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Abstract: We consider the non-linear partial differential equation of time-fractional type describing the 

spontaneous imbibition of water by an oil-saturated rock (double phase flow through porous media). The fact 

that oil and water form two immiscible liquid phases and water represents preferentially wet-ting phase are the 

basic assumption of this work. The Elzaki Transform Decomposition Method is used to obtain the saturation of 

injected water. We obtain the graphical representation of solution using MATLAB R2007b and Microsoft Excel 

2010 with different fractional order (α > 0).  The aim of this work is to extend the application of Elzaki 

transform decomposition method suggested by M. Khalid et al. to resolve nonlinear partial differential 

equations. We apply the proposed method to obtain approximate analytical solutions of the proposed problems. 

Comparison between the numerical and the exact solutions revealed that (ETDM) is an alternative analytical 

method for solving nonlinear partial differential equations. 

Key Words and Phrases: Fractional derivative, Fingero-imbibition, Double phase flow in porous media, 

immiscible fluid, Elzaki Transform Decomposition Method 

 

I. Introduction 
In Caputo [6] and He [9], the approach used to account for the effects of changing flux is to embody 

the effects of memory which has to do with posing problem in terms of fractional calculus. Levy-flight type of 

transport is a well known diffusion process which is described by a fractional system. Motivated by this idea, we 

propose a fractional type Fingero-Imbibition phenomena equation in double phase flow through porous media 

and obtain analytical ap-proximate solution using Elzaki Transform Decomposition Method. 

 

We consider equation of form 
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where 
C

TD
is the Caputo fractional derivative with appropriate initial condition. 

 

When there is difference in the viscosity of two flowing phases due to wetting difference, then we have 

fingering phenomena. The importance of this phenomenon has gained attention by various concerned fields such 

as geophysics, geo-hydrology, reservoir engineering etc, with little or no attention to the fractional type. 

Generally, for the past three decades, fractional calculus has been considered with great importance due 

to its various applications in fluid flow, control theory of dynamical systems, chemical physics, electrical 

networks, and so on. The quest of getting accurate methods for solving resulted non-linear model involving 

fractional order is of almost concern of many re-searchers in this field today. 

Various methods have been put to use successfully to obtain analytical solutions such as Adomian 

Decomposition Method (ADM) [2, 15, 16], Variational Iteration Method (VIM) [10, 16], Homotopy 

Perturbation Method (HPM) [8], and EXP-function Method [19] see also [11, 12, 18]. One of the powerful 

analytical approach to solving non-linear differential equations is Elzaki Transform Decomposition Method [1, 

4] . Recent works have been done using this method (HAM) to obtain analytical solutions of some differential 

equations given improvement on the method [3, 5, 7].  

 

This paper considers equation (1) subject to some appropriate initial where 

( )
( )C

TD S
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 is a Caputo fractional differential operator. We obtain numerical results at the end with 

different values of X and t given the effect of both parameters on solution of fingero-imbibition phenomena of 

fractional type in double phase flow through porous media. 
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II. Mathematical Analysis 
Considering a finite cylindrical piece of homogeneous porous matrix which is saturated with native 

liquid A surrounded completely by an impermeable   surface except for an end of the cylinder labeled as the 

imbibitions face x=0. This end is opened to an adjacent formation of injected liquid B. The phenomenon of 

fingering will occur simultaneously with imbibitions for a less viscous and preferentially wetting phase of liquid 

B which describes a one-dimensional finger-imbibition phenomenon for which the injection is started by 

imbibitions and resulting displacement produce instabilities. 

We assume that the validity of Darcy’s law for the double phase flow system [17] the seepage velocities of 

wetting phase  (𝑉𝑤 ) and non-wetting phase (𝑉𝑜 ) as 

                                                              𝑉𝑤 = −  
𝐾𝑤

𝜇𝑤
 𝐾  

𝜕𝑃𝑤

𝜕𝑥
                                                   (1) 

                                                               𝑉𝑜 = −  
𝐾𝑜

𝜇𝑜
 𝐾  

𝜕𝑃𝑜

𝜕𝑥
                                                    (2)   

 

Where 𝐾𝑤  𝑎𝑛𝑑 𝐾𝑜   are relative permeability , 𝑃𝑤  𝑎𝑛𝑑 𝑃𝑜  are pressure and  𝜇𝑤  𝑎𝑛𝑑 𝜇𝑜  are kinetic viscosities 

(constant) of wetting phase and non-wetting phase respectively and the permeability of homogeneous medium is 

K. The coordinate x is measured along the axis of the cylindrical medium, the origin being located at the 

imbibitions face x=0. We have that 

                                                                        𝑉𝑜 = −𝑉𝑤                                                                    (3) 

For a counter current flow. Hence (1) & (2) give 

                                                             
𝐾𝑤

𝜇𝑤

𝐾
𝜕𝑃𝑤

𝜕𝑥
+

𝐾𝑜

𝜇𝑜

𝐾
𝜕𝑃𝑜

𝜕𝑥
= 0                                                (4) 

Mehta [18], gives the definition of capillary pressure 𝑃𝑐   as 

                                                                      𝑃𝑐 = 𝑃𝑜 − 𝑃𝑤                                                                (5) 
That is  

                                                               
𝜕𝑃𝑐

𝜕𝑥
=

𝜕𝑃𝑜

𝜕𝑥
−

𝜕𝑃𝑤

𝜕𝑥
                                                              (6) 

Equation (4) & (6) give 

                                                 
𝐾𝑤

𝜇𝑤

+
𝐾𝑜

𝜇𝑜

 
𝜕𝑃𝑤

𝜕𝑥
+

𝐾𝑜

𝜇𝑜

𝜕𝑃𝑐

𝜕𝑥
= 0                                                      (7) 

From here, using (7), we can write (1) & (2) as 

                                                𝑉𝑤 = 𝐾  
𝐾𝑤

𝜇𝑤

  
𝐾𝑜

𝜇𝑜

 
𝜕𝑃𝑐

𝜕𝑥
 
𝐾𝑤

𝜇𝑤

+
𝜕𝐾𝑜

𝜕𝜇𝑜

 
−1

                                     (8) 

For wetting phase, equation of continuity is given by  

                                               𝜙
𝜕𝑆𝑤

𝜕𝑡
+

𝜕𝑉𝑤

𝜕𝑥
= 0                                                                            (9) 

Where 𝑆𝑤  is the saturation of the wetting phase and 𝜙 is the porosity of the medium. Substituting the value of  

𝑉𝑤  of  (8) into (9), we obtain 

                                            𝜙
𝜕𝑆𝑤

𝜕𝑡
+

𝜕

𝜕𝑥
[𝐾

𝐾𝑤𝐾𝑜

𝐾𝑤𝜇𝑜 + 𝐾𝑜𝜇𝑤

𝜕𝑃𝑐

𝜕𝑥
] = 0                                       (10) 

Equation (10) is a non-linear partial differential equation that describes that the finger-imbibition phenomenon 

of two immiscible fluids flow through homogeneous porous cylindrical medium with impervious bounding 

surface on three sides. 

We assume standard forms of for the analytical relationship between the relative permeability, phase saturation 

and capillary pressure phase saturation knowing that fictitious relative permeability is the function of displacing 

fluid saturation. 

                                                       𝐾𝑜 = 1 − 𝜉𝑆𝑤                                                                           11  

Where 𝜉 = 1.11 

                                                       𝐾𝑤 = 𝑆𝑤                                                                                    12  

                                                        𝑃𝑐 = 𝛽𝑆𝑤                                                                                 (13) 

The model we are considering involves water and viscous oil so we have 

                     
𝐾𝑤𝐾𝑜

𝐾𝑤𝜇𝑜 + 𝐾𝑜𝜇𝑤

≈
𝐾𝑜

𝜇𝑜

=
1 − 𝜉𝑆𝑤

𝜇𝑜

=
𝑆

𝜇𝑜

, 𝑊𝑒𝑟𝑒 𝑆 = 1 − 𝜉𝑆𝑤                        (14) 

Hence by substituting (14), (13), (12) and (11) into (10), we arrived at 

                                            
𝜕𝑆𝑤

𝜕𝑡
=

𝐾𝛽

𝜇𝑜𝜙

𝜕

𝜕𝑥
  1 − 𝜉𝑆𝑤 

𝜕𝑆𝑤

𝜕𝑥
                                                   15  

For a dimensionless form of (15), we choose the following new variables 

                                           𝑋 =
𝑥

𝐿
  𝑎𝑛𝑑 𝑇 =

𝐾𝛽

𝜇𝑜𝜙𝐿2 𝑡 
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We get  

                       
𝜕𝑆𝑤

𝜕𝑇
=

𝜕

𝜕𝑋
  1 − 𝜉𝑆𝑤 

𝜕𝑆𝑤

𝜕𝑋
            &  𝑆𝑤 𝑋, 0 = 𝑓 𝑋 = 𝑒−𝑋                 16  

The choice of initial condition is due to the fact that the saturation of injected water decreases exponentially 

when X increases (Mehta [14]). 

 

III. Elzaki Transform 
The Basic definition of Elzaki Transform is given below  

A New integral transform called Elzaki transform ([1], [20]) defined for functions of exponential order is 

proclaimed. We consider functions in the set A defined by  

𝐴 = {𝑓(𝑡) /𝑀, 𝐾1 , 𝐾2 > 0,  𝑓 𝑡  < 𝑀𝑒
 𝑡 
𝐾𝑗 , 𝑖𝑓 𝑡 ∈  −1 𝑗 𝑋 [0, ∞)} 

Definition: If 𝑓(𝑡) is function defined for all 𝑡 ≥ 0, its Elzaki transform is the integral of  𝑓(𝑡) times 

𝑒−
𝑡

𝑣 𝑓𝑟𝑜𝑚 𝑡 = 0 𝑡𝑜 ∞. It is a function of 𝑣 and is defined as 

𝐸 𝑓 𝑡  = 𝑇 𝑣 = 𝑣  𝑓 𝑡  𝑒−
𝑡
𝑣   𝑑𝑡

∞

0

           𝑣 ∈  𝐾1 , 𝐾2   

 𝑜𝑟 𝑒𝑞𝑢𝑖𝑣𝑎𝑙𝑒𝑛𝑡𝑙𝑦 𝑇 𝑣 = 𝑣2  𝑓 𝑣𝑡  𝑒−𝑡   𝑑𝑡

∞

0

        𝐾1 , 𝐾2 > 0        

Theorem 1: Elzaki transform amplifies the coefficients of the power series function,  

                                                               𝑓 𝑡 =  𝑎𝑛𝑡𝑛

∞

𝑛=0

                                                          17  

On the new integral transform “Elzaki Transform” is  

                                               𝐸 𝑓 𝑡  = 𝑇 𝑣 =  𝑛! 𝑎𝑛𝑣𝑛+2

∞

𝑛=0

                                         (18) 

Theorem:2 Let  𝑓 𝑡  be in A and Let 𝑇𝑛(𝑣) denote Elzaki transform of nth derivative, 

𝑓𝑛 𝑡  𝑜𝑓 𝑓 𝑡 , 𝑡𝑒𝑛 𝑓𝑜𝑟 𝑛 ≥ 1, 

                                                   𝑇𝑛 𝑣 =
𝑇(𝑣)

𝑣𝑛
−  𝑣2−𝑛+𝑘

𝑛−1

𝑘=0

𝑓 𝑘  0                                 (19) 

To obtain Elzaki transform of partial derivative we use integration by parts, and then we have 

𝐸  
𝜕𝑓 𝑥, 𝑡 

𝜕𝑡
 =

1

𝑣
𝑇 𝑥, 𝑣 − 𝑣𝑓 𝑥, 0 , 

                                𝐸  
𝜕2𝑓 𝑥, 𝑡 

𝜕𝑡2
 =

1

𝑣2
𝑇 𝑥, 𝑣 − 𝑓 𝑥, 0 − 𝑣

𝜕𝑓 𝑥, 0 

𝜕𝑡
                       (20) 

Properties of Elzaki transform  

1. 𝐸 1 = 𝑣2  

2. 𝐸 𝑡𝑛 = 𝑛! 𝑣𝑛+2 

3. 𝐸 𝑡 = 𝑣3 

4. 𝐸−1 𝑣𝑛+2 =
𝑡𝑛

𝑛 !
 

 

IV. Elzaki Transform Decomposition Method for PDEs 
A new modified method for solving partial differential equations. To illustrate the basic idea of this method, we 

consider a general non-linear non-homogeneous partial differential equation 

                                        
𝜕𝑚𝑢 𝑥, 𝑡 

𝜕𝑡𝑚
+ 𝑅𝑢 𝑥, 𝑡 + 𝑁𝑢 𝑥, 𝑡 = 𝑔 𝑥, 𝑡                                    (21) 

Where m=1, 2, 3, with the initial conditions 

                                       
𝜕𝑚𝑢 𝑥, 𝑡 

𝜕𝑡𝑚
 
𝑡=0

= 𝑓𝑚−1 𝑥 , 𝑚 = 1, 2, 3, . .                                 (22) 

Where  
𝜕𝑚 𝑢 𝑥 ,𝑡 

𝜕𝑡𝑚  is the partial derivative of the function 𝑢 𝑥, 𝑡  of order 𝑚, R is the linear differential operator, N 

represents the general nonlinear differential operator, and g(x ,t) is the source term. Applying the Elzaki 

Transform (denoted in this paper by E) on both side of Eq. (21), we get 

                             𝐸  
𝜕𝑚𝑢 𝑥, 𝑡 

𝜕𝑡𝑚
 + 𝐸 𝑅𝑢 𝑥, 𝑡  + 𝐸 𝑁𝑢 𝑥, 𝑡  = 𝐸 𝑔 𝑥, 𝑡                     (23) 
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Using the properties of Elzaki Transform, we obtain 

𝑣−𝑚𝐸 𝑢 𝑥, 𝑡  =  𝑣2−𝑚+𝑘𝑚−1
𝑘=0

𝜕𝑘𝑢 𝑥 ,0 

𝜕𝑡𝑘 + 𝐸 𝑔 𝑥, 𝑡  − 𝐸 𝑅𝑢 𝑥, 𝑡 + 𝑁𝑢 𝑥, 𝑡  ,        (24) 

𝑤𝑒𝑟𝑒 𝑚 = 1, 2, 3, …      And thus, we have 

𝐸 𝑢 𝑥, 𝑡  =  𝑣2+𝑘
𝜕𝑘  𝑢 𝑥, 0 

𝜕𝑡𝑘

𝑚−1

𝑘=0

+ 𝑣𝑚𝐸 𝑔 𝑥, 𝑡  − 𝑣𝑚𝐸 𝑅𝑢 𝑥, 𝑡 + 𝑁𝑢 𝑥, 𝑡          25  

Operating the inverse transform on both sides of Eq. (25), we get 

                              𝑢 𝑥, 𝑡 = 𝐺 𝑥, 𝑡 − 𝐸−1 𝑣𝑚𝐸 𝑅𝑢 𝑥, 𝑡 + 𝑁𝑢 𝑥, 𝑡                              (26) 

Where G(x,t) represents the term arising from the source term and the prescribed initial conditions. 

The Second step in Elzaki Transform Decomposition Method, is that we represent the solution as an infinite 

series given below 

                                                        𝑢 𝑥, 𝑡 =  𝑢𝑛 𝑥, 𝑡 

∞

𝑛=0

                                                        27  

And the nonlinear term can be decomposed as 

                                                          𝑁𝑢 𝑥, 𝑡 =  𝐴𝑛

∞

𝑛=0

                                                           (28) 

Where 𝐴𝑛  are Adomian polynomials [30] of 𝑢0, 𝑢1, 𝑢2, . . , 𝑢𝑛  and it can be calculated by the formula given 

below 

                                             𝐴𝑛 =
1

𝑛!

𝜕𝑛

𝜕𝜆𝑛
 𝑁   𝜆𝑖𝑢𝑖

∞

𝑖=0

  

𝜆=0

, 𝑛 = 0,1,2, … .                      (29) 

Substituting (11) and (12) in (10), we have 

                                    𝑢𝑛

∞

𝑛=0

= 𝐺 𝑥, 𝑡 − 𝐸−1  𝑢𝑚𝐸  𝑅  𝑢𝑛

∞

𝑛=0

+  𝐴𝑛

∞

𝑛=0

                       (30) 

 

On comparing both side of the equation (30), we get 

𝑢0 𝑥, 𝑡 = 𝐺 𝑥, 𝑡  

𝑢1 𝑥, 𝑡 = −𝐸−1 𝑢𝑚𝐸 𝑅𝑢0 𝑥, 𝑡 + 𝐴0    
                                                 𝑢2 𝑥, 𝑡 = −𝐸−1 𝑢𝑚𝐸 𝑅𝑢1 𝑥, 𝑡 + 𝐴1                       (31) 

𝑢3 𝑥, 𝑡 = −𝐸−1 𝑢𝑚𝐸 𝑅𝑢2 𝑥, 𝑡 + 𝐴2   
…… 

In general, the recursive relation is given as 

                                                𝑢𝑛+1 𝑥, 𝑡 = −𝐸−1 𝑢𝑚𝐸 𝑅𝑢𝑛 𝑥, 𝑡 + 𝐴𝑛                           32  

𝑊𝑒𝑟𝑒 𝑚 = 1, 2, 3 𝑎𝑛𝑑 𝑛 ≥ 0.  
Finally, we approximate the analytical solution 𝑢 𝑥, 𝑡  by truncated series 

                                                𝑢 𝑥, 𝑡 = lim
𝑁→∞

 𝑢𝑛 (𝑥, 𝑡)

𝑁

𝑛=0

                                                     (33) 

The above series solutions generally converge very rapidly . 

 

V.   Solution by Elzaki Transform decomposition Method 
Solution of the Equation (31) by ETDM 

                                      𝐸  
𝜕𝑆𝑤

𝜕𝑇
 = 𝐸   1 − 𝜉𝑆𝑤  

𝜕2𝑆𝑤

𝜕𝑥2  − 𝜉  
𝜕𝑆𝑤

𝜕𝑋
 

2

   

𝐸 [𝑆𝑤 𝑋, 𝑇 ]

𝑣
− 𝑣𝑆𝑤0 𝑋, 0 = 𝐸[ 1 − 𝜉𝑆𝑤   𝑆𝑤 𝑋𝑋  − 𝜉( 𝑆𝑤 𝑋 𝑆𝑤 𝑋)] 

Here both term are nonlinear 

                 [𝑆𝑤 𝑋, 𝑇 ] = 𝑣2𝑆𝑤0 𝑋, 0 + 𝐸−1  𝑣𝐸   𝐴𝑛(𝑆)

∞

𝑛=0

+  𝐵𝑛 (𝑆)

∞

𝑛=0

                     (34) 

From the initial condition (A2) & equation (18) we get 

𝑆𝑤0 𝑋, 𝑇 = 𝑒−𝑋  

𝑆𝑤1 𝑋, 𝑇 = 𝐸−1 𝑣𝐸 𝐴0(𝑆) + 𝐵0(𝑆)   

𝑆𝑤2 𝑋, 𝑇 = 𝐸−1 𝑣𝐸 𝐴1(𝑆) + 𝐵1(𝑆)   

𝑆𝑤3 𝑋, 𝑇 = 𝐸−1 𝑣𝐸 𝐴2 𝑆 + 𝐵2(𝑆)   
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....... 

 

Where 

𝐴0 𝑆 = (1 − 𝜉𝑆𝑤0)(𝑆𝑤0)𝑋𝑋  

𝐴1 𝑆 = (1 − 𝜉𝑆𝑤0)(𝑆𝑤1)𝑋𝑋 + (1 − 𝜉𝑆𝑤1)(𝑆𝑤0)𝑋𝑋  

𝐴2 𝑆 = (1 − 𝜉𝑆𝑤0)(𝑆𝑤2)𝑋𝑋 + (1 − 𝜉𝑆𝑤1)(𝑆𝑤1)𝑋𝑋 + (1 − 𝜉𝑆𝑤2)(𝑆𝑤0)𝑋𝑋  

…… 

𝐵0 𝑆 = 𝜉  𝑆𝑤0 𝑋 𝑆𝑤0 𝑋  
𝐵1 𝑆 = 𝜉[ 𝑆𝑤0 𝑋 𝑆𝑤1 𝑋 +  𝑆𝑤1 𝑋 𝑆𝑤0 𝑋] 

𝐵2 𝑆 = 𝜉[(𝑆𝑤0)𝑋 𝑆𝑤2 𝑋 +  𝑆𝑤1 𝑋 𝑆𝑤1 𝑋 +  𝑆𝑤2 𝑋 𝑆𝑤0 𝑋  ] 
…… 

From above results we get                 

𝑆𝑤1 𝑥, 𝑡 =  𝑒−𝑋 − 2𝜉𝑒−2𝑋 𝑡 

𝑆𝑤2 𝑥, 𝑡 =  18𝜉2𝑒−3𝑋 − 12𝜉𝑒−2𝑋 + 2𝑒−𝑋 𝑡2 

𝑆𝑤3 𝑥, 𝑡 =  −304𝜉3𝑒−4𝑋 + 282𝜉2𝑒−3𝑋 − 66𝜉  𝑒−2𝑋 + 4𝑒−𝑋 𝑡3 
…… 

 

 we can generated other polynomials  by putting different values in equation (34) 

 

𝑆𝑤 𝑥, 𝑡 = 𝑆𝑤0 𝑥, 𝑡 + 𝑆𝑤1 𝑥, 𝑡 +𝑆𝑤2 𝑥, 𝑡 + ⋯  
 

𝑆𝑤 𝑥, 𝑡 = 𝑒−𝑋𝑡0 +  𝑒−𝑋 − 2𝜉𝑒−2𝑋 𝑡 +  18𝜉2𝑒−3𝑋 − 12𝜉𝑒−2𝑋 + 2𝑒−𝑋 𝑡2+ 

 −304𝜉3𝑒−4𝑋 + 282𝜉2𝑒−3𝑋 − 66𝜉  𝑒−2𝑋 + 4𝑒−𝑋 𝑡3 + ⋯  

 

VI. Table and Figure 
The following table shows the approximate solution for saturation of injected liquid for different values of x at 

different time using ETDM 

 
X/t 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

0 1 1 1 1 1 1 1 1 1 1 1 

0.1 0.8494 0.8528 0.8237 0.7795 0.7414 0.7151 0.6984 0.6879 0.6812 0.6769 0.674 

0.2 0.7132 0.72 0.6774 0.611 0.5531 0.5129 0.4872 0.4709 0.4605 0.4536 0.4491 

0.3 0.59 0.5995 0.5532 0.4793 0.4142 0.3686 0.3393 0.3205 0.3085 0.3005 0.2951 

0.4 0.4784 0.4897 0.4458 0.3739 0.3098 0.2646 0.2354 0.2165 0.2043 0.1962 0.1907 

0.5 0.3775 0.3893 0.3513 0.2872 0.2295 0.1885 0.1619 0.1445 0.1333 0.1256 0.1205 

0.6 0.2862 0.2974 0.2669 0.2141 0.166 0.1316 0.1091 0.0944 0.0848 0.0782 0.0738 

0.7 0.2036 0.2132 0.1908 0.151 0.1143 0.0879 0.0705 0.0591 0.0516 0.0464 0.0429 

0.8 0.1288 0.1359 0.1216 0.0953 0.0709 0.0531 0.0414 0.0336 0.0285 0.0249 0.0225 

0.9 0.0612 0.065 0.0582 0.0454 0.0333 0.0245 0.0186 0.0147 0.0121 0.0103 0.009 

1 0 0 0 0 0 0 0 0 0 0 0 
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VII. Discussion and conclusion 
The basis for many scientific and engineering applications is now depending largely on the study of 

physics of flow through porous media. The applications ranges from hydrologist in his study of the migration of 

underground water, the petroleum engineer in his study of movement of oil, gas and water through the reservoir 

of oil or gas field or filtration processes. It has applications in ceramic engineering and oil recovery process. In 

the recent years, the odea of fractional order have been introduced. In the differential equations which have deep 

meaning and  inexhaustible applications. Here, we have studied the fractional Fingero-imbibition equation to 

model the spontaneous imbibition of water by an oil-saturated rock in a double phase flow through porous 

media. Elzaki Transform Decomposition Method  (ETDM) was implemented to obtain the approximate 

analytical solution of the problem. The results are shown in Figure. The numerical simulations are obtained 

using MATLAB R2007b and Microsoft Excel 2010. 
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