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Abstract: An operator means a bounded linear operator on Hilbert span. This paper proves the assertion made
in its title. Following theorem yields the famous result

AB+BA"=1=AB+BA 1)
Where A and B are the bounded linear operator on a Hilbert span H. where B” is self adjoint satisfying the
above equation. After modification of this equation some interesting results are obtained.

Theorem: If AB + BA" = | has solution B, then 0 € 05 (A) and0 € p(B). Further ”Bfl” < 2||A|| and
O€e p (ReB).

Proof. If O (A) denotes the approximate point spectrum of Athen O (A*) = m bar is complex
conjugate. Let0 € o ( A), then Oc o, ( A*), and so there exist a sequence {Xn}of unit vector in H

such that A*Xn —>0asn— 0.
Now AB+BA =1

= 1=(x,%)=((AB+BA")x,x, |
o, 1=(ABX,,x,)+(BAX,,X,)
= (BX, A%, )+(A%,,Bx,) >0

as n— 0.
This is contradiction, hence 0 & O ( A).

Similarly we can prove that O & O'ﬁ(B). since B is a self adjoint, we have O'g(B) = G(B) Hence
Oe p(B)

Next we suppose that X € H be arbitrary then
X" =((AB+BA")x,x)

= (ABx,x)+(BA*x,x)

= (Bx, A*x) +(A*x, Bx)
<| BXHHA*XH + HA*XHH BX|

= 2Bx|A

. 1228l
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e ||BY<2]A
Now we suppose that Oe O 5 (Re A), this means that Oe O, (Re A), hence there exists a sequence
{Xn} of unit vectors in H such that Re(A) X, —>0asnN—o0

we have
21 = AB+BA +AB+BA
=N 2(x X,) = ((A+A*)B+B(A+A*)xn,xn)
or, = 2[(ReABx,,x,)+(BReAXx, X, )]
or, | = (an,ReAxn) (ReAxn,an)—>O
as n—oo

This is contradiction, hence O ¢ O 5 (Re A). Since (Re A) is self adjoint, hence O 5 (Re A)=0 (Re A).
= Oe p(Re A)

Theorem : If (i) has a solution B > 0 (i.e. (Bx, x) >0 forall X H /{O} ). Then there is an inner product on

H, equivalent to the inner product (.,.), such that Re A > 0 with respect to it.
Proof. We define a hew equivalent inner product on H by

(x,y)=(x,By),forallx,y e H
Since [B,A—A*]=Owehave
B(A-A")=(A-A")B
- (B(A A) x) ((A A)Bxx)

o (AR = (B (KA
)
or, <(A— A*)x, X>:<W>

or,  (AX, x>—<A* ,x>:<A X, x>—<Ax, X)

o, (AX, X)+({ AX, x>=<A X, x>+<A X, x>
o, Re(AX, X) = Re<A*x, x> @)

Again from the equation (1) we have

21 = (A+A)B+B(A+A)thenforanyX€H
2(x,%) = ((A+A)Bx,x)+(B(A+ A )xx)
o, 2|X|F = ( X,(A +A)x ) ((A+A)x,Bx)

— ((A* +A)X, Bx)+((A+ A, Bx)

= <(A+ A*)x,x>+<(A+ A*)x,x>
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= <Ax+ x>+<A*x,x>+<Ax,x>+<A*x,x>

= (AX,X)+ <m> <A*x x> <A*x+x>
= 2Re(AX,X)+2Re(A’X,x)
= 2Re(Ax,x)+2Re(Ax,x) [By(2)]
= 4Re(AX,x)

or, Re(Ax,x>:%|| X|[>>0 forall xe H

Hence ReA>0

Theorem : If there exists a solutions A to (1) such that the eigen vectors of A" span H, then
W (B) < R/{0}.
Proof. Let A EGP(A*) (* the point spectrum of A") and let X€ H,X &0 be an eigen vector

corresponding to A . Sowe have A X = AX forall Xe H .
From (1) we have

0 = ((A-A")Bx.x)+(B(A - A)xx]
or, O (Bx,(A*—A)x)+((A*—A)X,Bx)
or, 0 = (Bx,Ax—Ax)+(Ax—Ax,Bx)
or, 0 = (BxAx)—(Bx, Ax)+(Ax,Bx)—(Ax,Bx)
or, 0 = (Bx x)—(Bx, Ax)+ A(Bx,x) — ( Ax, Bx)
or, 0 = (Bx,Ax)+(Bx,Ax)+ (/1+,1)(Bx X
or,. e(Bx, Ax)=(Re)(Bx,x) 3)
21XIF = ((A+ A')BX, x)+(B(A*+A)x,x)

= (Bx(A + A)x)+((A"+ A)x,Bx)
(BX,Ax+ AX) +(Ax + Ax, Bx)
= (Bx,Ax)+(Bx, Ax)+(4x,Bx)+(Ax, Bx)
= A(Bx,x)+ (B, x)+(Bx,Ax)+(W<)
= (4+2)(Bx.x)+2Re(Bx, Ax)
= 2[ReA(Bx,x)+ReA(Bx,x)|  by(3)
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or, 2|[x|® = 4(Rel)(Bx,x)

or, 1 = 2(ReZ)(By,y) wherey:ﬁ
sothat ||y|| = 1. Clearly Rel=0
This implies that
1
By, = forall H
(By.y) 2(Re ) orally e
Hence W(B)QR/{O}.

Theorem: If there exists a solution A to (1) such that the eigen vectors of A span H, then W ( B) C R/{O}.

Proof. Let A €0, (A) andlet O & X € H be an eigen vector corresponding to A . Then we have Ax = x
p

forall X € H
From equation (1) we have

0 = ((A-A")Bx.x)+(B(A - A)xx)

Bx,(A*—A)x)+((A*—A)x, Bx)

Bx, A'X — lx) + (A*x — X, Bx)

(
(

= (Bx, A*x) — A( Bx,X) + (A*x, Bx) — (%, Bx)
(Bx, A*x) + (W) +A(Bx,x) - A(Bx,X)
(

or, /1+/1)(Bx X)= (BX,A*X)+(BX,A*X)

o, ReA(Bxx)= Re(Bx, A*x) )
Again we have

or, 2|Ix|F = ((A+A")Bx, x) (B(A*+A)x,x)

or, 2[|x|* = (Bx,(A +A)x ) ((A +A)X, Bx)

(
(B
= (Bx Ax+/1x) (Ax+/1x,Bx)
(Bx Ax)+/1 BX, X) + (A*X,Bx)+/1(x,Bx)
(ﬂ+/1) (Bx,x) Bx, A*x)+(M)
= 2ReA(Bx,x)+2Re(Bx, Ax)
or, 2|x|} = 2[ReA(Bxx)+Rel(Bx,Xx)] by(4)
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or, 2||x|* = 4ReA(Bx,x)

or, 1 = 2Rei(By,y) Wherey—”X||
X

= (By,y)= 2Rel’(Rel¢0)

This show that W ( B) C R/{O}.

Theorem : If there exists a solution B to equation (1) such that the eigen vectors of B span H, then either
W (A)cR/{0}orW (ReA)c R/{0}.

Proof. Let A € 0, ( B) and let 0% X € H be an eigen vector corresponding to A . Then BX = AX for

al XeH.
From equation is (1) we have
0 ( Bx x)+(B( A)X, x)
( x)+((A A X, Bx)
= ( x)+((A A x AX

= l[(xAx Ax)]+ [Axx Axx]

- i B A (55

=( )( AX, ))
= 41, )1, (AXX))

= Either I, (Ax,x)=0
In this case (AX, X) Z(AX, X) (5)
oo |_A=0lInthiscased=21 (6)

Again from (1) we have

21xIP = ((A+A)Bxx)+(B(A+A")xx)
_ ( (A"+A) x)+((A+ xBx)
= (A (AT +Ax)+ (A + A)x,2x)
= ﬂ[(x A x) (X, Ax)]+1[(A X x)+(Ax,x)]
(

- A[ AX,X)+(AX+X):|+Z[(AX,X)+(AX+X)]
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< (e )

Now two cases arise

Case | : When (AX, X) = (AX—,X) then by (7)

We have

2|7 = 4(Red)(Ax,x)

=

= 2(ReA)(Ay,y)  where yzi

[l

Obviously by Re A # 0. This implies that

Ay,y)= for all H.
( YY) 2(Re/1) orall Y €
Hence W(A) - R/{O}.
Case Il : When A=A :ie. A is purely real from equation (7) we have

We have

2(1xIF = 21[(Ax,x)+(Ax—,x)}

—  242Re(AXX)
= 4ARe(Ax,X)
x| = 2ARe(AxX)
1 = 2ARe(Ay,y) where y:ﬁ
= Re(Ay,y):%forall yeH ®)
- 1 -
2a = Z+1Z le. a=—(z+z)
2
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= Sy (an))

= gl ()

= ((avy)+(Avy)

~  (Re(A)Y) 0

Hence from (8) and (9) we have

((ReA)y,y) = %forall yeH
=  W(ReA)cR/{0}
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