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Fast Fourier Transform Over Residue Ring Z,[x]/(f(x))
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Abstract: A transform analogous to the Discrete Fourier transform in a residue ring Z,[x]/(f (x)), where
f(x) inZ,[x] is not necessarily irreducible, is defined. The convolution property is useful in the product of large
polynomials in Z,[x] and in between the Discrete Fourier transform on Z, is also applied.
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I.  Introduction
Fast Fourier Transform (FFT) is generalized to general rings and finite fields which is useful in
construction of fast algorithm for polynomial multiplication. J.M. Pollard generalized the FFT to certain finite
fields and showed how it could be used for multiplication of polynomials over these fields. For Fast Fourier
transform in a finite field, consider a finite field with p™ elements denoted as F,n. Let d be a divisor of p" — 1,
and a beanelementoforder d in F* = F — {0}, amultiplicative group of F [3][4]. Then in [1] the transform of
asequence {a;} 0 <i <d — 1 of members of F is defined to be the sequence {A4;} where

d—1

A = Z aa’ D

j=0

The transformed sequence A; depends on the choice of r, which is fixed throughout. The inverse transform to (1)
is given as

where d' is the integer for which
dd=p"—1.
This Discrete Fourier transform is with the basic properties (1) < (2) and the convolution property. The
convolution property is as follows:
For three pairs of sequences, ({a;} and {4;}), ({b;} and {B;}), ({c¢;} and {C;}) (0 < i < d — 1) form transform
pairs and that
C;=4B,0<i<d-1).

d-1 d-1

Then, ¢; = aib,(0<i<d-1).

j=0 k=0
j+k=i(mod d)

In particular by making the sequence period with period d, above equation may be written

d-1

¢ = Z aibl’_j.

j=0

where the subscript i —j is computed modulo d [7]. Basic properties can be evaluated from the following
remark.

1.1 Remark:In any field F, forany «a in F* with O(a) = d, for any integer k

d-1
Z ok = {d, ifk = 0(mod d)

0, otherwise
=
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The Fast Fourier Transform over finite fields is quite useful in the Multiplication of Polynomials over
Fyn, Multiplication of Integer Polynomials, Multiplication of Very Large Integers, Division of Polynomials Over
E,. A version of the transform
d-1
A = Z aa’
j=0

is in a ring which is not field, Z,, of Integer modulo a composite number m is given in [1]. Adapting these ideas,
in this paper we give a version of the transform as above in the residue ring Z, [x]/(f (x)) for any polynomial
f(x) € Zy[x], where f(x) inZ,[x] is not necessarily irreducible.

I1. Fast Fourier Transform In The Residue Ring Z,[x]/(f(x))
Let f(x) be apolynomial in Z,[x]. In this paper, we introduce a version of the transform
d—1
40 =) g @a)!
j=0
is given on a particular Ring Z, [x]/(f (x)), where f(x)in Z,[x] is not necessarily irreducible. In our paper
Counting in Z,[x] [2] itis proved that the multiplicative group (Z,[x]/(f (x)))", the group of units of Z,[x]/

1
(f (x)) is of order equal to ¢, (f (X)) = pea(f ) H (1——eaa00y) - Note this order divisible by p — 1
a0l () P
and for a polynomial a(x) € (Z,[x]/(f(x)))" with o(a(x)) = d for some d|p — 1, we have the following
lemma in Z,[x]/(f (x)).

2.1 Lemma: In Z, [x]/(f (X)), if f(x) = g1(x)*' g2(x)°2g3(x)*? ... g, (x)® where d|(p — 1) and o(a(x)) =

d in Z,[x]/(f (x))then
d-1

; d,if k = 0(mod d)
ik
Z;, a(x)™ = {O,if k £ 0(mod d)

Proof. Let f(x) = g, (%) g,(x)¢2g5(x)® ... g, (x)¢ and o(a(x)) = d. By a known result we have a(x)* =
a(x)if and only if k = 0(modo(a(x))) This implies a(x)* = 1 for all k = 0(modd), therefore we have

d-1 d-1
Z a(x)l = Z 1 = d forall k = 0(modd)
i=0 i=0

Now for k = Omod d, consider

9

-1

§
§

Therefore inZ, [x]/(f (x)), (Z a(x)ik> 1—a@)) =0
i=0
Now note if we have 1 — a(x)¥ = 0 mod(g;(x)) then by above equation
d-1

Z a(x)* = 0 mod(f(x))

a(?f)”‘) (1 — a()*) inZ, [x]/(f (x))

Il
=}

then we have

i 9
=

06(?6)”‘) (1-a(®") =a@®)’ - a(x)"

Il
=}

=1— a(x)"

= 0.

i=0
, as, 1 —a(x)* =0mod(g;(x)) implies 1 — a(x)* = 0mod(g;(x)¢) for all g;(x)%, then this implies
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1 —a(x)* = 0mod(f(x)) implies 1 — a(x)is in (Z,[x]/(f (x)))", further
d-1
Z a () = 0 mod(f (x))
also implies =0
d-1

Z a(x)i

isin (Z,[x]/(f(x)))" hence their product would lbzeoin (Z, [x]/(f (x)))", which implies

d—-1
(Z a(x)“‘) (1 - a(x)*) = Omod(f(x))
i=0
which is a contradiction to above observation that in Z, [x]/(f (x)), (T a(x)*)(1 — a(x)*) = 0.
Therefore it remains to prove 1 — a(x)* = 0mod(g; (x)).For this, note the set

H={a(x)’, a(x)!, a(x)?, ..., a(x)¢"1}
forms a subgroup of (Z, [x]/(f (x)))" of order d and the set N given as

N = {a(x) € Z,[x]/(f (x)): a(x) = 1modg; (x)}

={g;(x) t; (x) + 1:i = 1,2,3, ..., pded U (x))=deg (9:(x))}
is a subgroup in (Z, [x]/(f (x)))* of order pded U (D=deg (9:()) Now for all a(x)* € H,if a(x)* € N, then we
have a(x)* € Hn N.Butnoteas o(H) = d, where d|p — 1 and o(N) = p9e9 F(x))=deg (9:(x)) e have
(d,p®9 FN=deg (i) =1 = o(HNN) =1, > Hn N = {1}, implies a(x)* = 1 giving k= 0, contradiction
as we have k = 0 mod d, hence for all k = 0 mod d, a(x)* = 1in H,impliesa(x)* & N, that is
a(x)* = 1 mod g;(x).

In the following theorem, we introduce the Discrete Fourier Transform in the residue ring Z,[x]/

gy
forfe) = | acor,
i=1

gi(x) € Z,[x]/(f (x)) is an irreducible polynomial.

2.2 Theorem: For any sequence {a; (x)} of polynomials in Z,[x]/(f(x)) there is a transform {A;(x)} given as
d—-1

A =) g@a@)
j=0
for a(x) € Z,[x] with the inverse transform given
d-1

4 () =—d' ) 4@
i=0
where dd' =p — 1.

Proof. Given Sequence{a;(x)} with

d—-1
40 =) g @a@)!
=0
d-1 d-1 ,d-1
Wehave —d' ) A (x)a(x)™ =—d’ ( az(x)a(x)li>(a(x)_”)
d-1 d-1
= —d Z @, () (x) D

i=0 [=0
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[ d-1 d-1 d-1 d-1 ]

D a@) a@ |+ > aw ) a0 ||

I=0 i=0 =0 i=0 |
[=jmod d [=Zjmod d

- —d'(aj (x).d + 0)(By Lemma)
= a; (x).

d—-1

Thereforeq; (x) = Z A;(xX)a(x)™Y
i=0

d-1
Conversely, given sequence A;(x) with a; = —d’ Z A () a(x)™7
=0

We have
d-1

d
> g@a@! = -d Z(Eﬂm&mu)%wmﬂ

j=0 / k=0
d—1 d—1
_d'z Ak(x)z a(x)/ =0
i=0 =0
d—1
——d Z A, (x)d (By Lemma)
=
i—k=0mod d
= —d'dA;(x)
= Ai(x).
d-1
Therefore4; (x) = z a ()a(x) .
=0

2.3 Example: Let Z;5[x]/(x? — 4) denote the Residue Ring modulo (x? — 4).
Let d be the divisor of (p —1) = (13 — 1) and a(x) = 5x + 6 be a member of Z;5[x]/(x? — 4) of
order d = 3 in the multiplicative group, (Z3[x]/(x* — 4))* say, of nonzero elements of Z5[x]/(x? — 4).
Then we can define the transform of a sequence {a; (x)}(O <i<(d- 1)) x+2,x+3,x+4 of
members of Z;5[x]/(x? — 4) to be the sequence {4;(x)} where
d-1

400 =) g@ @)’
j=0

Now calculate A4;(x)’s:

2

40 = ) 4 (0)(@@)”
L
— @G Fa®
=x+2+x+3+x+4

Therefored,(x) = 3x + 9.
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2

4@ =) g@ @)
j=0
= ao(x) + a; (X)a(x) + a; (x) (@ (x))’
=x+2+ (x+3)(5x+6) + (x +4)(5x + 6)°
X+ 2+ 5x2+6x + 15x + 18 + (x + 4)(25x% + 60x + 36)
x+2+45x%+6x+ 15x + 18 + (x + 4)(12x2 + 8x + 10)
12x3 + 61x% + 64x + 60

Therefore A;(x) = 8x + 5.

2

400 =) g()(@()?

j=0
= ag(x) + a; () (@(x))* + az (x) (a(x))*
x+2+ (x+3)(5x +6)* + (x + 4)(5x + 6)*
x+2+ (x+3)(12x% + 8x + 10) + (x + 4)(5x + 6)
x4+ 2+ 12x3 4+ 8x% + 10x + 36x2 + 24x + 30 + 24x + 5x2 + 26x + 24
=12x3 +10x% + 9x + 4

Therefore4,(x) = 5x + 5.

We get Ag(x) =3x +9,4,(x) = 8x + 5,4,(x) = 5x + 5.

Now we find inverse transform to
d-—1
AG) =) @), is

j=0
d—-1
4 () =~ ) 4@ @)
where d' is the integer for which d'd = p i—zol.

Now calculate a; (x)'s:

d-1

G () =—d' ) A()(@G))
i=0
ag(x) = d'[Ag(x) + A1 (x) + A2 (x)]
=9[3x+9+8x+5+5x+5]
= 9[16x + 19]
=x+2
Thereforeay(x) = x + 2.

d-1
@) ==d' ) ACO@) ™
0

iz
= d'[Ag(x) + A1 () a(x) ™" + Az () a(x) 7]

=9[3x+ 9+ (8x + 5)(5x + 6)~! + (5x + 5)(5x + 6) 2]

=9[3x + 9 + (8x + 5)(12x% + 8x + 10) + (5x + 5)(5x + 6)]
=9[3x+ 9+ (5x3 + 12x% 4+ 2x + 8x% + x + 11) + 12x? + 3x + 4]
=9[5x3 + 6% 4+ 9x + 11]

= 45x3 + 54x% + 81x + 99
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=6x3+2x2+3x+8
=x+ 3.

Thereforea; (x) = x + 3.

d-1

a,(0) = ~d' ) A()(@()

i=0
= d'[Ag(x) + A1 (D) a(x)7* + Az () a(x)™*]
=9[3x+ 9 + (8x + 9)(5x + 6) + (5x + 5)(12x? + 8x + 10)]
=9[3x + 9 + 40x% + 48x + 25x + 30 + 60x3 + 40x? + 30x + 60x> + 40x + 50]
=9[60x3 + 140x2 + 166x + 89]
= 540x% + 1260x% + 1494x + 801
=7x3+12x>+12x + 8
=x+4.

Thereforea, (x) = x + 4.

I11. Application of The Transform
3.1 Theorem(Convolution Property):If the three pairs of sequences,

{a;(x)}and {4;(x)}), ({b;(x)}and{B;(x)}),{c;(x)}and {C;(x)}) for0 <i <d—1 form transform pairs
and that

C,(x) = A;,(x)B;(x),(0 < i< d—1).

d-1 d-1
Then, ¢; (x) = Z & ()b (x),(0< i <d—1).
j=0 k=0
Jj+k=i(mod d)

Proof. Given Sequence {c;(x)} with
d—1

€)=Y gEa@?
=0

Suppose for the given transform pairs we have C;(x) = A;(x)B; (x).

Then as {c¢;(x)},{C;(x)}0 < i <d — 1 form a transform pair we have
d—1

) =) ga@?
=0
d—1
with inverse transformcj (x) = —d’z C; (x)a(x)_ij
i=0

() = —d'dz_l G ()a(x) = —d'dz_l 4, (0B, ()a(x) ™Y
=0 j=0
d-1 ,d—-1 d—1
= —d ]Z (;) @ (x)a(x)f") (Z bs(x)a(x)15> ()™
d—1 d-1 d-1
- —d ; Z) a, ()b, (x) — d ; a (x)) ets=D
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d-1 d—1

=—d Z Z a, (x)bs(x)d (By Lemma)
k=0 j=0
k+s=imod d

d—-1

Therefore ¢;(x) = Z a, (xX)b;_j (x)

k=0

3.2The Multiplication of very Large Polynomials:
In the following we demonstrate the convolution property in the multiplication of large polynomials.
Suppose g(x), h(x) be large polynomials.
Let r(x) be the polynomial with deg(r(x)) < deg(f(x)), (r(x),f(x)) =1 and o(r(x)) =d
Suppose the polynomials are expressed to the base r(x),
mi
909 = a ()@Y,

i=0

R = ) BOCG)
where(0 < a, (x) < r(x),0 < by(x) < r(x)).

Then by the Convolution property, their product is

mi+my

W= ) a@r,

i=0
where the (c;(x)), defined as
a@®= > amh,

0<i<m1;0<j <my;i+j=k
(0 <k < (my +my)),
do not necessarily satisfy 0 < ¢;(x) < r(x).

3.2.1 Example: Let g(x) = x® + 10x° + 4x* + 6x3 + 5x2 + 3x + 2,h(x) = x° + 11x* + 8x3 + 2x? + 4x +
5 € Zy5[x]/(x® + 12x7 4+ 5x° + 5x° + 10x* + x3 + 11x? + 3x + 7) Let d = 12 be adivisorof p — 1 =

13 — 1 and Choose a base 7(x) = x2 + 3x + 4 3 (r(x))'? = 1in Zy5[x]/(x® + 12x7 + 5x° + 5x° + 10x* +
x3+11x2 +3x +7)

Suppose the polynomials g(x), h(x) are expressed to the base r(x) as

909 =Y a@E@), (0= a@® <)
= (6x + 8)(x? + 3x ff)o + (6x +10)(x? +3x + 4)' + (x + 11)(x? + 3x + 4)* +

(D(x% + 3x +4)3
and

h(x) = Z bi()(r(x))',0 < by(x) <7(x)
i=0
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= (7x +2)(x% + 3x + 4)° + (10)(x? + 3x + ) + (x + 5)(x? + 3x + 4)?

mi+my

Their product is s(x) = Z ¢ () (r(x))!

i=0

where do not necessarily satisfy 0 < ¢;(x) < r(x).
Now we first obtained (c;(x))’s, using (a; (x))’s and(b;(x))'s
d-1

@@ =) g@b @
=0
d—-1

Thency(x) = Z a; (x)by_; (x)

j=0

= ag(x)by(x) + a; (x) + bo_1(x) + a(x)by_2(x) + az(x)bg_3 + as(x)by_s(x) + -

+ a1 (X)bo_11(x)

= ay ()b (x) + a1 (x)by1(x) + az(x)b 0(x) + az(x)by(x)

+a,(x)bg(x) + -+ a1 ()b (x)(k = i + jmodd)

=ag(x)by(x) +0+0+0+0+--4+0

= (6x +8)(7x + 2)

=42x%* + 68x + 16

=3x% + 3x + 3 in Z5[x]

co(x) =3x%2+3x+3

d—-1

600 = gk ()
=0
= ag(X)b1—o(x) + a; (x) + by_1(x) + a2 (x)b1_,(x) + az(x)by_3 + a,(x)by_4(x) + -
+ a1 (x)by_11 (%)

= a()(x)bl (x) + a, (x)bo(x) + a, (x)b11 (x) + a3(x)b10(x)
+a,(x)bg(x) + -+ a;1 (xX)by(x)(k =i + jmod d)
=ag(x)by(x) + a; (X)by(x) +0+0+0+ -+ 0
= (6x +8)(10) + (6x + 10)(7x +2)
= 42x% + 142x + 100
=3x% + 12x + 9 in Z3[x]

ci(x) =3x2+3x+3

=

d—

c2(x) aj(x)bz—j (x)
j=0

= ag(x)by_o(x) + a1 (x) + by_1 (%) + ay(x)by 5 (x) + az3(X)by_3 + a4 (x)by_4(x) + -+

a1 (x)by_11 (%)
= ag(x)by(x) + a1 (x)by (x) + az(x)by (x) + az(x)by1(x)
ta,(x)bygy + -+ a;1 (x)bs(x)(k = i + j mod d)
= ag(x)by(x) + a; ()b (x) + ay (x)by(x) + 0+ 0+ -4+ 0
=(6x+8)(x+5)+ (6x+10)(10) + (x + 11)(7x + 2)
=13x2 4+ 177x + 162
= 8x + 6in Z3[x]

c(x) =8x+6
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d-1

600 = ) @by ()
j=0
= ag(x)b3_o(x) + a;(x) + b3_1(x) + a(x)b3_»(x) + az(x)b3_3 + ay(x)b3_4(x) + - +
a1 (x)by-11 (%)
= ag(x)b3(x) + a; (X)bz(x) + az(x)by (x) + az(x)by(x)
+a,(x)bi1(x) + -+ a1 (x)by(x)(k =i + jmod d)
=0+ a;(x)by(x) + ap(x)b1 (x) + az(x)by(x) +0+0..+0
= (6x +10)(x +5) + (x + 5)(10) + (1) (7x + 2)
= 6x% +57x + 162
= 6x% + 5x + 6 in Z;3[x]
c;(x) =6x%+5x+6

d—-1

6400 = ) @by ()
j=0

= ag(X)bs_o(x) + a1 (x) + by_1(x) + a3 (x)bs_5(x) + az3(X)bs_3 + a4 (x)bs_y(x) + -+

a1 (X)by_11 (%)
= ag(x)bs(x) + a; (x)b3(x) + az(x)by(x) + a3 (x)by (x)
+a,(x)by(x) + as(x)by1(x) ... + a1 (x)bs(x)(k = i + j mod d)
=0+ 0+ a(x)by(x) + az(x)b1(x) +0+0+0..+0
= (x + 11)(x + 5) + (1)(10)
=x% + 16x + 65
= x? + 3x in Zy3[x]

ci(x) = x* +3x

d-1

6500 = ) 4 (b5 ;)
=0
= ag(x)bs_o(x) + a;(x) + bs_1(x) + az(x)bs_(x) + az(x)bs_3
+a,(x)bs_4(x) + as(x)bs_5(x) + as(x)bs_¢ + -+ + a1 (x)bs_11 (x)
= ag(x)bs(x) + a1 (x)bs(x) + az(x)b3(x) + az(x)b,(x)
+a, ()b (x) + as(x)by(x) + ag(x)by1(x) ... + a;1 (X)bg(x)(k =i+ jmod d)
=04+04+0+az;(x)by(x)++0+4+0..4+0
=(1)(x+5)
=x + 5in Z3[x]

cs(x)=x+5
d-1
6609 = D 4 (bs ;)
=0

= ay(X)bs_o(x) + a1 (x) + bg_1(x) + az(x)bs_5(x) + az(x)bes_3

+a4(X)bg_4(x) + as(x)bg_5(x) + ag(x)be_g + a7 (x)bg_7 + -+ +
ay1(X)bg_11(x)

= ag(X)be (x) + a1 (x)bs(x) + az(x)bs(x) + az(x)bs(x)

+as(x)by(x) + as(x)by (x) + ag(x)by(x) + az(x)by; ... + agy (x)b; (x)(k =
i+ jmodd)

=04+0+0..40

= 0 ln Zl3 [x]

c(x)=0

Similarly we get
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d-1

c7(x) = @ (x)b;—j(x) =0
j=0
d-1

cg(x) = a;(x)bg—j(x) =0
j=0
d-1

co(x) = ; (x)by_j(x) =0
=0
d-1

cro(x) = a; (x)b1o-;j (x) =0
j=0
d-1

e (x) = @ (x)b11-;(x) =0
=0

Therefore the product g(x).h(x) is

gOh(x) = () (x))° + 1 () r())" + 2 () (1)) + c3(X) (r(x))? + ¢4 (X) (r(x))*
+e5 () (r(0))° + 6 () (r(x))° + ¢ () () + - + 11 () ()M
=(Bx?+3x+3)+ Bx?+12x + 9)(x? + 3x + 4) + (8x + 6)(x% + 3x + 4)?
+(6x%2 +5x+6)(x%2 +3x + 43 + (x* +30) (x> + 3x + H* + (x + 5)(x? +

3x + 4)°
= xM + 21x10 4+ 200x° + 1172x% + 4716x7 + 13718x° + 29481x° + 46926x*
+ 54399x3 + 43994x% + 22526x + 5639

= x" +8x10 + 5x% + 2x% + 10x7 + 3x® + 10x° + 9x* + 7x3 + 2x% + 10x + 10
= 6488x7 + 2597x° + 2318x° + 5592x* + 43x3 4+ 6035x% + 1351x + 3
=x7 +10x° + 4x° + 2x* + 4x3 + 3x2 + 12x + 10
in Zy3[x]/(x® + 12x7 + 5x° + 5x° + 10x* + x3 + 11x? + 3x + 7).

Note this equals the usual polynomial product of g(x) and h(x).
d—1

g@)h(x) = Z ¢, (x)x*, where

k=0

k

@@ = ) a@be ()

i=0

IV. Conclusion
The idea of Pollard to multiply polynomials over finite fields in less than O (n?)multiplications by using
the Fast Fourier transform to Discrete Fourier transform, is adapted to the multiplications of large degree
polynomials. These polynomials are identified aselements in the residue ring in Z, [x]/(f (x))and by the
convolution property, the product is evaluated by using the transform on Z, [x]/(f (x))with a suitable
elementa (x)in(Z, [x]/(f (x)))" of orderd such that d|p — 1.
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