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Abstract: In this paper, some sufficient conditions that ensure second order delay difference inequality have no
eventually positive solution are obtained.
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I.  Introduction
Very little work has been done on the topic the problem of difference inequalities with deviating

arguments. For first order second order and 1" order difference inequalities. We can refer to [1-9] and their

references. In this paper, we consider the following second order neutral difference inequality with deviating
arguments

m b
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The aim of this paper is to obtain some sufficient conditions under which (1) have no eventually positive
solution. We first assume the following condition throughout this paper that

(A) {c (n)}izlto _isa positive real sequence
(A2 {ri (n)}i:1t0 _ is asequence of positive integers such that {z;:(n)} <n and limz;(n) = o

(As) The functions g(n,&), &<[a,b] is a non-decreasing with respect to n and & respectively such that
g(n,&)<n and limg(n,<&)=co.

(Ag) p(n,&)is anon-decreasing sequence with respect to nand &.

Il.  Main Results
For convenience, we first give the following lemmas.
Lemma 2.1. Suppose that the following conditions holds

D oc(n<1, (2)
i=1
i) >A>0 (x>0, Aisaconstant). 3)
X
If x(n)is an eventually positive solution of inequality (1), and let
y(n) = x(n)+>_cx(z;, (n) (4)
i=1
then there exists a n, >0 such that
y(n)>0, A’y(n)>0 and Ay(n)>0. (5)

Proof. Since x(n) is an eventually positive solution of (1), and from (Aj3), there existsa n, >0 such that
x(n)>0, x(z;(n))>0 and x[g(n,&)]>0, n>n, &efa,b].
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Noting (2) we have y(n) >0, n>n, and from (2), we have

A2y <=3 p(n.&) F ([g(n.&)]) <0, ©®)

then Ay(n) is a monotonic decreasing and we can further prove Ay(n)>0, n>n,.
In fact, if there is a n,>n  with Ay(n,)=0. Then from (6), we have
Ay(n) < Ay(n,) <Ay(n,) =0, n>n,, then

y(n)—y(ny) < niAy(s) < HZAy(ng) <0, n>n,,

therefore lim y(n) = —co. This contradicts the assumption that y(n) >0, n>n,.
This complete the proof of Lemma 2.1. =

Lemma 2.2. Suppose that x(n) is an eventually positive solution of inequality (1), then there exists a n, for any
¥ €(0,1) such that

y(n) = ynAy(n). U]
Proof. Since x(n) is an eventually positive solution of (1) by Lemma 2.1, there exists a n, >0 such that (5)
holds, and it is easily seen that there exists a 7 such that

y(n)—y(n) =Ay()(n-n,). (®)
From (5), for any y €(0,1), we have

y(n) = Ay(7)(n—n,).

Let w:i, then y:l—i, and
1 w

n—nlzn—ﬂzn(l—lj:yn, n=wn, <n,. 9)
w w

Form (8) and (9), we can get (7).

This completes the proof of Lemma 2.2. =

Lemma 2.3. Suppose Q(n, &) is real positive sequence &£ e[a,b] and
(Hy) there exists a function h(n,&) such that h(h(n,&))= g(né&) h(n,&)is non-decreasing function with
respecttonand & and n>h(n,&)>g(n,<),

(H,) liminf ni iQ(s,f) >1,
"7 gnb) a e
(Ha) Iirpjﬂf ni Zb:Q(s,f) > 0, then the first order retarded difference inequality
h(n,b) a
M)+ Y Qs HX[(n,£)] <O, (10)
have no eventually positiveasolution.
Proof. Refer Conjecture A in [10]. =

Now we give the main results of this paper.

Theorem 2.1. Suppose that (2) and (3) hold. Assume further that ¢(n) is a decreasing positive real sequence
such that

0

z[z(p(s)i p(s,g’){l—gci [g(s,g)]}—m}:w, (11)

o 4(0(8)
then inequality (1) has no eventually positive solution.
Proof. Suppose that x(n) is an eventually positive solution of (1). Then there exists a n, >0 such that

x(n) >0, x(&(n))>0 and x[g(n,£)]>0, n>n, &e[ab]. From (4) we have
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x[a(n.&)]= y[g(n,f)]—gci [0, &)]x (5 [9(n.5)]),

and from (3), we have f(x[g(n,&)])= Ax[g(n,&)]>0. Thus

0> A%y(m) - p(n,&)f (x[g(n.9)])

2aty(0)+ 73, p(n@){y[g(n,:)]—ici [g(n,g)]}x[ri ] 12)
From Lemma 2.1, Ay(n) >0, and noting y(n)>x(n), n>n,, we have
Ay + 7Y p(n,g){l—ici [g(n,ﬁ)]}y[g (n&)]<0, (13)
Using (As3), g(n,&) is non-decraeasing in &, \II;; have g(n,a)<g(n,&), &ela,b]. Therefore, we have
a*y(0)+ 2y (a2 3P0 ) {Liq [g(n,é)]} <o. (14)
Set
WO =0 1)

then W(n) > 0. Using the conditions g(n,&) <n, &e[a,b], Ay(n) <Ay[g(n,x)], then
_ Ay 1){A2y<n)y[g(n,a)]—Ay(n)Ay[g(n,a)]}

AW -
™ =lona)] Vo0 a)]

_ Aoay() | AY(0)_ p(MATY()
yoma] “yloma] y:[o0.a)]

_omalym (AeM)" | == ay(m) _ Ap(n)
y[g(n,a)] " ap(n) { o y[g9(n,a)] 2«/(/}(!’1}

From (14), we have

AW (n) < —{/Igo(n)z p(n, &) {l_ici [a(n, et)]}_ (Ap(n)) }

4p(n)
Summing both sides of the last inequality above from n, to n—1(n>n,), we have
2
W) < —wm)—nzl{w(n)i p(n,9) {Liq [g(n,f)]}— (00) } (16)
n a i=1 @(n)
By taking n — oo and noticing (14), we have W (n) — —0, which contradicts W (n) > 0.
This completes the proof of Theorem 2.1. =

Theorem 2.2. Suppose that (2)-(3) and (H,) hold, and that

(Hy) liminf 5 Z( ]g(n A, é){l 3 calas é)]}>—,

g(n,b) a

(He) liminf zz( jg(n Ha(n, 5){1 3 calots g’)]}>o

h(n,b) a
Then the inequality (1) has no eventually positive solutions.

Proof. Suppose that x(n) is an eventually positive solution, by Lemma 2.1, we know that there existsa n, >n,
such that x(z;(n)) >0, x[g(n,£)]>0, and Ax[g(n,&)]>0, n>n,, &e[a,b].
Noticing y(n) > x(n), we have

) < X()+ 36 (MY (7 (M) < X0+ e (My@), n=n,

then
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{1—ici (n)} y(n) < x(n). (17)
Using Lemma 2.2, (13) and (17), we have
0> A*y(n)+4) p(n,¢) {l—Zm‘,cig [g(n,rf)]} y[9(n,&)]

>A%y(n) +/IZb] p(n, &) {l—Zm‘,cig [a(s, 5)]}yg(n, &)y[a(n, 9)].

Choosing y = % €(0,1), we have

Azy(n)+§2 p(n,é){l—iqg [g(s,i)]}g(n,é)Ay[g (n.&)]<0, n=n,

let z(n)=Ay(n)

Azy(n)MZ% p(n,f){l—icig[g(s,ﬁ)]}g(n,f)Z[g(n,é)]SO, n>n,. (18)
Choosing
Q5)=3 2.0 {1-Sealac. a0, nn,

then we have

limin s zb:Q(s,g) >L

g(n,b) a e

liminf j zb:Q(s,g) >0,

h(n,b) a

Az(n)+ > Q(s,£)z[9(n,€)] <O. (19)

Then if follows from Lemma 2.3 that inequality (19) has no eventually positive solutions, which contradicts the
fact that z(n) = Ay(n) >0 is a solution of (18).

This completes the proof of Theorem 2.2. =

Remark 2.1. Similar to the above results on equation (1), we can consider the following second order delay
difference inequality

m b
A? [x(n)+2ci (Mx(z, (n))}Z p(s. &) f(x[g(.9])=0 (1)
i=1 a
and obtain sufficient conditions that ensure two inequality has no eventually negative solutions.

For the second order delay difference equation

{x(n)+zml“ci (Mx(; (n))}+i p(s.€) f(x[g(n.&)])=0. (20)

We have the following results.
Theorem 2.3. Suppose that the conditions of Theorem 2.1 hold. Then every solution of equation (20) is
oscillatory.

Theorem 2.4. Suppose that the conditions of Theorem 2.2 hold. Then every solution of equation (20) is
oscillatory.
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