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Abstract: In this paper, we obtain a Presic type fixed point theorem for two pairs of jointly k2 -weakly 

compatible maps in complex valued b -metric spaces.We also give an example to illustrate our main theorem. 
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I. Introduction and Preliminaries 
There are several generalizations of the Banach contraction principle in literature on fixed point theory. 

Presic [1] generalized the Banach contraction principle as follows.Throughout this paper N  and C  denote the 

set of all positive integers and complex numbers respectively. 

 

Theorem 1.1.([1]) Let ),( dX  be a complete metric space, k  be a positive integer and XXT k :  be a 

mapping satisfying 

(1.1.1) ),()),,,(),,,,(( 1

1=

13221   iii

k

i

kk xxdqxxxTxxxTd   

for all Xxxxx kk 121 ,,,,  , where 0iq  and 1<
1=

i

k

i

q . Then there exists a unique point Xx  such 

that xxxxT =),....,,( . Moreover, if 121 ,,, kxxx   are arbitrary points in X  and for Nn , 

),,,(= 11  knnnkn xxxTx  , then the sequence }{ nx  is convergent 

and ),....,(= nnnn
n

limxlimxlimxTxlim


.  

Inspired by the Theorem 1.1, Ciric and Presic [2] proved following theorem. 

 

Theorem 1.2. ([2])  Let ),( dX  be a complete metric space, k  a positive integer and XXT k :  be a 

mapping satisfying 

}1:),({ )),,,(),,,,(( 113221 kixxdmaxxxxTxxxTd iikk     

for all 121 ,,,, kk xxxx   in X , where [0,1) . Then there exists a point Xx  such that 

),....,,(= xxxTx . Moreover, if 121 ,,, kxxx   are arbitrary points in X  and for Nn , 

),,,(= 11  knnnkn xxxTx  ,then the sequence }{ nx  is convergent and 

),....,(= nnnn
n

limxlimxlimxTxlim


. If in addition, we suppose that on diagonal 
kX , 

),(<)),...,,(),,...,,(( vudvvvTuuuTd  holds for Xvu ,  with vu  , then x is the unique fixed point 

satisfying ),...,,(= xxxTx .  

Recently Rao et al.[3,4] obtained some Presic type theorems for two and three maps in metric 

spaces.Now we give the following definition of [3,4] .  

Definition 1.3. Let X  be a non empty set and XXT k 2:  and XXf : .The pair ),( Tf  is said to 

be k2 -weakly compatible if ),...,,(=)),...,,(( fxfxfxTxxxTf  whenever Xx  such that 

),...,,(= xxxTfx .  

Using this definition, Rao et al. [3] proved the following  
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Theorem 1.4 .([3])  Let ),( dX  be a metric space, k  a positive integer and ,:, 2 XXTS k 
   

 
XXf :  be mappings satisfying  

(1.4.1) }21:),({max)),,,(),,,,(( 11232221 kifxfxdxxxTxxxSd iikk     

                for all 12221 ,,,, kk xxxx   in X , 

(1.4.2) }21:),({max)),,,(),,,,(( 11232221 kifyfydyyySyyyTd iikk                            

                  for all 12221 ,,,, kk yyyy   in X , where 1<<0  , 

(1.4.3) ),(<)),,(),,,(( fvfudvvTuuSd  , for all Xvu ,  with vu  . 

(1.4.4)  Suppose that )(Xf  is complete and either ),( Sf  or ),( Tf  is a k2  weakly compatible    

                    pair. 

  Then there exists a unique point Xp  such that ),,(=),,(== ppTppSpfp  .  

Azam et al.[5] introduced the concept of complex valued metric spaces and obtained sufficient 

conditions for the existence of common fixed points of a pair of mappings satisfying a contractive condition. 

Later several authors for example,refer [6-14] proved fixed and common fixed point theorems in the setting of 

complex valued metric spaces. 

In this paper, we obtain a common fixed point theorem of Presic type for four mappings in complex 

valued b -metric spaces.We present one example to illustrate our main theorem. We also obtain some 

corollaries. To begin with, we recall some basic definitions, notations and results. 

    Let C21, zz . Define a partial order ≾ on C  follows: 

z1 ≾ z2 if and only if )()(),()( 2121 zImzImzRezRe  . 

Thus z1 ≾ z2 if one of the following holds: 

(1) )(=)( 21 zRezRe  and )(=)( 21 zImzIm , 

(2) )(<)( 21 zRezRe  and )(=)( 21 zImzIm , 

(3) )(=)( 21 zRezRe  and )(<)( 21 zImzIm , 

(4) )(<)( 21 zRezRe  and )(<)( 21 zImzIm . 

Clearly z1 ≾ z2 21 zz  . 

We will write z1 ⋨ z2 if 21 zz   and one of (2), (3) and (4) is satisfied. Also we will write 21 zz   if 

only (4) is satisfied.  

Definition 1.5. ([5]) Let X  be a non empty set. A function C XXd :  is called a complex valued metric 

on X  if for all Xzyx ,,  the following conditions are satisfied: 

(i) 0≾ ),( yxd  and 0=),( yxd  if and only if ;= yx  

(ii) );,(=),( xydyxd  

(iii) ),( yxd ≾ ).,(),( yzdzxd   

The pair ),( dX  is called a complex valued metric space.  

Now, we briefly recall the definitions and lemmas about complex valued b -metric spaces introduced 

by Rao et al.[15].  

Definition 1.6.([15])   Let X  be a non empty set and 1s . A function C XXd :  is called a complex 

valued b - metric on X  if for all Xzyx ,,  the following conditions are satisfied: 

(i) 0 ≾ ),( yxd  and 0=),( yxd  if and only if ;= yx  

(ii) );,(=),( xydyxd  

(iii) ),( yxd ≾  .),(),( yzdzxds   

The pair ),( dX  is called a complex valued b - metric space.  

Note. If ibaz =1  and  iz =2  then we define },{max },{max=},{max 21  biazz  .  

Definition 1.7.([15])  Let ),( dX  be a complex valued b -metric space.   
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    1.  A point Xx  is called interior point of a set XA  whenever there exists Cr0  such that  

                       AryxdXyrxB  }),(:{=),(  .  

    2.  A point Xx  is called a limit point of a set XA  whenever there exists Cr0  such that  

                       .)(),(  AXrxB  

    3.  A subset XB  is called open whenever each point of B  is an interior point of B .  

    4.  A subset XB  is called closed whenever each limit point of B  is in B .  

    5.  The family }0   :),({= randXxrxBF   is a sub basis for a topology on X . We denote this  

                       complex topology by c . Indeed, the topology c  is Hausdorff.   

Let }{ nx  be a sequence in X  and Xx .If for every Cc  with 0≾ c there is N0n  such that 

for all cxxdnn n ),(,> 0 ,then  nx  is said to be convergent to x  and x  is the limit point of }{ nx .We 

denote this by xxn
n

=lim


 or xxn   as n . If for every Cc  with c0  there is N0n  such that 

for all cxxdnn mnn ),(,> 0  , where Nm ,then  nx  is called a Cauchy sequence in ),( dX . If every 

Cauchy sequence is convergent in ),( dX  then ),( dX  is called a complete complex valued b -metric space. 

We require the follwing lemmas. 

Lemma 1.8.([15]) Let ),( dX  be a complex valued b -metric space and let  nx  be a sequence in X.  

 Then  nx  converges to x if and only if 0),( xxd n  as n .  

Lemma 1.9.([15])  Let ),( dX  be a complex valued b -metric space and let  nx  be a sequence in X. 

  Then  nx  is a Cauchy sequence if and only if  0),( mnn xxd  as mn, .  

 One can easily prove the following lemma  

Lemma 1.10. Let ),( dX  be a complex valued b -metric space and let }{ nx  and }{ ny  be sequences  in X  

converging to x  and y  respectively. Then 

(i) ),( ),(lim),(
1

zxdszxdzxd
s

n
n




 for all Xz , 

(ii) ),(),(lim),(
1 2

2
yxdsyxdyxd

s
nn

n




.  

Before proving our main theorem we give the following new definition.  

Definition 1.11. Let X  be a nonempty set, k  a positive integer and XXTS k 2:,  and  

  XXgf :, . The pairs ),( Sf  and ),( Tg  are said to be jointly k2 -weakly compatible if  

   ),...,,(=)),...,,(( fxfxfxSxxxSf  and ),...,,(=)),...,,(( gxgxgxTxxxTg  whenever there exists  

    Xx  such that ),...,,(= xxxSfx  and ),...,,(= xxxTgx . 

Now we give our main theorem. 

 

II. Main  Result 

Theorem 2.1. Let ),( dX  be a complete complex valued b -metric space with 1s  and k be any  

  positive integer. Let XXTS k 2:,  and XXgf :,  be mappings satisfying 

(2.1.1) )()(),()( 22 XfXTXgXS kk  , 

(2.1.2) )),...,,(),,...,,(( 221221 kk yyyTxxxSd ≾

























 ),(),,(

.................................

),,(),,(

),,(),,(

max 

221212

4433

2211

kkkk gyfxdfygxd

gyfxdfygxd

gyfxdfygxd
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)
1

(0, ,,..,,,,...,,
2221221 kkk

s
whereXyyyxxx   . 

(2.1.3) ),( Sf  and ),( Tg  are jointly k2 -weakly compatible pairs,  

(2.1.4)  Suppose gufuz ==  for some Xu  whenever there exists a sequence 


 1=2 }{ nnky  in X     

                  such that Xzylim nk
n




=2 . 

Then z  is the unique point in X  such that ).,,...,,(=),,..,,(=== zzzzTzzzzSgzfzz  

 Proof. Suppose kxxx 221 ,...,,  are arbitrary points in X , From (2.1.1), define 

122222212122 =),...,,(=  nknknnnk gxxxxSy , 

nknknnnk fxxxxTy 2212212222 =),...,,(=  , for 1,2,...=n  

Let ),(= 1222 nnn gxfxd  and  ),(= 21212 nnn fxgxd  , for 1,2,..=n  

Write k2

1

=   and }
)(

,....,
)(

,{max=
2

2

2

21

k

k












 . 

Then 1<<0   and by the selection of  , we have 

n

n )(    for   kn 1,2,...,2=                      (1) 

Consider  

),(= 221212  kkk fxgxd  

           )),,...,,(),,,...,,((= 1223221221  kkkk xxxxTxxxxSd  

 

             ≾

























 ),(),,(

...................................

),,(),,(

),,(),,(

max 

122212

5443

3221

kkkk gxfxdfxgxd

gxfxdfxgxd

gxfxdfxgxd



 

}.,,....,,,,{max = 2124321 kk    
 

  
(1)},)(,...,)(,{max 22

12 fromk

k    

 
(2)                      )(=)(== 122 kk   

 

Also  

),(= 322222  kkk gxfxd  

            )),,...,,(),,,...,,((= 22124312232  kkkk xxxxSxxxxTd  

            )),,...,,(),,,...,,((= 12232221243  kkkk xxxxTxxxxSd  

            ≾

























 ),(),,(

...................................

),,(),,(

),,(),,(

max 

1222212

5645

3423

kkkk gxfxdfxgxd

gxfxdfxgxd

gxfxdfxgxd

  

           }.,....,,,,{max = 1225432 kk 
 

(1)},)(,...,)(,)({max 1232

22 fromk

k



  
 

(3)                      )(=)()(=)(= 22222 kk   
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Continuing in this way, we get 
n

n )(  , for 1,2,....=n                 (4)  

 Consider 

 
),( 22122 nknk yyd   

)),...,,(),,,...,,((= 122122222212  nknnnknn xxxTxxxSd  

≾































),(),,(

.......................................

),,(),,(

),,(),,(

max 

122222222322

32222212

122212

nknknknk

nnnn

nnnn

gxfxdfxgxd

gxfxdfxgxd

gxfxdfxgxd

  

     
.},,....,,{max = 222322212  nknknn 
 

),( 22122 nknk yyd   

})(,)(,...,)(,)({max 222322212  nknknn   

 

Also 

),( 12222  nknk yyd  

)),...,,(),,...,,((= 222212122122 nknnnknn xxxSxxxTd         

       
)),...,,(),,...,,((= 122122222212  nknnnknn xxxTxxxSd   

       ≾































),(),,(

.....................................

),,(),,(

),,(),,(

max 

12222222122

32422232

1222212

nknknknk

nnnn

nnnn

gxfxdfxgxd

gxfxdfxgxd

gxfxdfxgxd

  

 

       
.}....,,,,{max = 1223222122  nknnnn   

),( 2222 nknk yyd   

})(,)(,...,)(,)({max 122222122  nknknn   

(6))(=)()(=)(= 22222 nknkn   

From (5),(6), we have 
nk

nknk yyd 

  2

122 )(),(   ,for 1,2,3,...=n  .....(7) 

Now, using(7),for nm >  consider  

 



































),( 

...),( 

),( ),( 

),(

212

1

3222

3

2212

2

122

22

mkmk

nm

nknk

nknknknk

mknk

yyds

yyds

yydsyyds

yyd  

  

                                                           























121

2231222

)(...

)( )( )( 

mknm

nknknk

s

sss




 

  

                                                          1 ,
)(...

)()()(

12

22122























ssince
s

sss

mk

nknknk




  

(5))(=)()(=)(= 12212212  nknkn 
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                                                         1=
1

.<=  
1

)(
)( 2

1

2

s
ssssince

s

s
s k

n
k 




 










  

  

                                                        .,  0  mnas  

Hence }{ 2 nky   is a Cauchy sequence in ),( dX . 

Since X  is complete,there exists Xz  such that zy nk 2  as n . 

From(2.1.4),there exists Xu  such that .== gufuz                   (8) 

Now consider  

.)),,...,,(( 22 nkyuuuSd 

 
)),...,,(),,...,,((= 122122  knnn xxxTuuuSd  























),(,),(

......,..............................

,),(,),(

max 

122222

122

nknk

nn

gxfudfxgud

gxfudfxgud

  

Letting n  and using (8),Lemma 1.10(i), we get 

0)),,...,,(( 
1

fuuuuSd
s

 so that fuuuuS =),...,,(                 (9) 

Similarly we have guuuuT =),...,,(                (10) 

Since ),( Sf  and ),( Tg  are jointly k2 -weakly compatible pairs and from (9),(10), we have 

),...,,(=),...,,(=)),...,,((=)(= zzzSfufufuSuuuSffuffz       ....(11) 

and         ),,...,,(= zzzzTgz                        ....(12) 

Now using (10), (11), we get 

 

),(=),( gufzdzfzd  

  )),,...,,(),,,...,,((= uuuuTzzzzSd  

   ≾

























),(),,(

..........................

),,(),,(

),,(),,(

max 

gufzdfugzd

gufzdfugzd

gufzdfugzd

  

   )}.,(),,({max = zfzdzgzd  

 Thus  ),( zfzd ≾ )},(),,({max zfzdzgzd                    (13) 

Similarly,we have ),( zgzd ≾ )},(),,({max zfzdzgzd                (14) 

From (13)and (14), we have  

 }),(,),({max  }),(,),({max zfzdzgzdzfzdzgzd   

 which in turn yields that gzzfz ==                     (15) 

From (11),(12)and (15),we have ),,...,,(=),,...,,(=== zzzzTzzzzSgzzfz             (16) 

Suppose that there exists Xz   such that 

),,...,,(=),,...,,(=== zzzzTzzzzSzgzfz  . 

Then from (2.1.2), we have  

)),,...,,(),,,...,,((=),( zzzzTzzzzSdzzd   
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),(,),(

..........................

,),(,),(

max 

zgfzdzfgzd

zgfzdzfgzd

  

 .),(= zzd   

 This implies that zz = . 

Thus z  is the unique point in X  satisfying (16). 

Now we give an example to illustrate our main Theorem 2.1.  

Example 2.2. Let [0,1]=X  and 
2 || =),( yxiyxd   and 1=k . 

Define 
6

=  ,
4608

32
=),(  ,

4608

23
=),(

22 x
fx

yx
yxT

yx
yxS


 and   

4
=

2x
gx  

for all Xyx , . Then clearly 2=s . Then for all Xyyxx 2121 ,,, ,we have 

2
2

212

2

1
2121 |

4608

32

4608

23
| =)),(),,((

yyxx
iyyTxxSd





 

                            

22

221

2

1 |)3(2)2(3|
4608

1
 = yxyxi   

                             ≾ 
22

221

2

1 |)32||23(|
4608

1
 yxyxi   

                             ≾ )|32||23(|
2304

1
 22

22

2

1

2

1 yxyxi   

                           

)|
46

||
64

(| 
16

1
 = 2

2

2221

2

1 yxyx
i   

                             ≾ }|
46

|,|
64

{|max 
8

1
 2

2

2221

2

1 yxyx
i   

                            

.)},(),,({max 
8

1
= 2211 gyfxdfygxd  

  

Here )
1

(0,=)
2

1
(0,=)

4

1
(0,

8

1
=

22 ks
 . 

Thus (2.1.2)  is satisfied. 

One can easily verify the remaining conditions of Theorem 2.1 . 

Clearly 0  is the unique point in X  such that  f 0 = 0 = g0 = S(0, 0,...,0, 0) = T(0, 0,...,0, 0).  

Corollary 2.3. Let ),( dX  be a complex valued b -metric space with 1s  and k  be any positive integer. Let 

XXTS k 2:,  and XXf :  be mappings satisfying 

(2.3.1) )()(),()( 22 XfXTXfXS kk  , 

(2.3.2) }21:),({max    )),...,,(),,...,,(( 221221 kifyfxdyyyTxxxSd iikk  
 

               

)
1

(0, ,,..,,,,...,,
2221221 kkk

s
whereXyyyxxx   , 

(2.3.3) )(Xf  is a complete sub space of X , 

(2.3.4) ),( Sf  or ),( Tf  is a k2 -weakly compatible pair.  

  Then there exists a unique point Xu  such that ),,..,,(=),,..,,(== uuuuTuuuuSfuu .  

Corollary 2.4.  Let ),( dX  be a complex valued b -metric space with 1s  and k  be any positive integer. 

Let XXS k :  and XXf :  be mappings satisfying 
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(2.4.1) )()( XfXS k  , 

(2.4.2) }1:),({max    )),...,,(),,...,,(( 2121 kifyfxdyyySxxxSd iikk    

)
1

(0, ,,..,,,,...,, 2121 kkk
s

whereXyyyxxx   , 

(2.4.3) )(Xf  is a complete sub space of X , 

(2.4.4) ),( Sf  is a k -weakly compatible pair.  

Then there exists a unique point Xu  such that ),,..,,(== uuuuSfuu .  

Corollary 2.5.  Let ),( dX  be a complete complex valued b -metric space with 1s  and k  be any positive 

integer. Let XXTS k 2:,  be mappings satisfying 

(2.5.1) }21:),({max )),...,,(),,...,,(( 221221 kiyxdyyyTxxxSd iikk  
             

               
)

1
(0, ,,..,,,,...,,

2221221 kkk
s

whereXyyyxxx   . 

Then there exists a unique point Xu  such that ),,..,,(=),,..,,(= uuuuTuuuuSu .  
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