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Abstract; In this study , we define the concepts of a higher bi-derivation , Jordan higher bi-derivation and
Jordan triple higher bi-derivation on I-rings and show that a Jordan higher bi-derivation on 2-torsion free
prime I-ring is a higher bi-derivation .

I.  Introduction

Let M and I' be two additive abelian groups . If there exists a mapping(a,o,b) — aoab of
M xT'xM — M satisfying the following for all a,b,c € M and a,f €T

i) (atb)ac=aoac+bac

a(atpB)b=aab+aPfb
aa(btc)=aab+taac

ii) (aab)Bc=aa(bPc)

Then M is called I -ring .

The notion of al'-ring was introduced by Nobusawa [4] and generalized by Barnes [1] as defined
above . Many properties of were obtained by Barnes [1] , kyuno [2] , Luh [3] and others . let M be al -ring .
then M is called 2-torsion free if 2a=0 implies a=0 for alla € m . Besides , M is called a prime if
al'MT b=(0), forallap € M , implies either a=0 orb=0.and, M is called semiprime if al'’MT a=(0) with
implies a= 0 . Note that every prime is obviously semiprime.

M is said to be a commutative I' -ring if aab=ba a holds foralla,p € Mand a« €T and o € I'. Let
M be al -ring,then ,for a,b € M and o € I' ,we define [a,b], =aab-baa known as the commutator of aand b
with respect to a .The notion of derivation and Jordan derivation on a I'-ring were defined by M. Sapanci and
A. Nakajima in [5] as follows an additive mapping d:M — M is called a derivation of M ifd(aab)=d(a)ab +a
ad(b) foralla,b € M ,And,ifd(aca)=d(a)aa+acd(a) foralla € Mand oo €T ,then d is called a Jordan
derivation of M.

A mapping &M— M is said to be symmetric if d(a,b)=d(b,a) ,for all a,bp € M .An bi-additive
mapping dMxM-—->M is called a symmetric bi-derivation on MxM into M if
d(aab,c) =d(a,c) ab+aad(b,c) for all a,b,c € M and a € I' .And , if d(aaa,c) =d(a,c)aataad(a,c) for all a,c
€ Mand o €T ,then d is called a Jordan bi-derivation on MxM into M. The notion of symmetric
bi-derivation was introduced by G.Maksa [6]

A mapping F:M — M defined by F(a) =D(a,a),where D:M xM — M is a symmetric mapping is called
the trace of D itis obvious that in the case is a symmetric mapping which is also bi-additive (i.e. additive in
both arguments ) .the trace F of D satisfies the relation F(a+b) = F(a)+F(b),for allab € M .

In our work we need the following lemma.
Lemma 1.1. [7] let M be a 2-torsion free semi prime I'-ring and suppose that ab € M if
allmIb+tbI'mI"a=(0) foralla,b € M , thenn al mI'b=bI'mI a=(0) .

II.  Higher bi-derivation on I'-ring :
In this section we present the concepts of higher bi-derivation , Jordan higher bi-derivation and Jordan
triple higher bi-derivation on I'-rings and we study the properties of them.

Definition 2.1: Let M be a I'-ring and D=(d,),c, be a family of bi-additive mappings on MxM into M ,
such that d, (a,b)=a for all a,b € M ,then D is called a higher bi-derivation on MxM into M if for every
abc,d€E M ,ando €T
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d(aabcad)= X d(ac)a d(b,d)

i+j=n
D is said to be a Jordan higher bi-derivation if
d(aocacac)= } d(ac)a d(ac)
i+j=n
D is called a Jordan triple higher bi-derivation

dn(a a b B aca d B C) = Z di(aac) a dj(b’d) B dk(aac)
itj+k=n
Note that d (a+b,c+d)= d(a,c)+ d(b,d) forall a,b,c,d € M andn € N..

Example 2.2.

Let M= {(a) :x,y eR }, R isreal number.

M be a I'-ring of 2x2 matrices and I'= { : reR } we use the usual addition and multiplication on matrices of
MxI'xM , we define di : MxXI'XM—M , ieN by

di (,)=forall,e M

= Such that m =

Then d is a higher bi- derivation on I'-ring

Lemma 2.3.
let M be a I'-ring and D =(di )IeN be a Jordan higher bi- derivation on MxM into M. then for all a,b,c,d,s,t e M ,
o , Bel” and n € N, the following statements hold :

(i)dn(aa btboa,cad+dac)= 3 dfac)ad(b,d) +d(b,d) ad(ac)

itj=n

(ii)dn (aabPa+aBbaa,cadBc)= > df(a,c)ad(b,d)Bddac)+d(ac)Bdi(b,d)adyac)
itj+k=n

Especially , if M is 2-torsion free ,then

(i) d, (aabac+coaboa,sadattta dos) =3 d(a,s)ad(b,d)adyc,t) +d(c,t)ad(b,d)ada,s)

Proof. (i) is obtained by computing and (ii) is also obtained by replacing apb+bpa for b and cfd+dfc for d in (i)
,in (ii) . If we replace a+c for a and s+t for c in (iii) , we can get (iv).

Definition 2.4. let M be a I'-ring and D =(d, ),ieN be a Jordan higher bi- derivation on MxM into. then for all
ab,c,deM, o el'andne N, we define

v n(asb,csd)a =dn (a (Xb,C (ld) - Z di(aac) (de(b,d)

i+=n
Lemma 2.5 . let M be a I'-ring and D=(d, ),ieN be a Jordan higher bi- derivation on MxM into M. then for all
a,b,c,d,s,t e M, a , Bel" and n € N.
1) v n(a’b’cad)a -y n(b,a,d,c)
ii) y (ats,b,c,d),=wv (a,b,c,d), + w,(s,b,c,d),
iii) v (ab+s.c.d), = v (abed), + v (ased),
)y (ab,ctsd), =y, (abed), + v, (ab.sd),
V) v (abcdts), = vy (abcd), + v, (abycs),
Proof . These results follow easily by lemma 1 and the definition of v .

Note that d is a higher bi-derivation iff v (a,b,c,d),=0 forall a,bc,d €M ,0 €T and nEN.

III.  The Main Results
Throughout the following , we assume that M is an arbitrary I'-ring and f a higher bi-derivation on
MxM into M . clearly , every higher bi- derivation on MxM in to M is a Jordan bi-derivation . the converse in
general is not true . in the present paper ,it is shown that every Jordan higher bi- derivation on certain I'-rings is
a higher bi-derivation .

Lemma 3.1. let M be a 2-torsion free and D =(d, ),ieN be a Jordan higher bi- derivation on MxM into M . then
forall a,b,c,d,s,te M ,a , Bel’ andn e N, if y (a,b,c,d), =0 for every t<n then:
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v (ab,c.d), PmpPlab], +ab], mp v, (ab,c.d),=0

Proof . let seM , since d,, is bi- additive mapping then by Lemma 2.1. (iv ) we obtain :
d(aabpmpBbaatboapmpPaacb,cadfspdac+dacPsPcad)

=d ((aab)pmpP(baa)t(baa)fmpP(aab), (cad)BsP(dac)t (dac)psP(cad))

= > dfaab,cad) Bd(m,s) Bd(baadac)+d(baa,dac)B d(m,s) Bd(aab, cad)
itjtk=n
1,k<n

=d,(aab,cad)pmBboa+aabfmpBd(baacad)+ > d(aab,cad)Bd(m,s)Bd(baadac)t d.
itjtk=n

1

(b

aa,doc)Bd(m,s)pd(aab,cad)
= d(aab,cad)pmpPBbaat aabPmpPd(baa,dac)t d(baadac)pmpPaab+t boafmpd(aab,cad)+
qﬂ’higw d (a,c) ad(b,d) B d(m,s) pd,(b,d) ad,(a,c) +d (b,d) ad(a,c) pd(m,s)p dy(a,c) ad,(b,d) ...(D)

gt+ttjthtg=n

On the other hand : by lemma 2.3. (iii)
d(aobpmpPbaatbaafmPaab,cadBspdac+dacPsPfcad)
=d(aa(bpmpBb)aatba(afpmpPa)ab,ca(dfspd)ac+da(cPfsPc)od)
= Y dac)ad(bpmpPb,dBspd)adylac)+d(b,d)ad(apmpBa)ad,(b,d)

qtkt+g=n

= Y dfac)ad(b,d)pd(ms)pdb,d)adyac) + d(b.d)ad(ac)Bd(ms)p dy(ac)ad,(b.d)

q+ttjthtg=n

= Y dfac)ad(b,d)pmpBbaa + aabfmpB > dy(b,d)adyac)t ¥ d(b,d)ad(ac)BmBaabtbaaBmp

qtt=n htg=n qtt=n
g+t h+g<n
2 d@ac)adbdt 3 dyb,d)ad(b,d)pd(m,s)Bdyb.d)ady(ac) + dyac)ad(ac)pdm,s)pdac)a
htg gtttjthtg=n
d,(b.d) o)

Compare (1) and (2) we get :
d(aabcad)pmBboaa - 3 d(ac)ad(bd)pmBboaa +aabfmpBd(boa,dac) -aabBmpB 3 dy(bd)a

gtt=n h+g=n

d(ac) + d(baadac)BpmBaad - 3 d(bd)ad(ac)pmpBaab+baafmpd,(aab,cad) -baafmpB

q+t=n gth=n
dy(a,c) ady(b,d)=0
vy (ab,c,d),mB Bbaa+aabfmpP vy (a,b,c,d), +y (badc), PmPaab+baafmp y (ab,c,d), =0
v .(a,b,c,d), pmp [b,a] + [b,a] B m Pyn(a, b, c,d)o. =0
v (a,b,c,d), pmp [a,b] + [a,b] B m Pyn(a, b, c,d)a. = 0.

Lemma 3.2. let M be 2-torsion free primel -ring and D=(d,), i € N be a Jordan higher bi-derivation on
MxM into M . then for all a,b,c,dmE M, o, p € Tandn € N

v J(ab,c,d), pmplab] = [a,b]p mPyn(a, b,c,d)a =0.
Proof: Bylemma 3.1. and lemma 1.1. , we obtain the proof .

Theorem 3.3. let M be 2-torsion free prime I -ring and D=(d,), i € N be a Jordan higher bi-derivation on
MxM into M , then forall a,b,c,dmE M o, p € Tandn €N
v, (ab.cd), Bmp [s.1] = 0.
Proof . Replacing a+s for a in lemma 3.2. we get
v (ats,b,c,d), pmp [a+s,b] =0
v ,(a,b,c.d), Pmp [ab] +y (a,b,c,d), Pmp[s,b] +y (s,b,c.d), PmP[a,b] + v (s.b,c,d), Bmp [s,b] =0
By lemma 3.2. we get
v, (a,b,c,d), Pmp[s,b] +y (s.b,c,d), Pmf[a,b] =0
There fore
v ,(a,b,c,d), Pmp [s,b]pmp v (a,b.c.d), Pmp[s,b]
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=V n(aabacad)a BmB [S,b] B mB 4 n(S,b,C,d)u BmB [aab] :0

Hence , by the primmess on M :

v .(ab,c.d), fmp[s,b] =0 ()
Similarly , by replacing b+t for b in this equality we get :
v (ab.c.d), Bmp [a,t] =0 Q)

Thus: v (ab,c,d), Pmp [ats,b+t] =0

v ,(a,b,c,d), Pmp[ab] + v (ab,c.d), PmPlat] + v ,(ab,cd), Pmp[s,b] +y (ab,c.d), pmp[st] =0
By using (1), (2) and lemma 3.2. we get

v .(a,b,cd), PmB[s,t] =0

Theorem 3.4. Let M be 2-torsion free prime I -ring .Then every Jordan higher bi-derivation on MxM
into M is a higher bi-derivation on MXxM into M.
Proof. Let M be 2-torsion free prime I -ring and D=(d;) i € N be a Jordan higher bi-derivation on MxM into
M By Theorem 3.3.

vy (a,b,c,d), pmpP[s,t] =0 forall a,b,c,dm,stE M ,a,p €I .and n € N since M is prime , we get either
vy .(a,b,c,d), =0 or [s,t]=0,for alla,b,c,dst EM,a ET.andn E N
if [s,t] #0 forallst&E M Thenvy ,(a,b,c,d),=0 foralla,b,c,d €M, a €I andn € N hence we get,
D isa higher bi-derivation on MxM into M.
But, if [s,t] =0 forallst € M and a €T , then M is commutative and therefore , we have from lemma
2.2.(1)

2d,(aab,cad)=2 } dia,c)ad(b,d)

i+j=n

Since M is 2-torsion free , we obtain that D is a higher bi-derivation on MxM into M.

Proposition 3.5. Let M be 2-torsion free I"-ring then every Jordan higher be-derivation on MxM into M
such thataabfc=aPboac foralla,b,c EMand o, €T isalJordan triple higher bi-derivation on M XM
into M.
Proof. Let M be 2-torsion free ' -ring and D=(d,) i € N be a Jordan higher bi-derivation on MXM into M
By lemma 2.3(ii).
d(aabfat+aBbaa, cadfctcfdac)
= Y dac)a dj(b,d) Bd.(a,c)+ d(a,c) [de(b,d) ad(a,c)
itjthk=n
forall abc,dEM, o, ET.andn €N
d,(aabPacadpc)+d(apbaacPdac)
= 2 d(cad(bd)pdyac)+ > dac)pd(b.d)adgac)
i+j+k=n i+j+k=n :
SinceaabPBc=afbac forallab,cE Mand o, €T, we get

2d,(aabBacadBc)=2 > d(ac)ad(b,d)Bdd(ac)
i+jtk=n
Since M is a 2-torsion free we have :

d(aabBacadfc)= Z/ﬁ di(a,c) ad,(b,d) B di(a,c)
ijk=n

i.e D isJordan triple higher bi-derivationon MxM into M .
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