—(i):Let K1 and K2 be any two disjoint -closed sets of X. Put X-K2=H, then Ko "H=¢ and K1 cH.
Therefore by (iii),there exists a dgh-open set M such that K1 cMcégbcl(M)cH. It follows that

K2 cX-3gbcl(M)=N,then N is dgh-open and MNN=¢. Therefore by Theorem 4.9, K1 cbint(M)=U and

K2 cbint(N)=V and UNV=¢. So K1 and K2 are separated by b-open sets U and V. Hence X is

b*- normal.

Theorem 4.26 Let f:X—Y be a §-continuous b-8gb-closed surjection. If X is b*-normal,then Y is b*-
normal.

Proof: Let K1 and Ko beany disjoint §-closed sets of Y.Since fis §-continuous,then ffl(Hl) and
ffl(Hz) are disjoint &-closed sets of X. By the b*-normality X, there exist disjoint b-open sets N1 and
N2 such that ffl(Ki)cNi , Where i=1,2.and f is b-6gb-closed .Therefore by Corollary 4.18, there exists

Vj €bO(Y) such that Kj cVj and £l (Vj)cNj,where i=1,2.Since N1 NN2=¢ and f is surjective, then
V1NV2=e¢.

Theorem 4.27 Let :X—Y bea §-closed pre-3gb-continuous injection. If Y is b*-normal, then X is

b*-normal.
Proof:Let M1 and M2 be any disjoint &-closed sets of X. Since f is a - closed injection, then

f(K1) and f(K2) are disjoint S-closed sets of Y. By the b*-normality Y, there exist disjoint b-open
sets K1 and K2 in Y such that f(Mj)cK; ,where i=1,2. Since fis pre-dgb-coninuous, then fﬁl(Kl)
and ffl(Kz) are disjoint 8gh-open sets of X and I\/Iicffl(Ki),for i=1,2.Therefore by Theorem 4.9,

M cbint(FTKj),for i=1,2. Put bint(f L Kj)=Uj, then UjebO(X) and KjcUj, for i=1,2

and UpNU2=¢ .

Definition 4.28 A function f:X—Y is said to be regular dgb-closed if f(A) is dgb-closed in Y for each
b-regular set A of X.

Theorem 4.29 (i)If a function f:X—Y is b-3gb-closed, then it is regular 3gb-closed .
(ii)If a function f:X—Y s regular dgb-closed, then it is almost dgb-closed.

Remark 4.30 The converse of Theorem 4.29 need not be true as seen from the followingexamples.

Example 4.31 Let X=Y={ab,c}. Let 1={X,90,{a},{b}.{a,b},{ac}} and
o={X,0,{a},{b}.{ab}}. Let :X—>Y be a function defined by f(a)=c,f(b)=a and f(c)=b.Then fis
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regular dgb-closed but not b-8gb-closed, since the set {b,c} is b-closed in X but f({b,c})={a,b} is not
dgb-closedin Y.

Example 4.32 Let X={a,b,c,d} and 1={X,p,{a} {b}.{a.b} {ack.{ab,c}}. Let :X—>X be a
identity function ,then f is almost gb-closed but not regular dgb-closed, since {a,c} is b-regular in X
but f({a,c})={a,b} is not 6gb-closed in Y.

Remark 4.33 The following examples show that regular dgb-closed function is independent of

dgb-closed function and 8gb™*-closed function.

Example 4.34 Let X={a,b,c,d} and 1 ={X,0,{a},{b}.{a,b}} be a topology on X.
Let f:X—X be a function defined by f(a)=c,f(b)=d,f(c)=a and f(d)=b.Then fis regular dgb-closed but

ot dgb*-closedand hence not dgb-closed, since the set {c,d} is d-closed in X but f({c,d})={ab} is not
dgb-closed in Y.

Example 4.35 In Example 4.34, If h:X—>Y is a function defined by h(a)=a, h(b)=c,h(c)=b and

h(d)=d.Then h is dgb-closed and hence dgh™-closed but not regular dgb-closed.,since the set {a,c} is
b-regular in X but h({a,c})={a,b} isnot dgb-closedin Y.

Lemma 4.36 A function f:X—Y is regular gb-closed if and only if for each subset B of Y and each
b-regular set U containing £l (B),there exists a dgb-open set G of Y such that BcG and fﬁl(G)cU.

Corollary 4.37 If f:X->Y s regular dgb-closed,then each &-closed set K of Y and each b-regular set
U containing ffl(K),there exists a b-open set V containing K such that ffl(V)cU.

Theorem 4.38[9] Let A be a subset of a space X. Then A is b-open ifand only if bcl(A) is b-regular.

Theorem 4.39 Let f:X—Y be a 5-continuous regular Sgb-closed surjec- tion. If X is b*-normal,then

Y is b*-normal.
Proof: Let K1 and K2 be any two disjoint 5-closed sets of Y. Since f is &- continuous, then

f_l(Hl) and f_l(Hg) are disjoint S-closed sets of X.By the b*-normality Xthere exist disjoint b-open
sets N1 and N2 such that ffl(Ki)cNi, for i=1,2. Now put bcl(Nj)=Gj,then by Theorem 4.38 ,Gj is
b-regular in X,fﬁl(Ki)cGiand G1NG2=¢ and fis regular dgb-closed. Therefore by Corollary 4.37, there

exists Vj ebO(Y) such that KjcVj and £l (Vi)<Gj, where i=1,2.Since G1NG2=¢ and f is surjective,
we have V1NV2=0.
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