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Abstract: In this paper, we introduce the notion of cubic fuzzy H-ideals in BF-algebras and prove some
interesting properties.

I.  Introduction
Zadeh [8] has introduced the concept of fuzzy subsets in 1965. This concept has been widely adopted
and applied to many disciplines. Zhan and Tan [11] introduced the notion of fuzzy H-ideals in BCK-algebras
and Satyanarayana et.al ([ 5], [6 ]) studied intuitionistic fuzzy H-ideals in BCK-algebras. Jun. et.al. [2]
introduced the notion of cubic sets. In this paper we introduce the notion of cubic fuzzy H-ideals in BF-algebras
and investigate some of its properties.

Definition 1.1([4], [7]). A BF-algebra is a non-empty set X with a constant 0 and a binary operation *
satisfying the following axioms:

(i) X*x=0,
(i) Xx*0=x,
(iii) Ox (X *y) =(y*Xx)forall X,y € X.
Definition 1.2. A subset | of a BF-algebra (X, *,0) is called an ideal of X, if for any X,y € X
1. 0el
(2. xx*yandyel=xey
Definition 1.3. [11] A non-empty subset | of X is called an H-ideal of X if
1. 0el
(). xx(y*2)elandyel =x=*zel
Since X #0 = X, It is clear that every H-ideal is an ideal.
Definition 1.4.[11] A fuzzy subset p in a BF-algebra X is called a fuzzy H- ideal of X if

(i) p(0) = p(x)
(ii) p(x*2z) 2 min{p(x *(y *z)),u(y)}, for all x,y,z € X.

Since X *0 = X, Itis clear that every fuzzy H-ideal is an fuzzy ideal.
The determination of maximum and minimum between two real numbers is very simple, but it is not simple for
two intervals. Biswas [1] described a method to find max/sup and min/inf between two intervals and set of

intervals. By an interval number & on [0,1], we mean an interval [a’, a*], where0<a” <a’ <1. The set
of all closed subintervals of [0,1] is denoted by D[0,1]. The interval [a,a] is identified with the
numbera € [0,1].

For an interval numbering ‘éi :[ai_, b;—}eD[O,l],iel . We define
inf 3; {min a; ,minb |, sup a = {maxai_, max b*}

iel icl ! iel icl !
And put

() a A8, =min(d,3,)= min(_af, bﬂ, [ag, bgD
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- min{ af a3}, min{e b3 |
(i) 51\/52 - max(al’aZ):maxan’ bf} [351 bJZFD

- | max{ af a3, max{bf b7 |

@ &y +E :[al_+a§—a1_.a§, b1++b§—bf.bﬂ

(iv) 3 <8, <>aq <a, and by <b3

(v) 3y =3p<a] =apand b =b3,

— e a— + ot
2<:>a1 Sazand bl sz,

(vi) mD =m[a;,b{ ]=[ma;,mb{], where0<m<1.

(vi) 51 <a

Obviously (D[O,l], <V, /\) forms a complete lattice with [0, O] as its least element and [1,1] as its

greatest element.

In [10], Zarandi and Borumand defined another type of fuzzy set called interval-valued fuzzy set (i-v
FS). The membership value of an element of this set is not a single number, it is an interval and this interval is a
sub-interval of the interval [0,1]. Let D [0, 1] be the set of a subintervals of the interval [0, 1].

The notion of interval-valued fuzzy set was first introduced by Zadeh as an extension of fuzzy set. An
interval-valued fuzzy set is a fuzzy set whose membership function is many-valued and form an interval in the
membership scale. This idea gives the simplest method to capture the impression of the membership grade for a
fuzzy set.

Let X be a given nonempty set. An interval-valued fuzzy set (briefly, i-v fuzzy set) B on X is defined

by B = {(X [ws (X),1g (X)]): X e X}, Where pg(X) and pg(X) are fuzzy sets of X such that
ng(X) < pg(X)forallx e X. Let g (X) =[ug (X), ns (X)], then B = {(X, Hg(X):x e X}, Where
N i X — D[0,1].

Definition 1.5. Consider two elements D,,D, € D[0,1] . If D, =[a;,a,] and D, =[a;,a,], then
rmin(D,,D,) =[min(a;,a,), min(a;,a,)] which is denoted by D, A" D, . Thus if

D, =[a;,a;]€ D[0,1] fori=1,2,3,4..... then we define

rsup;(D;) =[sup(a;),sup(a’)],i.e,viD, =[v;a;,v;a] . Nowwe call D, > D, if and only if

a, >a, and a, >a, . Similarly, the relations D, <D, and D,= D, are defined.

Based on the (interval-valued fuzzy sets, Jun et al. [2] introduced the notion of cubic sets, and
investigated several properties.

Definition 1.6. Let X be a non-empty set. A cubic set A in X is a Structure which is briefly denoted by
A:(ﬁA,kA)Where ﬁAZ[p;,u;] is an interval valued fuzzy setin X and A, is fuzzy setin X
Definition 1.7. Let AZ(IIA,XA) be cubic set in X, where X is BF subalgebra, then the set A is cubic BF
subalgebra over the binary operation * if it satisfies the following conditions

(i) RaGeky) 2 mmin{f, (X), (i (Y)}

(i) Ap(x*y) <max{i,(x),Ap(¥)} .
Proposition 1.8. If AZ(ITLA,XA) is a cubic BF subalgebra in X, then for all X € X, fi,(0) =i, (X)and

Aa(0)<AL(X). Thus fiy(0)and A, (0) are the upper bounds and lower bounds of [i,(X)and A, (X)
respectively.
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I1.  Cubic Fuzzy H-ldeals in BF-algebras
In this section, we apply the concept of cubic fuzzy set to H-ideal of BF-algebras and introduced the
notions of cubic fuzzy H-ideals of BF-algebras and investigate some of its related properties.

Definition 2.1. Let A = (X,fisA,) be cubic fuzzy set in X, where X is a BF algebra, then the set A is cubic
fuzzy ideal over the binary operation * it satisfies the following conditions:
(CFD) fin(0) > fin (X) aNd 2, (0) < A, ()
(CF2) fia(x) 2 rmin{fi, (X*Y),ia(Y)}
(CF3) A (X) Smax{h,(X*y),A,(Y)}, forall X,y e X.
Definition 2.2. A non empty sub set | of BF-algebra X is called an H-ideal of X, if
(). 0el
(ii). x*x(y*z)eland yel=xx*zel
Definition 2.3. A cubic fuzzy set A =(X,fi,\,) ina BF-algebra X is called a cubic fuzzy H-ideal of X, if
(CFH1) i, (0) > [i,(x) and X, (0) <A, (X)
(CFH2) fin (x*2) > rmin{ fi, (x *(y *2)), fia(y)} and
(CFH 3) A, (x*2z) <max{l, (x*(y*2)), A (¥)},VX,y,ze X.
Proposition 2.4. Every cubic fuzzy H-ideal A =(X,[i,A,) is a cubic fuzzy ideal.
Proof: By setting Z =0, in (CFH 2) and (CFH 3) we get
fa(X)=rmin{fi, (x*y),0,(y)}and A, (x) <max{l,(x*y),A,(y)}, for all X,y e X. Therefore
A= (X,fiyAy) isacubic fuzzy ideal of X.
Theorem 2.5. Let A = (X,[i, A ,) be a cubic fuzzy H-ideal of X, if there is a sequence {X} in X such that
@ im0, (x,)=[L1] then [i,(0)=[1,1] and
(i) im_, A (x,)=0theni,(0)=0.
Proof: Since [i,(0)>[i,(x)forall Xe X
Therefore, Fa(0) = [i, (X, ) for every positive integer n.
Consider [L,1]>[i,(0) 2 lim, , [, (x,)=[L1]
Hence [i,(0) =[1,1]. Since A, (0) <A, (x)forall Xe X
Thus 2a(0) SAA(X,) for every positive integer n, Now 0 <A, (0) < %lgl‘o Aa(x,) =0

Hence A4 (0)=0.
Theorem 2.6. A cubic fuzzy set A = (X,fi, A ,) in X is a cubic fuzzy H-ideal of X if and only if p,, W, and

n—oo

A, are fuzzy H-ideals of X.
Proof: Let L, taand A, are fuzzy H-ideals of X and X,y,Z € X |
Then by definition pt, (0) > p, (X), LA (0) > pp (%),
Ha(x*2) 2 min{p, (X *(y *2)), La(Y)}
pa (x*2) 2 min{u, (x * (y *2)), ua (V)}
Aa (x#2) Smax {A, (x *(y *2)),ha ()}
Now [i, (X *2) = [pa (X *2),pp (X *2)]
2 [min{p, (x *(y *2)),ua (y)}, min{p, (x *(y *2)),u4 (y)}]
= rmin{[u, (x*(y *2)), LA (x * (Y *2) L, [LA (V). mA (D]}

= rmin{fi, (x*(y*2)),iA(¥)}
Therefore A is cubic fuzzy H-ideal of X.
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Conversely assume that A = (X, i, A, ) is cubic fuzzy H-ideal of X. Forany X,y,z € X |

[Ha (x*2),ua (x *2)] = i, (x* 2)
2 rmin{fi, (x *(y *2)),fia (¥)}
= rmin{[w, (x *(y *2)), ua (x *(y *2)) L [Ha (¥), La (D]}

= [min{u, (x *(y *2)),1a (¥)}, min{py (X *(y *2)),ux ()} ]
Thus

Ha(x#2) 2 minip, (X *(y #2)), (¥}

Ba (xx 2) 2 min f, (x#(y #2)), LA (D)}

ha(x#2) Smax{h, (x *(y *2))ha (V)) -
Hence WL, W, and A, are fuzzy H-ideals of X.

Theorem 2.7. Let A =(X,[i5,A,) be acubic fuzzy H-ideal of BF-algebra X and let n € N (the set of
natural numbers). Then

(i) QA(HX *X) 2 [L,(X) , for any odd number n.

(i) A, (H x*X) <A, (), for any odd number n

n
(iii) QA(HX *X) = [1,(X), for any even number n.

(V) Aa (H X*X) = A, (x), for any even number n.

Theorem 2.8. If A = (X,[1,,A ) be a cubic fuzzy H-ideal of BF-algebra X, then the non empty upper s-level

cut U(fi,;5) and non-empty lower t-level cut L(A,;t) are H-ideals of X, for any

SeD[0,1] and t €[0,1].

Proof: proof is straight forward.

Corollary 2.9. Let A = (X,[i5,A ) be cubic fuzzy set. If A is a cubic fuzzy H-ideal of BF-algebra X then the

sets J={X € X/[i,(x) =i, (0)}and K={x € X/ A, (x) =X, (0)} are H-ideals of X.
Proof: Since 0 € X, fi,(0) =fi,(0)and A, (0) =A,(0)implies 0 Jand 0K, so

Jrpand K=g. Let X*(y*2) el y e = [i,(x*(y*2) =i, (0) and fi,(y) =[i,(0).
Since

fa(x#2z) = rmin{fi, (x *(y *2)),io(Y)} = rmin{fi, (0),[i5(0)} = Lo (0) = i (x*2) 2 [i, (0) but
[a(0) =i, (x*2). It follows that X*Z € J, forall X,y,z € X. Thus J is H-ideal of X.

Let X*(y*2) e K, ye K= A, (x*(y*2)) =X, (0) and A, (y) =A,(0).

Since A, (x*2z) <max{h, (x*(y*2z)),A,\(y)} =max{t,t}=t but L, (0) <A, (x*2z).

Therefore X*Z e K, for all X,¥,Z € X. Thus K is H-ideal of X.

Theorem 2.10. Let A = (X,[i,,A ) be a cubic fuzzy ideal of BF-algebra X. If

fa(x*xy) 2 fiy(X)and A, (x*y) <A, (X) forany X,y € X, then A =(X,[i5,A,) be a cubic fuzzy H-
ideal of BF-algebra X.

Proof: Let A =(X,[1,,A,) be a cubic fuzzy ideal of BF-algebra X. If

fa(x*y) 2 [i,(x)and A, (x*y) <A, (X) forany X,y € X . We have by hypothesis
rmin{fi, (x* (y*2)), fia (v)} < rmin{fi, ((x*2) *(y*2)), fis (y*2)}
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Sfa(y*2)
Fa (y*z) 2 rmin{fi, (x* (y* 2)), [ (y)}, and
max{i, (x* (y*2)), ha (¥)} = max {h, ((x*2) * (y*2)), La (y* 2)}

2 ha(y*2)
Aa (v 2) < max {h, (x*(y*2)), A (Y)} -
Hence A = (X,[i,,A,) is a cubic fuzzy H-ideal of BF-algebra X.
Definition 2.11. Let f be a mapping froma set X into aset Y. Let B = (fig,Ag) be cubic fuzzy setin Y. Then
the inverse image of B is defined as ™ (B) = {(X,f *({ig),f *(Ag)) / x € X} with the membership function
and non-membership function respectively given by f ™ (fiz)(x) = fig (f(x)) and 7 (A5)(X) = Ag(f(x)). It
can be shown that f*(B) s cubic fuzzy set.
Theorem 2.12. Let T : X — Y be a homomorphism of BF-algebras. If B = (fig,Ag) is a cubic fuzzy H-ideal

of Y, then the pre image f*(B) ={(X,f *({ig),f"(Xz))/ x € X} of B under fis a cubic fuzzy H-ideal of X.
Proof: Assume that B = (fiz,Ag) is a cubic fuzzy H-ideal of Y. Let X,y,Z € X = f(x), f(y), f(z) e Y

Consider (i )(0) = fig (f(0)) 2 fig (f(x)) = £ (fig)(x) and
£ (15)(0) = g ((0)) < A (fX)) = £ (15 )(x)
Ths (i) (x * 2)=fig (Rx *2) = rmin { i (f(x * (y *2), i ()}
= rmingf (g )(c* (y *2), £ (flg)(y)}
And £ (hg)(x * 2)=hg (F(x *2) < max {hg (F0x* (y * 2)Aa ()}

= max{f ~ (Ag)(x * (y *2)), " (Ag)(¥)}
Therefore f™(B) ={(X,f " (fiz).f *(Ag))/ x € X} is a cubic fuzzy H-ideal of Y.
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