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Abstract: The concept of scalar commutativity defined in an algebra A over a ring R is mixed with the
concept of weak-commutativity defined in a Near-ring to coin the new concept of scalar weak commutativity in
an algebra A over a ring R and many interesting results are obtained.

. Introduction

Let A be an algebra (not necessarily associative) over a commutative ring R.A is called scalar
commutative if for each x,y € A there exists « € R depending on X,y such that xy = ayx.Rich[8] proved that if
A is scalar commutative over a field F,then A is either commutative or anti-commutative. KOH,LUH and
PUTCHA [6] proved that if A is scalar commutative with 1 and if R is a principal ideal domain ,then A is
commutative. A near-ring N is said to be weak-commutative if xyz = xzy for all x,y,z € N (Definition 9.4,
p.289, Pliz[7]. In this paper we define scalar weak commutativity in an algebra A over a commutative ring R
and prove many interesting results analogous to Rich and LUH.

Il. Preliminaries
In this section we give some basic definitions and well known results which we use in the sequel.
2.1 Definition [ 7 ]:
Let N be a near-ring.N is said to be weak commutative if xyz = xzy for all x,y,z €N.
2.2 Definition:
Let N be a near-ring.N is said to be anti-weak commutative if xyz = - xzy for all x,y,z€eN.
2.3 Definition [8]:
Let A be an algebra (not necessarily associative) over a commutative ring R.A is called scalar commutative if
for each x,y € Athere exists a = a(X,y) € R depending on X,y such that xy = ayx.A is called scalar anti-
commutative if xy = -ayx.
2.4 Lemmal5]:
Let N be a distributive near-ring.If xyz = + xzy for all x,y,z € N,then N is either weak commutative or weak
anti-commutative.

I11. Main Results
3.1 Definition
Let A be an algebra (not necessarily associative) over a commutative ring R. A is called scalar weak-
commutative if for every x,y,z € A, there exists a = a(X,y,z) € R depending on X,y,z such that xyz = axzy. A is
called scalar anti-weak commutative if xyz = -axzy.
3.2 Theorem:
Let A be an algebra ( not necessarily associative) over a field F.If A is scalar weak commutative,then A is either
weak commutative or anti- weak commutative.

Proof:
Suppose xyz = xzy for all x,y,z € A,there is nothing to prove.
Suppose not we shall prove that xyz = - xzy for all x,y,z € A.
We shall first prove that,if x,y,z € A such that xyz # xzy,then x y* = x 22 = 0.
Let x,y,z € A such that xyz # xzy.
Since A is scalar weak commutative,there exists a = a (x,y,z) € F such that

XYZ = @ Xzy - (1)
Also there exists y =y (X,y+z,z) € F such that
X (y+z) z =y xz (y+2) - (2)
1) —(2) gives

XyZ -XyZ—XZ'= axzy—y xXzy—y X z°
Y xZ8-x 2% = (a — y)xzy.
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xZ2-yxzZ?= (y —a) xzy - (3)
Now, xzy # 0 for if xzy = 0,then from(1),we get xyz = 0 and so xyz = xzy;
contradicting our assumption that xyz # xzy.
Also y = 1forif y = 1,then from (3) we get
a=y=1
Then from (1) we get
XyzZ = Xzy, again contradicting assumption that xyz +# xzy.
Now from (3) we get

xz% = g Xzy.
ie, xz?=Bxzy forsomep €F. - (4)
Similarly xy? =& xzy forsome § € F - (5)

Now corresponding to each choice of a; @, a3 a4 in Fthere is an n € F such that
X(ary+ a2z) (azy+asz)= nXx(asy+asz)(ay+ azz)
X(arasy’ +arayz+ apazzy+ aya,2’)
=nx(tary +asayz+ agaizy + asa, 2°)
aq a3Xy2 tarasXyZ+ aaz X2y + ar a4 XZ2
=n(as ar Xy* + az ala, Xyz + aq ai1X 2y + a4 ap X7°) - (6)
Using (4) and (5) we get,
a1 038 XZY + ay Qs XYZ+ ar az XZy + a, a4 X2y
= n(azay § X2y + a3 Ay XYZ + a4 a1XZy + a4 a; B X2y).

Using (1) we get,
138 a”IXYZ + @y agXyz+ aras aTIXyZ + ap o, f o aTiXyz
= n(azay 8 XZy + a3 ar AXZY + a4 a1X 2y + a4 ay B XZY).
(trasdat+aias +ayazat+a,as B a™t) xyz
=n(aza; § taza,a +agay + aga, ) Xzy - (7
If in (7), we choose a,= 0, as= a;=1, a, = - J, the right hand side of (7) is zero
Whereas the left hand side of (7) is
(da t-8)xyz=0.
ie, §(al-1)xyz=0.
Since xyz#0 and a # 1,weget 6=0.
Hence from (5) we get xy? = 0.
Also, if in (7), we choose a3=0,as=a,=1 and a;=- ,the right hand side of (7) is
zero whereas the left hand side of (7) is
(B+Bat)xyz =0
i.e., B(at-1)xyz =0.
Since xyz #0 and a# 1, we get B=0.
Hence from (4), we get xz°=0.
Then (6) becomes
Qay a4 XYZ + @y agxzy = 1 (a3 Ay XyZ + a4 ag Xzy ).
oy a4 XYZ + ay asa~ L xyz = 1 (a3 o XyzZ + as a1a~ ! Xyz).
(aras +arasa™t) xyz = n (s az + as a;a™t) xyz.
This is true for any choice of a3 a, a3 as €F.
Choose a;= a3 = a4=1 and a, =-a~ 1.
Weget (1-(a™Y)?) xyz = 0.
Since xyz# 0, 1—(a™')*=0.
Hence (a1)? = 1.
re., a = +1.
Since a#1,weget a=-1
i.e, xyz = -xzy for x\y,z € A
Thus A is either weak commutative or anti-weak commutative.

3.3 Lemma:

Let A be an algebra( not necessarily associative Jover a commutative ring R.Suppose

A is scalar weak commutative. Then for all x,y,z € A, @ € R, @ xyz =0 if and only if a xzy =0.
Also xyz =0 if and only if xzy = 0.
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Proof:
Letx,y,z € A and a € R such that a xyz =0.
Since A is scalar weak commutative,there exists g = g (ax,z,y) € Rsuch that a xzy = f a xyz = 0.
Similarly if a xzy = 0, then there exists y =y (aX,y,z) € R such that
axyz =y axzy =0.
Thus axyz=0 iff axzy=0.
Assume xyz = 0.Since A is scalar commutative,there exists & =& (x,y,z) € R such that xzy = § xyz = 0.
Similarly if xzy = 0,there exists n = n (x,y,z) € R such that xyz = n xzy =0.
Thus xyz = 0 if and only if xzy = 0.

3.4 Lemma:

Let A be an algebra over a commutative ring R.Suppose A is scalar weak commutative.
Let x,y,z,u €A, a,B € Rsuchthatzu=uz, xzy=a xyz and x(y+u)z= B xz (y +u).
Then x(zu-azu-pBzu+a Bzu)=0.

Proof:
Given X(y+u)z= gxz(y+u) - (1)
XZy = a Xyz - (2)
and zu=uz - (3)

From (1) we get
Xyz + Xuz = [ xzy + B xzu.

Xyz + Xxuz = Baxzy + S xzu. (using (2))
x{yz+uz—-afyz-fzu}=0.
x{yz+uz-aByz-puz}=0. (using (3))

X(y+u—-aBy—-pBu)z=0.
By Lemma 3.3 we get
xz(y+u-aBfy—-pBu)=0.
i.e., Xzy + Xzu - affxyz — fxzu = 0.
i.e., axyz + Xzu - affxyz — fxzu = 0. using (2) - (4)
Now from (1) we get
XyzZ + Xxuz = f§ xzy + [ xzu.
XYz - B Xzy = [Xzu —Xuz.
Multiplying by & we get,
axyz - affxzy = affXzu — axuz. - (5)
From (4) and (5) we vget
XzZU — fiXzu + affxzu — axuz = 0.
ie,x{zu-pzu+afzu—auz}=0 (using (3))
x{zu-azu- fzu+afuz}=0.

3.5 Corollary:
Taking u = z,we get

x {22 -a?-p+ap 7’} =0.
ie,x(z(z-az)-Bz(z-az)) = 0.
ie,X(z-az) (z-pz) = 0.

3.6 Theorem:
Let A be an algebra over a commutative ring R.Suppose A has no zero divisors.If A is
scalar weak commutative,then A is weak commutative.

Proof:
Let x,y,z € A.Since A is scalar weak commutative,there exist scalars « = a (x,2,y) €R
and B = B(xy+2zz)€R suchthat
XZy = a Xy - (1)
and x(y+z)z=8xz(y+2z) - (2)
Then by the above corollary,we get
x(z-az) (z-pz)=0.
Since A has no zero divisors
Z=az Or z=pz.

If z = a z,then from (1) we get
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Xzy = Xyz
If z = Bz ,then from (2) we get
x(y+z)z=xz(y+z)
Xyz + Xz° = xzy + xz
i.e., Xyz=xzy.
Thus A is weak commutative.

3.7 Definition:

Let R be any ring and x,y,z € R.We define xyz — xzy as the weak commutator of x,y,z

.6, Xyz —xzy = x [y,z] is called the weak commutator of x,y,z.
3.8 Theorem:

Let A be an algebra over a commutative ring R.Let A be scalar weak commutative.lf A has an

identity,then the square of every weak commutator is zero.
ie., (xyz—xzy)?>=0forall xy,z € A.
Proof:

Let x,y,z € A.Since A is scalar weak commutative,there exist scalars ¢ = a (X,y,z) € R and

B =B (x, y+1,) €R such that

XZY = a Xyz - (1)
Xx(y+1l)z=8xz(y+1) - (2)
From (2) we get
Xyz+xz-Bxzy-Bxz=0
XyZ + Xz - Ba xyz - B xz=0 (using (1))
Xyz+Xz-af xyz-pxz=0
ie,x(y+l-apfy-g)z=0
Using Lemma 3.3 we get
Xz(y+1-apy-p)z=0
XZYy+XZ-afxzy-pfxz=0
axyz+Xxz - afixzy - fxz=0 (using (1)) - (3)
Also from (2) we get
Xyz+Xxz = fxzy + [ xz
Multiplying by a we get
axyz+aXxz =af xzy+af xz
i.e., aXyz -af xzy= aff Xxz- a xz. - (4)
From (3) and (4) we get
XZ—-fxz+af xz—axz=0.
ie, XzZ-axz-Bxz+apxz=0.
ie, X(z—az)=x(Bz-aB z)
Multiplying by y+1 on the right we get
x{z(y+1)-az(y+1)}=x{pz(y+1)-apz(y+1)}
= pxz(y+1l)-afxz(y+1)
=x(y+tl)z—ax(y+1)z (using (2))
=x{(y+tl)z-a(y+1)z}
ie, x{z(y+1)-az(y+1)}=x{(y+1)z-a(y+1)z}
ie, x{z(y+1)-(y+1)z}=x{az(y+1l) -a(y+1)z}
ie,x{zy+z-yz-z}y=ax{zy+z-yz-z}
x{zy-yz}= ax{zy-yz}
ie,x{zy-azy}=x{yz-ayz}
i.e., XyZ — @ Xyz =Xzy — a Xzy
S aXyZ-aaxyz
ie,Xyz-2axyz+a’xyz=0
ie,x(y-2ay+a’y)z=0 - (5)

Now, (xyz—xzy)* = (xyz—axyz)* (using (1))
=(Xxyz—axyz) (Xyz—axyz)
= XYZ XYZ — @ XYZ XYZ — @ XyZ XyZ + a® XyZ Xyz
= XYZ XYZ — 2 @ XyZ XyZ + a’ XyzZ Xyz
=x(y-2ay+a’y)zxyz
=0. xyz (using (5))
=0.
Thus (xyz—xzy)*=0.
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i.e., Square of every weak commutator is zero.

3.9 Definition:

Let R beaP.I.D (principal ideal domain ) and A be an algebra over R.Let a € A.

Then the order of a,denoted an O (a) is defined to be the generator of the ideal I={a€R|aa=0}.
O(a) is unique upto associates and O(a) = 1 ifand onlyifa=0.

3.10 Lemma:
Let A be an algebra with unity over a principal ideal domain R.If A is scalar weak commutative,
z € A such that O(z) = 0,then xyz = xzy for all x,y,z € A.
Proof:
Let z € Awith O(z) = 0.
For x,y € Ajthere exists scalars ¢ = a (x,y,z) € Rand 8 = 8 (X, y+1,2) € R such that
XZYy = a Xyz - (1)
X(y+1)z = B xz (y+1) - (2
From (2) we get
XYyZ + Xz - fxzy— B xz=0
XYz +XZ - affxyz—- xz=0
X(ytl-afy—-1)z=0
Using Lemma 3.3 we get
Xz (y+l-afy—.1)=0
Xzy + Xz - affxzy — fxz) =0
axzy + Xz - affxzy — fxz =0 (using (1)) - (3)
From (2) we get
XYZ + XZ = fxzy + Xz
Multiplying by a we get
a Xyz + a Xz = affixzy + affxz
i.e., @ Xyz - affxzy = affiXz - a Xz - (4)
From (3) and (4) we get
XZ—fXz+-afxz -axz=0
(l-a)(1-B)xz=0 VXEA
Then there exist scalars y € R, § € Rsuch that y xz=0 - (6)

and
S(x+1)z=0 - (7)
From (7)
6xz+6z2=0
Multiply by y
ydxz+ ydz=0 - (8)
From (6) we get
ydxz =20 - (9)
From (8) and (9) we get
yédz =0
Since O(z) =0we get y=0and 6 =0.
Thenfroml-a=0o0r1-3.
If a=1"from(1)weget xzy=xyz.
If g =1,from (2) we get
X(y+l)z=xz(y+1l)
XYZ + XZ = XZY + XZ
Xyz = Xzy

3.10 (a) Lemma:
Let A be an algebra with idemtity over Principal ideal domain R.If A is scalar weak commutative,
y € R with O(y) =0, then vy is in the center of A.
Proof:
Lety € A with O(y) = 0.
For any x € Athere exist scalars @« = a (1,x,y) € Rand g = (1,y,x+1) € R such that

(ike) L.xy = a.l.yx

Xy =ayX - (1)
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and ly(x+l) =g .1.(x+l)y
(ie), y(x+1)=p(x+1)y - (2)
From (2) we get
yX+y= gxy+py )
yX+y=af xy+py (using (1))
yX+y- aBfxy- py=0.
ly (x+1- afx- pg.1)=0.

By Lemma 3.3
1. (x+1-afx-B.1)y=0
Xy+y-aBxy- py=0 - Q)

Also from (2)
yx+y-Bgxy-py=0.

Multiply by a
ayx+ay-afxy- afy=0
Xytay-afxy- apy=0 (using (1)) -4

From (3) and (4) we get
y-py—ay+apy=0
(y-By)-a(y-py)=0
(1-a)(y-py)=0
(1-a)(1-B)y =0

Since O(y)=0,weget a=1 or g=1.

If a=1,from (1) we get xy = yx.

If B =2, from (2) we get

y(x+1l)=(x+1)y
i.e, yx+ty=xy+y
yX =Xy
i.e., y commutes with x.
As x € Alis arbitrary, y is in the center.

3.11 Lemma:

Let A be an algebra with identity over a P.I.D R.Suppose that A is scalar weak commutative.

Assume further that there exists a prime p € R and positive integer m € z* such that p™ A =0.Then A is
Weak commutative.

Proof:

Let O(xy) = p*for some k € Z* .
We prove by induction on k that uxy =uyx forallu € A.
If k=0,¢then O(xy)=p°=1andso xy=0.
So uxy =0.Also by Lemma 3.3 uyx=0.
Hence uxy =uyx forall ue€ A.So,assume that k > 0 and that the statement is true for | > k.
We first prove that for any u € A, uxy — uyx # 0 implies w (uy) X — wx (uy) =0 for all w € A.
So, let uxy — uyx # 0.
Since A is scalar weak commutative,there exist scalars a =a (ux,y) €Rand = (ux+tly)€R
such that

UXy = a uyx - (1)
and u(x+l)y = B uy (x+1) - (2
From (2) we get
uxy +uy = Suyx + Suy.
auyx+uy = Buyx + puy (using (1))
(@ = )uyx=(p-1)uy - (3)
If (a—B)uyx=0then (f-1)uy=0 and so Suy =uy.So from (2) we get
u(x+l)y=uy(x+l1)

i.e., UXy + Uy = uyx+ uy.

i.e., uxy — uyx = 0,contradicting our assumption that uxy — uyx # 0.
So
( —B) uyx = 0.In particular a — B # 0.
Leta— B =p' 6 forsomete Z" and & € R with (6 , p) = 1.If t > k,then since O(xy) = p* ,we would
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get (a— ) uxy =0, acontradiction.Hence t < k.
Now, since p* uxy = 0,by Lemma 3.3,we have

p“uyx = 0.
So from (3), p** (B-1)uy= p' (a-B) uyx
= p*' p' S uyx.
= p* Suyx=0.

Let O(uy) =p' forsome i€ Z".
If i<k then by induction hypothesis uxy = uyx , contradiction to our assumption that uxy — uyx # 0.
Soi=k
Hence _

P“| P'| p* (B-1).
Thus p'|B -1 andlet f—1=p'y forsome y €R.
From (3) we get

(a- B )uyx = (B - 1) uy.

p'suyx = p'yuy (using (4) and (5))
i.e., p'((uy) (8 x—y.1))=0. Hence by induction hypothesis
w (uy)(6x -y.1) = w (6x -y.1) (uy) VweA
w (uy) X -w (uy)y.l = wdx (uy)- wy.l (uy)
ie,w (uy) 6x - y.w (uy) = w dx (uy) -y w (uy)
§{ (uy)x - wx (uy) }=0 - (6).

Since (8, p) =1, there exist ,y € R such that u p™ +y8 = 1.

spp"{o (uy)x - wx ) r+ys{w (uy)x - wx (uy)}
={ (uy)x - wx (uy)}

0+0 =w (uy)x - wx (uy) (= p™ A=0)
ie, wuy)x =wx(uy)
i.e., uyx # uxy implies w (uy)x =w x (uy) forall w € A - (7)

Now, we proceed to show that
uxy = uyx forall ue€A.

Suppose not there exist u € A such that uyx # uxy - (8)
Then we also have (u+l1)yx # (u+l)xy - (9)
From (7) and (8) we get
w(uy)x =wx(uy) forall w € A - (10)
w(utl)yx # (u+tl)xy forall w €A - (11)

From (11) we get
wUy)X+wyx = wx(uy)+wxy forall w € A.
i.e., wyx= wxyforall € A (using (10))
a contradiction.
This contradiction prove that
uxy =uyx forallue A.
Thus A is vweak commutative.

3.12 Lemma:
Let A be an algebra with identity over a principal ideal domain R.If A is scalar weak
commutative,then A is weak commutative.

Proof:

Suppose A is not weak commutative, there exists z € A such that xyz # xzy for all x,y € A.
Also xy(z+1)=+#x(z+1)y.

Hence by Lemma 3.9,0(z) #0and O (z+1) #0.

Hence O(1) # 0. Let O(1) =d = 0.Then d is not a unit and hence d = p{l péz p? ............ p,ik for
Some primes Py, P2, P3eeeevrerernnnn Px € A some positive integers iy, iz ,...ccevevenen.. ix.
Let Aj={a€A| pjj“ =0 }.Then each Ay is a non zero subalgebra of A and

A=AIBA; ... ® A«

Being subalgebras of A,each A; is scalar weak commutative.Being homomorphic image of Aall the Ai" s have
identity elements.By Lemma 3.10 each A is weak commutative and hence A is weak commutative, a
contradiction.Then contradiction proves that A is weak commutative.
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