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Abstract: A first order nonlinear impulsive integrodifference equation within the frame of g, - symmetric

quantum calculus is investigated by applying using fixed point theorems.The conditions for existence and
uniqueness of solution are obtained.
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. Introduction
The Q- calculus was initiated in twenties of the last century. However,it has gained considerable

popularity and importance during the last three decades or so. Their study has not only important theoretical
meaning but also wide applications in conformal quantum mechanics, high energy physics, etc. We refer the
reader to recent articles[1-7]. Recently, in [8], authors research first order nonlocal boundary value problem for

nonlinear impulsive (], —integrodifference equation.
On this line of thought in this paper, we study the existence and uniqueness of solutions for second order
nonlinear ¢, - symmetric integrodifference equation with nonlocal boundary condition and impulses:

{Dqku(t): f(tu(®)+, 1, 9(tu(t), 0<q <ltel "
Au(t,) = 1, (utt,)) t €01, k=12,--,p,

u(0") =h(u)+u,, U R, )
where Dqk o qu are g, — symmetric derivatives and g, — Symmetric integrals
(k=01,---,p+1) respectively. f,geC(J xR,R) : l.,heC(R,R) ,

J=[0NU@a +@-gt] . 0=t <t <t, <---<t <t , =1, J':[O,l]\{tl,tz,---,tp} ,

Au(t,) =u(t,)—u(t,) .
Where U(t,) and u(t,)denote the right and the left limits of u(t) at t=t, (t=12,---, p), respectively.

Il. Preliminaries
Let us set J,=[0,t],J,=(t, 5], J,,=(t, ;1 I, =, 1= (1,q;1 +(1- q;l)tp] and
introduce the space: PC(J,R) ={u:J > R|ueC((t.,t ,]ul),k=01---,p
and X(t;)and x(t,) exist with X(t,)=x(t.),k=12,---, p}. Clearly, it is a Banach space with the
norm  [[ull=sup, |u(t)]. where J =[01]ULq;'+(@-0q;)t,].
Definition A function U € PC(J, R) with its derivative of second order existing on J is a solution of (1)

if it satisfies (2).
For convenience, let us introduce some basic concepts of (], — symmetric calculus.

For0<q, <1 and teJ, we define the Q, —symmetric derivatives of a real valued continuous function

f as

b, 1= 1@ E-aI) = F@t+a-a))

(qk — O )(t - tk) (3)
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D, (&) = lim D, ().

Higher order G — symmetric derivatives are given by
Dy f(t)=f(1),D; f(t)=D, Dy ' f() neN,ted,

The 0y — symmetric integral of a function f is defined by
t X N
o fO=] 1005= 0@ @ 6+ E™ 1) el g
n=|
Provided the series converges.If a e (t,,t) and f isdefined on the interval (t,,t), then

J: f(s)dgs= Lt f(s)d,s —La f(s)d,s.

)

(6)
Observe that

D, (. 1, f(©)=D, j: f(s)dy 5= f(t)
. (D, f)= f D, f(s)dy s=f(t) @

t
1. (D, f(t)):ja D, f(s)d,s=f()-f(@) ac(t.t)
For t € J, the following reversing order of G« — integration holds

tre o+ (1= )t
J-tk .[[k f(r)d, rd,s :J‘: i (t—r)f(r)d,r.

t s X n
nfact, . f()dg rdg s =(t-t)(1-a))2 o

8
J‘IHQKM (t-t) f(r)qur

ty

=(t-t)’A-a2) D a2 > " f (b +o ™ (b + 0" (E -t ) — L)
n=0 m=0

=(t—t)? A=)’ DD g f (t R (- t)

n=0 m=0

= (t-1)°(L-00)" DD o F (4 4 (-1, ))

n=0 r=n
=(t—t)’A-a?)° D g * -2 f(t, +F " (t-t,))
=0

(t—-r)f(nNd,r.

J‘QKH'(]-_Qk M
= .

Note that if t, =0 and g, =Qqin (3) and (5). then Dqk f= Dq f ", |qk 1::oqu _Where Dq and o Iq are
the well-known ( — derivative and ( — integral of the function f(t) defined by
f(g)-f(qt)

@ -at

I, FO=[ (s =@-a X" F @)

D, f(t) =

Lemma 1. For given Y, € C(J,R) the functionu € C(J,R) is a solution of the impulsive 0, — symmtric

integrodifference equation
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D, u(t) =y, (1), 0<g, <Ltel’,

9
Au(t) =1, (u(t)), t €(01),k=12,---,p, ©)
u(0") =h(u)+u,, U €R.
If and only if U satisfies the Ok — integral equation
[} Vo (8)dg 5+ () + gt € 3
; k-1 k
u(t) = _[t Yo (8)dg S+ D Y, ()d, 5+ D L (u(t)) +h(u) +up, t e J, (10)
k i=0 i=0
t p_l P
L yqp(s)dqps+§yql (s)dqls+iz:olli(u(ti)) +h(u) +u,, te J, UL,

Proof. Let U be a solution of Ok —symmetric difference equation (9) . For te Jo,applying the operator
D, u(t) =y, (1),
b b we have

u(t) = u(0*) + jot Y (5)dg S,

0 |qO on both sides of

D, u(t) =y, (1),
| (h() le() then

Similarly, for te 31, applying the operator t '@ on both sides of

u(t) = u(t’) *f Y (5)d, 5.
Inview of Au(t,) =u(t)—u(t;) = 1,(u(t)). it holds
t

u(t) = u(0") +L Yo (8)dg s+ 1, (u(t)), te J,.
Repeating the above process,we can get

t 2 i K

u(t) =u(0") +jt Yo (5)d, s+ th' Vo (5)dgs+>° L (u(t)), ted,.

K i=0 i=1

Using the boundary value conditions given in (9), it follows

u(t) = J-tt Ya. (s)qus +%ZIJ.:M Y (S)dqiS +i I, (u(t,)) +h(u) +uy,ted,.
teJ Ul i -

For .we have
u(t) = j: Y, (8)d, S+ pif Y, (5)d, s +i 1, (u(t)) + h(u) + u,.

Thus we can get (10). Conversely, assume that U satisfies the impulsive 0y — integral equation (9), applying

Dqk on both sides of (10) and substituting t =0 in (10), then (9) holds. This completes the proof.

t |
Remark 1. In (10), allow belongsto . Since

(g t+@-g)t)a" +(1-g")t, <t,neN

Yo, 6)dg s =(1-0p)a, (t —tp);qf,“yqp (g t+@-g,0t)a" " + - g™ )t,)

u(g,'t+(@-g,t,),  tel
for have definition.

Iq;lw(l—q;l)tp

and *'

’

We see that

DOI: 10.9790/5728-13020195101 www.iosrjournals.org 97 | Page



Nonlocal Boundary Value Problem for Nonlinear Impulsive @, - Symmetric Integrodifference ..

I11. Main Results
operator PC — PC as

Letting Y, (1) = f(t,u(t))+ I, 9(t,ut)), inview of Lemma 1, we introduce an

(Qu)(t) = .fti [f(s,u(s)) + J: g(r,u(r)d, rld, s
+ I-(Z_llj't'tiﬂ[f (s,u(s)) + J':g(r, u(l‘)dqk r]dqis +Zk: . (u(t)) +h(u) +u,.

(11)
By (8), we obtain
O t+(1-0 )t

(Qu)(t) = j: f(s,u(s))d, s+ jt (t—s)g(s,u(s)d, s

S TN s+ 3 [ (i — 995 U, (U(E) + () + Uy

(12)
Then, the impulsive Q, - symmetric integrodifference equation (1) (2) has a solution if and only if the operator

equation U = QU has a fixed point .
In order to prove the existence of solutions for (1) (2), we need the following known result (J. X. Sun, 2008).
Lemma 2. Let E be a Banach space. Assume that T : E — E is a completely continuous operator and the set

V ={x e E|x=uTx,0 < z <T}is bounded. Then T has a fixed point in E .
Theorem 3. Assume the following .
(H, ) There exist nonnegative bounded function M, (t) (i=1,2,3,4) such that

[Tt u)] <M, @) +M, (O], |9t u)|<M;Q)+M,()|u], forany ted ueR
denote SUp||\/|i(t)|= I\/Ii’ i=1,234
ted
_ <L
(H, ) There exists positive constants L L' such that hWl<tL, h(uy <L’ for any

ueR k=12,---,p.

Then the problem (1) (2) has at least one solution provided.
p

7 =5up,, {(a, + (L=, IM, (1) + M, () (L., —1)* + M, (1)a,°(1-t,) } < 1.

i—0

Proof. Firstly, similar to the proof of Theorem 3 in [8], we prove the operator Q is completely continuous. Next we
define the setW, ={u e PC(J,R) |u=4AQu,0< A <1}. We showW, is bounded. Let ueW, , then

U=AQu,0<A<1.Forany teJ by conditions (H,) and (H,), we have
u(®)| = 4| (Qu)(t)|
Ot+(1-0y )t

sfk| f(s,u(s) |dg s+ (t—s)|g(s,u(s)|d, s

k
S t|+—1
+ZO:J; [
i=

FSUE) 1dgs+ 3 [ (= 9) 10(s.u) 15+ 21 1) [+ W)+ uy|
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< (My+ M, [lul(t=t) +(M; + M, [lulhg, (t-t)*

k-1 k@ _
+Z[(M1+ M, [lu ||)(ti+1_ti)+qi(ti+1_ti)2(M3+ M, [[u “)]"‘ZL + L+ (U |
i—0

< (M, + M, U D+ (@-08) + (Mg + M, U DY (8 ~t)
(M M U )72 =1,)%+ 2 1M, + M lu Dt —t)

k
+0;(t,, — )’ (M + M, lu ”)]"‘ZL + L+ [y, |

i=1

p _
< Ml(q;l +(1_q;l)tp) + M3Z (tig _'[i)2 + |V|3qu(1_tp)2 +mL+|u |

i=0
P
+ul[(My(aq! +@A—ag L)+ M, D (t, —1)* + Mg, 1-t,)%
i=0
1 _ _ & _ —
lu E[Ml(qpl +(1—qt,) + M3Z_(;(ti+l —t)? +M,q.°(1—t,)* + mL+|u, |:= constant

So, the set W, is bounded. Thus, Lemma 2 ensures the impulsive (], - symmetric integrodifference

equation (1) (2) has at least one solution.
Corollary 4. Assume the following.

(H, )There exist nonnegative constants L, 1=212,34 such that

Ummgg,M¢mgg,ungg,|mmgg

forany te J,ueR k=212,---, p. Then problem (1) (2) has at least one solution.
Theorem 5. Assume the following.
(H, ) There exist nonnegative bounded functions M (t) and N(t) such that

[f(t,u)—fEV)|<M®)Ju-v| |gt,u)-g(t,v)|<N{E)u-v] for ted uveR.
(Hs )There exist positive constants K, G such that
W) =1, (W|<Klu=v| [hu)-h(V)[£G|u-Vv| for uveR and k=12,---,p.
p
(Hy) Ki=swp,{M ()t +mK+G +N () (t,, — ) + N2 (1-t,) < 1.
i=0

Then problem (1) (2) has a unique solution.
Proof. Clearly Q is a continuous operator. Denote Sup|M (t)| =M, Sup|N (t)| =N . Foru,ve PC(J,R),
ted ted

by (H,)and (H;), we have

|(Qu)(®) - (QV)()|

DOI: 10.9790/5728-13020195101 www.iosrjournals.org 99 | Page



Nonlocal Boundary Value Problem for Nonlinear Impulsive @, - Symmetric Integrodifference ..

J‘ O t+ (1~ ) b

<I | f(s,u(s)) - f(s,v(s)) Idg s (t=s)lg(s,u(s)-g(s,v(s)[d,s

(8] t|+1+(1 Gi )t

YIS HOTORIVOITES 3 RSO RONOILE

+_z| 1 (u(t)) - 1, (v(8)) |+ (W)~ h(v) |

Qu-vii( MEd,s+ [ t-9N (), s

— (i — itia HL=Gi ) K
+Zojf M(S)dqﬁ*;f e (s~ IN(Xs + 2K +G

<K, Ju-v]

As K, <1by(Hg). Therefore, Q is a contractive map. Thus, the conclusion of the Theorem 5 follows by
Banach contraction mapping principle.

V. Example

Consider the following second order nonlinear Ok — symmetric integrodifference equation with impulses
D, U(t) =8+3Vt +In(1+2t° +oss UMD

t s . 1
- J.l/2+k A0s + ESIH( u(s))dy ., s,t(01),t = L

1 1
A — )= P 1k :11213141
u(1+ k) COS(U(1+ k))

u(0) =5+ e‘uz k=1234.
1
Obviously, % =5, t, = 1+k k=12,34.

3

f(t,u) :8+3«/i+ln(1+2t3+2—53|u D, g(tu) :1Ot+1%sin u, I, (u)=cosu and

u(0)=5+e™

2 3

t t
f(t,u) [<1+3Vt +2t° +— |u], t,u)[<t+—|ul,
By a simple calculation,we can get RCH) 253| | ot ul l64| |

1, (u)] <1 , [h(u) <1 Take
2 t3

3 T '
Ml(t):1+3\/f+2t ,Mz(t): My (t) =t, M, (1) = 16" L=L"=1 1pen an conditions of

Theorem 3, the above nonlinear impulsive Ok — symmetric integrodifference  has at least one solution.
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