IOSR Journal of Mathematics (IOSR-JM)

e-1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 13, Issue 2 Ver. V (Mar. - Apr. 2017), PP 34-39
www.iosrjournals.org

Upper Bounds for Fekete-Szego functions and the Second Hankel
Determinant for a Class of Starlike functions.

Bello R. A.*,0Opoola T. 0.2

!Department Of Statistics And Mathematical Sciences, Kwara State University,Malete, Nigeria
“Department of Mathematics, University Of llorin,llorin,Nigeria

Abstract: In this work,we provide upper estimate for Fekete-Szego functional and Second Hankel determinant for
the class S*{q} consisting of functions analytic in the unit disk U = {z€ C : |z|] < 1} and normalized by
f(O) f (0) = 1 = 0 and which satisfies the subordmatlon condition

'.“ < g{z), ‘-_I where 1"{_'1—\1 -3
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Introduction
Let A denote the class of functions f(z) analytic in the unit disk U = {z €
C:|z] <1} and let S C A denote the class of analytic functions f(z) in U
which are univalent and has the form|

k

f(z) =2+ ) apz” (1.1)

[[M]¢

3V

Eond

Definition 1.1. An analytic function f(z) is said to be subordinate to the
analytic function g(z) and we write f < g if there exist a function w(z)
analytic in U such that w(0) =1, |w( )| <1 and f(2) =g (w(z)). If g(2) is
univalent in U then f < g < f(0) = g(0) and f(|z| < 1) C g(|z] < 1)

A function f(z) in S is said to be starlike in U if f(z) maps U onto a

starlike domain with respect to wg = 0. An analytic function f(z) is starlike
in U if and only if Re :}T(S) >0,zeU.
The class of starlike functions in U is denoted as S*. We define the class

S*{q} to be the class of functions f € A satisfying

2f'(2)
&)

14+ 224 2=gq(2) ze U

where q(0)=1,
Furthermore let 2 be the class of analytic functions of the form w(z) =

w1z +woz2 +wsz>+.... in the unit disk U s satisfying the condition |w(z)| < 1.
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I1. Preliminary Result
To establish our results we shall need the following lemmas:

Lemmal(Ali.R.M et al[5])
If weQ, then for any t € R

— 3 #f <=
lwe —twf| < ¢ 1 if —1<t<1

t wf t>1
Lemma 2(Ali.R.M et al[5])

If w € Q, for any complex number t |wy — tw?| < max{1 : |t|} The result is

sharp for w(z) = 22 or w(z) =z

~

I11. Main Result
In This Research Work, The Following Are The Main Results.

Theorem 3.1. Let w(z) =) ey cxzFand let o1 = 3102% If f(z) belong to
S*(q) then for any real number A

%—)\ if A= oy
|a3—/\a.g|§ % if o1 < A<oo

—(3—A) if X=o2
Proof:

Let w(z) = 104 crz®

Also let S*(q) denote the class of functions f(z) in the unit disk U normalized
by f(0) = f/(0) — 1 = 0 satisfying the condition

zf'(2) .
<V1+22+ 2, zeU
f(=)

Whichimplies by definition of subordination that

/1(2

1+ w?(z) + w(z), zelU
i) + w*(2) + w(z) =

And

zf'(2) —w(z) f(z) = f(2)/1 +w?(=)

where w(0) =0 and |w(z)| < 1 for |z| < 1

f(z) = z+agz® + azz® +asz + ...
implies

f(2) =1+ 2asz + 3azz2 + 4asz> +
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Hence,
zf'(z) =z+ 2a2z2 =+ 3a3::3 — 4a4z4 -

w(z)f(z) = [e1z + 022 + e323 + .. ][z + 2a92® + 3a32® + dayz* + .. ]
= 0122 + cgz?’ + 6324 -+ c1a2z3 =+ CQ(I234 + clagz4 b AT

2 (2) — w(z)f(z) = z + 2a02% + 3a32> + dagz? — [c12° + 2% + 32 + cra02® + .. ]

=2z+(2a3— cl)z2 +(3az —co — clag)z3 + (4daq — cra3z — coan — 63):34 +... (1)
w(z) =c1z2 + CQ:2 T

w(2) =[c1z + cpz® +e32% + .. ]2
=c%22 + 010233 -+ 616334 —+ 016223 —+ ng4 + 010334 .

1+ wQ(::) =1+ c%z2 + 2c1c92° + 2c1c32t + cgz"‘ + ...

V1+w?(z) =1+ —[C1~2 + 2c1e22% + 2¢1e32t + 324 + .. ]

l . :
= g[ % + 2c1e02° 4 2c1e32 + c.%z‘1 + .. .]2
1 1 1
=L 201~ + c1022° + [eres + ECQ —getlt +...

- . . , 145 1 1
FEV1I+w2(2) = [z+ a2 +a3z® +agz + .. 1 + 50%52 +c1c02® + [ere3 + 20% - —cf z

1. [ ,
=z + a.gz2 - (ch - (13):3 + (c1c0 + 50%(12 - a.4)z4 + ... (2)

On comparing the coefficient of equation (1) and (2) we have,

o= (i
0= g i
TR (22)
c3 5
@y = ECIeY T € i1
4= g T AT (i)
Therefore from (i) and (ii) we have
) 1 3 5 ,
ag — Aaj = 302+ j"T - Acj
1 i
=§4)—(\—j),-|
1 3—4\ 5
= 5[“2 + ( 5 €1

it
9 1 9
ag — Aaj = 3 [ca + vei]
3 — 4\

92

)

wherev =

as = Aaf = gl = (<)) (i)

1 g
|15 1le2 = (—v)ei|
2
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Taking t = —v in Lemma 1, we have

(a) For t < —11ie. —v < —1 implies v > 1.
Then we have

; 1
lag — Aa3| < 5“ — ]

=

3 — a2 <;—A
|a3 02|_4

(SN I NN

=
~
(]

1.€.

and for the case of v > 1 gives
34X
34 >
and we have that
1
A< 37

ie A < o1 where o1 = %
Hence.

W

laz — Aa3| < i
if A < oy

(b). For the case when —1 < ¢ < 1 in Lemma 1 , we have —1 < —v < 1 and

1
jag = Aa3| < (1)

1
laz — Aa3| < =
2
Andinthiscase =1 = —v = limplies ~' = — (*=) = lwhich gives
o1 < A < 0o where o1 = i and o2 = 3

Fort>1ie —v > 1 we have v < —1 and

1 3—4A
2>
jas — Aa3] < —5 ()]
9 3
laz — Aa3| < A — 1

For this case v < —1 gives 3—.24)‘ < —1

which gives A > 09 when o9 =

| Ut
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Hence,
4 3
lag — Aa3| < —(z == )

if A > oo
And This Completes The Proof Of The Theorem.

Theorem _
3.2. Let w(z) =) 12,4 cpzk

—_——u—

If f(z) belong to S*q then the for any compler number A
laz — Aa3| < %nlax{l : |3_—24/\—|}

Proof:
From theorem 3.1

as = cq
1 " 3 5
(12 — — (¢ I
il e
Therefore,
: 1 3 — AN\ .
as — Aa3| = |Sle2 + (f) Al
1 ‘
= 5 |[e2 — (—v)ei]|
» — 3=4A
Where 2
Applying Lemma 2 and taking t = —v we have that
lwy — (—v)w}| < max{l:|—wv[}

lwy — (—v)wi| < maz{l: |v]}

Hence we obtain

1
lag — Aa3| < 5111ax{1 : | — v}

1 A
= §max{l : vl }

1 3—4A
= Emak{l 4 = |}

e

1 3 — 4 .
laz — (N)a2| < Enlax{l - lfl}

<

And This Completes The Proof Of The Theorem.
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Theorem
3 z *( ; 9\ — 2 39
3.3. Let f(z) € S*(q) then Ha(2) = |agag — a3| < 33
Proof:
From Theorem 3.1
) =
ag = %(‘2 - %('12
1 5 5
ay = €3+ —).('1(;'3 + i("?
3 6 12
9 1 5 5 9 1 3 : 2
aa4 —az =01 303 o4 gaet Fr"] —I| seas jr;
i Vel el R A
< . E
_af, 1o L
= E <(-3 Iﬁ) =+ T 1
Hs(2) = |asas — ll§|
(T) T c1c3 (:;
“e\?T1) T Ty
< @}r‘g - L;(*ﬂ - |C’gpf*I (i|'
|(T)| 7 9 le1)|es] [(_)|"
<2 leal +glesl?) +
12 4 3 |
1 {4 7 B 11
=12 1] "3 1
39
48
Therefore, Ho(2) < %‘%
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