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Abstract:  A class of approximate solutions of stationary exterior fields of Einstein-Maxwell (EM) equations 

are obtained by expanding the metric in powers of a certain parameter and solving explicitly the first few orders 

in terms of four harmonic functions. Previously these approximate solutions in closed form were found upto 

third order. In the present paper we obtain new fourth order equations and find their approximate solutions for 

the particular choice of the harmonic functions. The harmonic functions are so chosen that all the approximate 

solutions obtained are asymptotically flat. Here some relations obtained are claimed to be a ‘laboratory’ with 

which future attempts at exact solutions in terms of harmonic functions may be tested.        
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I. Introduction 
Earlier, we obtained the third order approximate solutions of stationary (rotating) exterior (vacuum) 

fields of Einstein-Maxwell (EM) equations in terms of four harmonic functions with brief discussions about 

asymptotic properties [1 – 6]. Following similar procedures in this paper (hereinafter referred to as “Paper V” ), 

we shall find a class of fourth order approximate solutions of stationary exterior EM equations in terms of 

explicit forms of four harmonic functions. Here we also briefly discuss some asymptotic properties [7,8]. 

Papapetrou [9] and Majumdar [10]  independently in 1947, discovered electrostatic (non-rotating) solutions 

of the EM equations which are given in terms of a single harmonic function, have no spatial symmetry (i.e., they 

are non- axisymmetric), and are produced by sources with m = e, m and e being the mass and charge 

respectively in suitable units. We call these the PM solutions which are different from the Papapetrou [9] 

rotating solutions of the exterior field of Einstein’s equations considered earlier. Weyl’s [11] electrostatic (non-

rotating) solutions of the EM equations have axial symmetry and the sources satisfy m =  e, where  is a 

constant and is the same for all masses. These Weyl solutions are given in terms of a single axisymmetric 

harmonic function. Perjes [12] and independently Israel and Wilson [13] generalized the PM solutions to a class 

of stationary (rotating) solutions of the EM equations with no spatial symmetry which arise from sources 

satisfying 

m = e, h =   ,                     (1)  

where h and  are respectively the angular momentum and magnetic moment vectors of the source. These are 

called PIW solutions and are expressed in terms of two harmonic functions. Bonnor [14] attempted to find a 

class of axially symmetric stationary solutions depending on two harmonic functions that is related to PIW 

solutions in the same way as the Weyl class is related to the PM solutions. This new class would be associated 

with source satisfying the relations : 

 ,μ    ,  m  he        (2) 

where    is another constant. It was an unsuccessful attempt but Bonnor found a class of axisymmetric rotating 

solutions of the EM equations that is expressible in terms of a single harmonic function. This class is unphysical 

in a similar sense to that in which the Papapetrou rotating solutions of the exterior Einstein equations are 

unphysical [6,9], namely asymptotically flat solution can be got only by making the mass of the source zero. 

Considering a power series expansion of the metric in terms of a certain parameter, we can  construct a 

class of axisymmetric stationary solutions explicitly to the first few orders in terms of four harmonic functions. 

With suitable choice of the harmonic functions this class yields to the order considered, the Weyl solutions, the 

Bonnor solutions and the axisymmetric form of the PIW solutions respectively [3,5,6]. A class of approximate 

solutions of stationary exterior EM equations in terms of four harmonic functions has been studied by Islam 

[5,6], Salam [2,3], upto the second order. Explicit solutions in closed form in terms of particular choice of 

harmonic functions upto the third order has been studied by Salam [1,3]. Following the procedure of Salam [1] 

in this paper  we solve the one more higher order, i.e., fourth order EM equations explicitly for particular choice 

of the harmonic functions [7]. 

In section II, we write down the field equations with some known solutions. In section III, we derive 

the fourth order EM equations and some approximate solutions. The physical interpretation is considered in 

section IV, and higher order EM equations and their approximate solutions obtained in section V. 
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II. The Field Equations and  Some  Known  Solutions 
The Einstein- Maxwell (EM) exterior equations, in suitable units are given by   

,
2

1
28 





  FFgFFER                  (3a) 

0;;;   FFF ,                 (3b) 

,,04 ,,; 



  AAFJF                 (3c) 

 

where E  is the electromagnetic energy-momentum tensor, and 
J  the four- current which we put equal to 

zero, since we consider the exterior field only ; F  is the electromagnetic field tensor, defined in terms of the 

four-vector potential A  by (3c). A semicolon denotes covariant differentiation and a comma partial 

differentiation. Greek indices take the values 0,1,2,3 and the repeated Greek indices are to be summed over 

these values. The tensor F  satisfies (3b) identically with its definition in terms of A . Equation (3a) follows 

from the Einstein’s equations  

  TRgR 8
2

1
  ,                   (4) 

where R  is the Ricci tensor, g  is the metric tensor. If we interpret T  as E , then the Ricci scalar R 

vanishes identically since 0


E . By using standard procedure of Maxwell theory, it can also be shown that 

E  has zero divergence: 

 ,0; 
E                      (5) 

which represents the conservation of energy and momentum of the electromagnetic field [3,5,6,7]. The 

foregoing equations have been written down explicitly by Bonnor [14] for the standard form of a stationary 

axisymmetric metric, namely,  

 ),()( 2221222 dzdedfwddtfds    
                (6) 

where f, w and  are all functions of   and z [3,6]. Writing  

 ,1),,,,(),,,( 3210  cztxxxx   

the vector potential ),,,( 3210 AAAA  can be written in terms of two scalar fields   and   and the metric 

functions f and w as follows [15]: 

,,0, 13
210 zfw
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where 






 , etc. The consistency of the two relations in (7) is guaranteed by the following equation (8d). 

The field equations (3a) and (3c) in the metric (6) and for A  given by (7) yield the following four equations 

[1,3,5,6] : 

   ,2
22222242222

zzzz
fwwfffff  

               (8a) 

  ,422 1

zzzz fwfwfwf 


                 (8b) 

)(212

zzzz wwffff 


   ,               (8c) 

)(212

  


zzzz wwffff  ,               (8d) 

where the operators  ,2
 are respectively defined by 
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(Salam, 2010, Eqs (1.21a), 1.26a)respectively)  [7]. 

When ,0 equations (8a,b) reduce to  

  02242222  
zz wwfffff    

and  

022  zzwfwfwf   respectively [2,3].  

 

The field equations yield the following two more equations for  : 

   222212221 2
2

1
   

zzz ffffff   ,
2

1 2221

 wwf z  
   

                                                                                                                                 (9a) 

  .4 21121

zzzzzz wwfffffff                  (9b) 

The consistency of (9a,b) is guaranteed by (8a – d). When ,0  (9a), (9b) reduce to  

 zfffff 2221

2

1
 

    ,
2

1 2221

 wwf z  
 

and  

,2121

zzzz wwffffff       

respectively. The equations (8a – d) are therefore the basic equations, since   can be obtained by a trivial 

integration once ,,wf  and have been solved from (8a – d). 

  The Weyl solutions are given by  

,0,0,tan,)( 221   wbabahf                   (10) 

where a,b are arbitrary constants and  is a harmonic function. For convenience the constants are written in 

such a way that f is a positive definite quadratic in  . For this case there is no essential loss of generality. Here 

a constant parameter   is introduced and in the other solutions for reasons that will emerge later. 

 The Bonnor solutions are given by 

,])[()1( 22121 ABuuhf                    (11a) 
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where 00 ,,,,, BA  are arbitrary constants and ).1( 222 BA   The  function u is given in 

terms of the harmonic function    by 

BAu  tan  [1,3].                (11d) 

The foregoing Bonnor’s solution is slightly different from that given in Bonnor (1973) [14]. We have considered 

the case where his constants a and b satisfy ,422 ba  the opposite case being essentially the same. When 

422 ba , Bonnor’s solution becomes a special case of the PIW solutions ; this fact is not apparent from 

(11a – d) but is not important for the present. To facilitate comparison with the approximate solution, we have 

written   for   , where   is a constant parameter. 

 The non-axisymmetric PIW solutions are given by 

,)()( 22222)3()2()1(22   dzdydxUdzdydxdtUds 


             (12) 

where U is any complex solution of Laplace’s equation in the cartesian coordinates zyx ,,  (i.e., U is the form 

21 iUU   where 1U  and 2U  are real non-axisymmetric harmonic functions), and the vector 

 )3()2()1( ,,   Ω  is found by solving the equation  
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  ,** UUUUi     Ω                  (13) 

where *U is the complex conjugate of U. The electromagnetic field can be described is terms of non-

axisymmetric potentials ,  by 

./*/
2

1  UUUi                  (14) 

To obtain the axisymmetric form of the solution, let  

,sin,cos,,,0 )2(2)1(2)3(   yxxwyw             (15) 

and taking , iU   where   and   are axisymmetric harmonic functions. With the foregoing condition 

(13), the metric (12) reduces to (6) and we get the axisymmetric form of the PIW solutions as follows :  

,)( 12222  f                  (16a) 

,)(,)( 122122                  (16b) 

,)(2),(2    zzz ww                (16c) 

where in (16c), we have used 
x


= ,1

 x
etc. The desired form of the PIW solutions are respectively 

obtained from (16a – c) by setting 1   and ,  which is permissible since 1  and    

are harmonic, assuming that  ,  are harmonic functions. 

  1221   hf  

  2221 1    hf ,                (17a) 
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     = ])1([2])1([2 2
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     = ])1([2 2

   .                (17c) 

 

 

[1,3,6,7]. 

 

 

III. Derivation of Einstein- Maxwell Equations upto Fourth Order and Some Approximate 

Solutions 
 To derive the EM equations upto fourth order and the solutions of aforesaid orders ; we substitute 

1 hf  and all its partial derivatives with respect to   and z into (8a – d), we obtain [1,3,6] : 

 zzzz hwwhhhh 22223222222 2)(  
  ,          (18a) 

),( zzzz hwhwhwh    3422              (18b) 

),(    

zzzz wwhhh 12
              (18c) 

.)( zzzz wwhhh  

  12
             (18d) 

Again we substitute 
1 hf  and all its partial derivatives with respect to   and z  into (9a – b) and then after 

some manipulations we have [3] : 
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We suppose that there is a solution of the field equations (18a – d) which depends smoothly on the parameter  and a 

certain number of harmonic functions. The possible expansion of the functions ,,,wh  in a power series in   

are as follows [7] : 
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               (20) 

We further suppose that the electromagnetic field vanishes and space- time becomes flat when ,0  so that 

)()()()(
,,,

0000 wh are constants, with 01 00  )()(
, wh .  

 

Making use of eq. (20) with their required partial derivatives into eqs. (18a – d) and by some manipulation we 

get equations up to 
4 which respectively as follows [7]: 
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Equating the co-efficients of , that is first order from (21a – d), we get respectively : 

.,,,
)()()()( 0000 1212112  wh                 (22) 

The solution of first and last two equations of (22) are respectively 

,,,
)()()(   111h                   (23) 

where , ,  are independent harmonic functions [1,3,5]. The proof is obvious. 

The second equation of (22) can be solved as follows : 

,,
)()(

   11

zz ww                (24) 

where  is a harmonic function. 

If  is harmonic, then (24) is equivalent to the solution  

)(1w ,                  (25)  

which is used in (1.11a) (Salam, 2010) [7], but (25) preferable for the present. In fact  

.z   

 In the second order, that is equating the co-efficients of 
2  from both sides of (21a – d) and using (22), 

we get respectively 

},{)()(
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Substituting the values of (23) and (24) into (26a – d) yields respectively the following equations [7] : 
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The solutions of (27a – d) can be taken as follows : 
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12                   (28d) 

The consistency of (28b) is guaranteed by the fact that , , ,  are harmonic functions. We have ignored 

arbitrary harmonic functions that could be added to (28a,c,d) and an arbitrary solution of 02  )(w  that could 

be added to 
)(2w . Equations (27a,c,d) can be solved by repeated application of the identity.  

)(2)( 222

zz HGHGGHHGGH   ,                                                                 (29) 

where G, H are any two functions of  ,z. The equation (27b) has been solved in a similar way to which  

)()1(2   
2

1
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was solved [7]. 

Equating the co-efficients of 
3 i.e, the third order from (21a – d), we get, using (22),  
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 Using equations (23), (24), (28a – d) in the aforesaid equations (31a – d) and then by some 

manipulations, we obtain 
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So far we have not succeeded in finding closed form solutions of any of (32a–d) in terms of the harmonic 

functions  ,,, . It is possible that such solutions do not exist. At each state of this approximation scheme 

one gets a Poisson equation for 
(n)h etc. , in which the right-hand side is given in terms of the lower-order 

functions, which are known in principle [2,3,6]. The equations for the 
(n)w  can be converted into Poisson’s 

equations as follows: Let the equation at the nth stage be  

z) ,(Δ (n) Fw  ,                                                                                                             (33) 

where F  is known in terms of lower-order functions. Define 
(n)w  by 

(n)w  = 
(n)
w ; it is then easy to verify 

the identity given by the first of the forthcoming equations :  

(n)Δw =  )( (n)w2
, 

(n)2w = 





 dF  z),(
1

,                                              (34) 

the second equation being the resulting Poisson’s equation. These equations can be solved at each stage in terms 

of integral representations by the standard methods (Islam (1985), Chapter 1) [6], but such a procedure is not 

very useful. 

Equations (32a–d) can be considered as a “laboratory” because with these equations we can test the 

possibility of exact solutions in terms of harmonic functions. The following identity is useful for these purpose 

[1,3,6] : 

)(2 )(    )( 2
zzzz GFGFHGHGHFFGHGFHHFGFGH  2222

     

                  )( zz FHFHG  2 ,                                                                              (35) 

for any three functions G,F  and H . 

 

IV. Physical Interpretation 

 When 0 , the space-time becomes flat and the fields vanish [1,3,6]. Thus the approximate solution 

represents a weak field in some sense. The constant  can be taken to be proportional to the gravitational 

constant and charge of the sources. If   is zero the gravitational constant vanishes so that the space is flat and 

the charges giving rise to the electromagnetic field vanish so that the fields are zero. For convenience we 

consider the functions upto 
2  terms only. To examine the possible sources for these solutions, we choose the 

harmonic functions such a way that the space-time is asymptotically flat to this order (Islam (1985), Chapter 1) 

[6]. To this end let 

  21 kk  ,                                                                                   (36) 

where 1k , 2k  are constants (which are different from earlier constants),   is a harmonic function and 

 ,,,  have the following forms at infinity : 

 .........zrArA   3

1

1

1 , ......... )(   523

2

3

2 3 rzrAzrA  

...........zrBrB   3

1

1

1 , ................zrBrB   3

2

1

2 ,                                 (37) 

where )z( 2 22 r , and the dots represent terms which vanish at infinity faster than the preceding terms. 

The reason for choosing the leading term for   as in (37) is that this leads to the correct asymptotic behaviour 

for w, which must tend to zero at infinity like 
32 r (Misner et al (1973), Chapter 19) [16]. The behaviour of 

the functions upto 
2  terms and 

2r  terms is then as follows [1,3,6]: 

])z()[( 31   rBkBkArBkBkAh 22111221111   

         
22 )])(

2

1
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2

2

122111

2 ,                                                       (38a) 
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)( )( 1212221112
2

1
BBBBBkBkAAA  ,                                                  (38b) 

2

221111

23
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1
1   rBkBkABzrBrB  )( )(Φ  ,                              (38c) 
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2

221112

23

2

1

2
2

1   rBkBkABzrBrB  )( )(Φ  .                                (38d) 

The forgoing equations represent fairly general asymptotic behaviour. For example, one can have the correct 

asymptotic behaviour for w given by (38b) and yet have a non-zero mass, unlike the Bonnor [14] or Papapetrou 

[9] solutions. For the Bonnor solutions, we let [3], 

)()(   4321 a,a,a,a,,, ,                                                                 (39) 

where ia  are constants implies that   is proportional to   which means that if   is to have the asymptotic 

behaviour as in (37), from (36), (37), we have  

022111  BkBkA ,                                                                            (40) 

which implies that the mass of the source is zero. Similarly from the conditions (Salam (1988), eq. (3.20)) [3] 

 ) ,(2)(   ,,,,, 2                                                             (41) 

for the PIW solutions imply the following relations : 

222122111 202 AB,B,BBkBkA       .                                                  (42) 

These relations imply that the corresponding sources satisfy (1), since for example 2B  and 2
2

1
A  are related 

to the magnetic moment and angular momentum respectively. In equation (42), )( 22111
2

1
BkBkA  and 

1B  represent the mass and charge, so that the mass is equal to the charge. With the help of these techniques 

one can show that the sources for the class of the forgoing solutions satisfy (2). In the absence of the magnetic 

monopoles, we should have 02 B  [7]. 

 

V. Higher Order Approximate Solutions Of EM Equations 
 In section (IV), we obtained approximate solutions of EM equations in terms of four harmonic 

functions  ,,, . In that section we have shown the solutions upto the second order. The third order explicit 

solutions in closed form in terms of the above harmonic functions has been obtained by Salam (1988, 2000) 

[3,1]. But the fourth order equations could not be solved in closed form. In this section firstly we obtain the 

fourth order equations in terms of the harmonic functions  ,,,  and then we shall find their explicit 

solutions for the particular choice of the harmonic functions. 

 Before deriving the fourth order equations and finding their solutions, we briefly describe the 

procedures for the solutions of third order equations and mention their solutions. Making use of equations (36) 

and (37) and their partial derivatives with respect to   and z  into (32a–d), and then by some manipulations 

and keeping only upto 
5r  terms, we have the following respectively [1,3]: 

............................rh  5

1

2 (3)
 ,                                                                  (43) 

where 

 )B()[( 2121212111

2

2

2

2

2

1

2

1

2

1221111 2 BkkBAkBAkBkBkABkBkA   

                                                                                                    )]( 2

2

2

14 BB  .  

The solution of (43) can be taken as 
3

1

 rh (3)
.                                     (44) 

Now to find out the value of 1 , applying 
2 on both sides of (44) and then by some manipulations and 

comparing with (43), we obtain  

11
6

1
  .                                                                                           (45) 

Substituting the value of 1  into (44), we get the required solution of (43) as 

  
3

1
6

1  rh (3)
.                                                                                      (46) 

From (32b), we have  

 ..............................rw  72

2(3)Δ ,                                                   (47) 

where })( )( ))(({ 2
222111

2

1

2

122121221112 226 ABkBkABBABBBBBkBkA  . 
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The solution of (47) can be taken as  

 
52

2

 rw (3)
.                                                                                    (48) 

Applying Δ  on both sides of (48) and then by some simplifications and comparing with (47), we get  

 22
10

1
  .                                                                                         (49) 

Putting the value of 2  into (48), we get the required solution of (47) : 

 
52

2
10

1  rw (3)
.                                                                               (50) 

From (32c), we have  

............................r  5

3

2 (3)Φ ,                                                      (51) 

where 2

2

12211123 BBBkBkAB 4)( 2  . 

The solution of (51) can be taken as  
3

3

 r(3)Φ .                                                                                      (52) 

Following the foregoing technique of (45), yields   

 33
6

1
  .                                                                                           (53) 

Hence the solution of (51) becomes  

 
3

3
6

1  r(3)Φ .                                                                                    (54) 

 

Finally from (32d), we obtain  

 ............................r  5

4

2 (3)Φ ,                                                       (55) 

where )}(){( 2 2

2

2

12211114 2 BBBkBkAB  .                              

 

The solution of (55) may be taken as  

 
3

4

 r(3)Φ .                                                                             (56) 

Following the similar method of (45), we have  

 44
6

1
   .                                                                                        (56a) 

Substituting the value of 4  into (56), we obtain the required solution of (55) is  

 
3

4
6

1  r(3)Φ .                                                                                    (57) 

In the fourth order, that is equating the co-efficients of 
4  from both sides of (21a–d) and making use 

of (22), we get respectively [7] 

 

)}(2){( )3()1()3()1(2)2(2)2()2(2)2()3(2)1()4(2

zzz hhhhhhhhhhh    

)}(2){( )3()1()3()1(2)2(2)2(2

zzz wwwwww  

  

= })}{(31[{2 2(1)2(1)2(1)2(1)2)1()2(

zzhh    

)}](2){31( )2()1()2()1()2()1()2()1()1(

zzzzh   ,    (58a) 

 

){(2 )1()3()2()2()3()1()2()2()3()1()4(

 whwhwhwhwhw   

+ )}( )1()3()2()2()3()1(

zzzzzz whwhwh   

= )()[(4 )1()3()2()2()3()1()1()3()2()2()3()1(

zzpzzzz    

)}(){(3 )1()2()2()1()1()2()2()1()1(

zzzzh    
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)])(33( )1()1()1()1(2)1()2(

zzhh   ,                                                    (58b) 

 
)2(2)2()3(2)1()4(2  hh  

)[{( )1()3()2()2()3()1()1()3()2()2()3()1(

zzzzzz hhhhhh    

)}]( )1()3()2()2()3()1()1()3()2()2()3()1(1

  

zzzzzz wwwwww ,  

(58c) 
)2(2)2()3(2)1()4(2  hh  

)[{( )1()3()2()2()3()1()1()3()2()2()3()1(

zzzzzz hhhhhh    

)}]( )1()3()2()2()3()1()1()3()2()2()3()1(1

zzzzzz wwwwww  

 .  (58d) 

 

Substituting the various expressions (and their derivatives, etc.) from the equations cited with some 

manipulations and taking terms up to 
6r , we have the following equations for (58a, b, c, d) : 

  
52

2

2

122111

42

2

2

1

)4(2 ))((4)(2   rBBBKBKArBBh  

4

22111

6

2211 )[(
2

1
)(8 BKBKAzrBBBB  

 

62

2

2

1

2

2

2

1

2

22111 )](16)()(2  rBBBBBKBKA  

  822

2

2

1

72

2

2

122111 )(6)53)(( rzBBzrBBBKBKA ... ... ...       (59a) 

 

)()(
5

12
{ 2121

2

22111

)4( BBBBBKBKAw   

3

221112

2

2

2

1221112 )(
5

4
))((

5

24
BKBKAABBBKBKAA   

)()(6{)})((8 2121

2

22111

82

2121

2

2

2

1 BBBBBKBKArBBBBBB    

1043

221112

2

2

2

1221112 })(2))((2  rBKBKAABBBKBKAA   

)()(2)(2{ 2121

2

22111

3

221112 BBBBBKBKABKBKAA   

1022

2121

2

2

2

1

2

2

2

1221112 )})((8))((2  rzBBBBBBBBBKBKAA   

                                                            + .... .... ...... .......                            (59b) 

 

3

221112

)4(2 )(
2

1
[ BKBKAB                                                               

                  
63

22

2

122111 )]511)((  rBBBBKBKA  + .... .... ...... .....      (59c) 

 

3

221111

)4(2 )(
2

1
[ BKBKAB                                                               

                  
6

22111

2

2

2

11 )])((8  rBKBKABBB  + .... .... ...... .....        (59d) 

 

Now we shall find the solutions of the foregoing equations  : 

From (59a), we have  
82

6

7

5

6

4

6

3

5

2

4

1

)4(2   rzlzrlrlzrlrlrlh ,                 (60) 

where 54321 ,,,, lllll and 6l are constants and co-efficients of 
4r , 

5r , 
6rz , 

6r , 
7rz and 

82 rz  respectively (It will be clear from the context that in some cases we omit the dots, i.e., terminate the 

expression). 
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Let the solution of (60) be  
62

6

5

5

6

4

4

3

3

2

2

1

)4(   rzmzrmrmzrmrmrmh ,                                (61) 

where 1m , 2m , 3m , 4m , 5m  and 6m  are constants, to be determined. 

      

 Applying 
2  in (61), we get 

622

6

52

5

62

4

42

3

32

2

22

1

)4(2   rzmrzmrmrzmrmrmh . 

(62) 

Now using the following equation  

 )( pmn rz  = )( 211   pnpnm rprnz  , z
pmn rz )(  = ) ( 211   pmpmn rpzrzm , 

 )( pmn rz  = ])2()12()1([ 4222   pnpnpnm rpprnprnnz  , 

zz
pmn rz )(  = ])2()12()1([ 4222   pmpmpmn rzpprzmprzmm , 

)(2 pmn rz    =    )( pmn rz 
+ zz

pmn rz )(  +  )(1 pmn rz 
 

           =   ])122()1([ 2222   pmnpmnpmn rzmnpprzmmrzn  , 

)( pmn rz    =    )( pmn rz 
+ zz

pmn rz )(   –  )(1 pmn rz 
 

          =  ])122()1()2([ 222   pmnpmnpmn rzmnpprzmmrznn    (63a) 

 

(eq. (38) Salam (2016)) [8] into equation (62) and by some simplifications, we get 

 
82

6

7

5

6

64

6

3

5

2

4

1

)4(2 610)212(462   rzmrzmrmmrzmrmrmh . (63) 

Since (63) and (60) are identical, therefore comparing the aforesaid equations, we have 

11
2

1
lm  , 22

6

1
lm  , 33

4

1
lm  , )

3

1
(

12

1
644 llm  , 55

10

1
lm   and 66

6

1
lm  .  (64) 

Using the above values (64) into (63) and by simple simplification, we get  

82

6

7

5

6

4

6

3

5

2

4

1

)4(2   rzlrzlrlrzlrlrlh .                            (65) 

 

Since the final form (65) is the same as (60); therefore (61) is the solution of (60).  

From (59b), we have 
1022

3

104

2

82

1

)4(   rzlrlrlw  ,                                                     (66) 

where  1l  ,  2l  ,  3l   are constants and co-efficients of 
82 r , 

104 r and 
1022 rz  respectively. 

 

 Let the solution of (66) be 
822

3

84

2

62

1

)4(   rzmrmrmw  ,                                                    (67) 

where 1m ,  2m , 3m  are constants, to be determined. 

 Applying  on both sides of (67), we get 
822

3

84

2

62

1

)4(   rzmrmrmw  .                                           (68) 

Making use of (63a) into the equation (68) and by some manipulation, we have  

 
1022

3

104

2

82

321

)4( 88)2818(   rzmrmrmmmw  .                (69) 

 

Since (69) and (66) are identical, so equating the co-efficients of like terms, we have 

)
4

1
(

18

1
3211 lllm  , 22

8

1
lm  , 33

8

1
lm        (70) 

Substituting the above values of (70) into (69), we obtain 
1022

3

104

2

82

1

)4(   rzlrlrlw  .                                                     (71) 

Here (71) is the same as (66). Hence (67) is the solution of (66). 
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From (59c), we have 

  6

1

)4(2 r .................................,                                                      (72) 

where 

)]511)(()(
2

1
[ 3

22

2

122111

3

2211121 BBBBKBKABKBKAB  . 

Let the solution of (72) be 
4

1

)4(  r ,                                                                                              (73) 

where 1   is a constant, to be determined.  

From (73), we have 
42

1

)4(2  r .                                                                                     (74) 

Using (63a) in the above equation (74), we obtain 
642 12)(   rr          (75) 

Putting (75) into (74) we have 
6

1

)4(2 12  r .                                                                                     (76) 

Since (76) and (72) are identical, therefore by comparing the two, we get 

11
12

1
  .                                                                                                  (77) 

Putting the value of 1   into (76), we have 

6

1

)4(2  r ,         (78) 

which is the same as (72). Hence (73) is the solution of (72). 

Again from (59d), we obtain 

  6

2

)4(2 r .................................,                                                     (79) 

where, )])((8)(
2

1
[ 22111

2

2

2

11

3

2211112 BKBKABBBBKBKAB  . 

 Let the solution of (79) be 
4

2

)4(  r ,                                                                                              (80) 

where, 2   is a constant. 

From (80), we have 
42

2

)4(2  r .                 (81) 

Making use of (63a), we find 
642 12   rr .                                                                                          (82) 

Putting (82) into (81), we get 
6

2

)4(2 12  r .                 (83) 

Comparing (83) with (79), we find 

22
12

1
  .                                                                                                (84) 

Substituting the value of 2   into (83), we have 

6

2

)4(2  r .                 (85) 

which is the same as (79).  Therefore (80) is the solution of (79) [7]. 
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