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I.  Introduction

In 1942, K. Menger [16] introduced the notion of probabilistic metric space (briefly, PM-space) as a
generalization of metric space. Such a probabilistic generalization of metric spaces appears to be well adapted
for the investigation of physical quantities and physiological thresholds. It is also of fundamental importance in
probabilistic functional analysis. The development of fixed point theory in PM-spaces was due to Schweizer and
Sklar[23, 24].

In 1972, V. M. Sehgal and A. T. Bharucha-Reid [25] initiated the study of contraction mappings on
probabilistic metric (briefly, PM) spaces. Since then there has been a massive growth of fixed point theorems
using certain conditions on the mappings or on the space itself. Sesa [26] introduced weakly commuting maps in
metric space. In 1986, Jungck [13] introduced the notion of compatible mappings in metric spaces, And this
condition has further been weakened by introducing the notion of weakly compatible mappings by Jungck and
Rhoades [14].

Pant [21] noticed these criteria for fixed points of contraction mappings and introduced a new
continuity condition, known as reciprocal continuity and obtain a common fixed point theorem by using the
compatibility in metric spaces. He also showed that in the setting of common fixed point theorems for
compatible mappings satisfying contraction conditions, the notion of reciprocal continuity is weaker than the
continuity of one of the mappings. Later on, Jungck and Rhoades [14] termed a pair of self maps to be
coincidently commuting or equivalently weakly compatible if they commute at their coincidence points.

Recently, Bouhadjera and Godet-Thobie [4] introduced two new notions namely sub sequential
continuity and sub compatibility which are weaker than reciprocal continuity and compatibility respectively (see
also [3, 5]). Further, Imdad et al. [12] improved the results of Bouhadjera and Godet-Thobie [4] and showed that
these results can easily recovered by replacing sub compatibility with compatibility or sub sequential continuity
with reciprocally continuity. Several interesting and elegant results have been obtained by various authors in
different settings [e.g. 5, 7, 8, 11, 12, 15, 19, 27]. Many authors [1, 2, 10] proved several fixed point theorems in
Menger spaces and showed the applications of corresponding results in metric spaces. Most recently Pant and
Chauhan[9]established a common fixed point theorem in Menger space using the notion of compatibility and
sub sequentially continuous mapping of a pair of self maps. In this paper we generalize and extend the result of
Pant and Chauhan[9] for six mappings in Menger space using the concept of sub compatibility and sub
sequentially continuity by using implicit relation.

DOI: 10.9790/5728-1304029299 www.iosrjournals.org 92 | Page



Common fixed point theorem under sub compatibility and sub sequentially continuous mappings in ..

I Preliminaries
Definition 2.1. [23] A probabilistic metric space ( PM-space ) 1s an ordered pawr (X F) consisting of a
non empty set X and a function F: X x X — L, where L is the collection of all distribution functions and
the value of F at (u,v) € X x X 1is represented by F,, _The function F, , is assumed to satisfy the
following conditions:

(PM- 1) Fuv(x) = 1lforallx > 0ifandonlyif u = v
(PM- 2) Fuv (0) =0;

(PM_ 3) E"I.]..‘ir = FV_.'L]. :-l

(PM- 4) Fuv(x) = land F,.(y)=1 then

Fuw(x4y) = 1lforalluvwinXand x,y = 0.
Definition 2.2. [23] A mapping *:[0, 1] x [0, 1] —[0, 1] is called a t- norm if

(a) #*(a,1) =a forall a € [0, 1]

®) =(a,b) =+(b,a) (symmetric property)
(c) #*(c,d) =2+=(a,b) forec =2 a,d =5h

(d =(*(a b).c) ==*(ax(bc))
Definition 2.3.[23] A Menger space is a triplet (X, F, *) where (X, F) is a PM- space and * 15 a T-norm
such that the mequality
Fuw(x+y) =+ { Fyy (®) , Frw(® } foralu,v,winXand x,y >0

Definition 2.4. [18] The self maps A and B of a Menger space (X, F,*) are said to be compatible if

Fasx,.Bax, (t) =1 for allt > 0 whenever {x,} is a sequence in X such that Ax, ,Bx, — z for some

ZEX asn — a0,

Definition 2.5.[28] Self —maps A and S of a Menger space (X, F, t) are said to be weak compatible (or
coincidentally commuting) if they commute at their coincidence points 1.e. if Ap = Sp for some pe N
then ASp = SAp

Remark: Two compatible self mappings are weakly compatible, however the converse is not frue n
general.

Definition 2.6.[4]: A pair of self mappings (A, S) defined on a Menger space (X, F,*) 1s said to be sub
compatible if there exists a sequence {x, } such that

Lim,_, Ax, =lim,_. Sx, =z
For some z € X and lim,,_,, Fy5, 545, (t) = 1,forallt > 0.

Definition 2.7.[4]: A pair of self mappings (A, S) defined on a Menger space (X,F,*)is called
subsequentially continuous if there exists a sequence {x, } such that

LimpeAdx, =limy_.Sx, =2
For some z € X and Lim,_,, AS x,, = Az and Lim,,_,,, SA x, = Sz,

Implicit Relations [2.8] : In [17], Mihet established a fixed point theorem concerning probabilistic
contractions satisfying an implicit relation. This implicit relation is simular to that i [22], In [22] Popa
used the fanuly F; of implicit real functions to find the fixed points of two pairs of semu compatible
mapping in a d- compatible topological space . Here Fydenote the family of all real contmuous functions
F : (R™)* - R satisfying the following properties:
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(Fy,) There exists h = 1 such that every u = 0,v =0 with F{u,v,u,v)=0or F(u,v,v,u) =0, we
have u = hw.

(E,)F(u,u,0,0,) < Oforallu = 0.

In our result , we deal with the class @ of all real continuous functions ¢ : (R")* — R, non-decreasing
1n the first argument and satisfying the following conditions :

I Foru,v=0,¢(u,v,u,v)=0 ore(uwvv,u)=0implesthatu = v.
I p(u,u,l,1)=0forallu=1.

Example - Define @(ty,ty, t3,ty) = aty + bty + ct3 +dty,a,b,c,d ER witha+b+c+d=0,a>
O,a+c>0a+b>0anda+d =>0.Then ¢ € ®.

Example : Define ¢(t,,t;,t5,t,) = 20t; — 18t, + 6t; — 8t,. Then ¢ € .
The following theorem proved by Chauhan Sunny and Pant B.D [9]

Theorem - Let 4, B, S and T be self maps of a Menger space (X, F, A), where A is a continuous t-norm. If
the pairs (4, §) and (B, T) are compatible and sub sequentially continuous, then

1. The pair (4, $) has a coincident point,
2. The pair (4, S) has a coincident point,
3. There exists a constant k € (0, 1)such that

FA::,B)? (ktj = min[FSx.Ty (tl FA::,.S‘I (t), FBy.Ty (t)a F.alx.l"y (t): FBy.S:r l:t)}

Forallx,y € X and t = 0, then 4, B, § and T have a unique common fixed point in X.
In this section we extend the theorem for six mapping by using implicit relation.

1. Main Result

Theorem (3.1): Let A, B, P,Q,S and T be self maps of a Menger space (X, F, #), where * 15 a continuous

t-norm defined by t # t = ¢ for all t € [0, 1] If the pairs (P, AB) and (Q, ST) are sub compatible and sub
sequentially contmuous and satisfying
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3.1.1 The pairs (P,T),(AB,T),(Q,B), (ST, B) are commutes,
3.1.2 Forsome @ € P, there exusts k € (0,1) such that forallx,y E Xand t = 0
‘P(pr.q}r (kt), Fypzx sty (), Fpy azx (8), Foy sty (kt)) =0

Then the pairs (P, AB) and (@, ST) have a coincident point each. Moreover 4, B,P,Q,S and T
have a unique common fixed point in X.

Proof : Since the pair (P, AB) i1s sub compatible and sub sequentially continious then there exists a
sequence {x,} in X such that

limy, ... Px, =lim,_.. ABx, =z, z € X and satisfy
limy e Fpasyx,.(48)Px, (1) = liMy oo Fpz 45: (1) =1

For all ¢t > 0 then Pz = ABz, whereas m respect of the pawr (Q,ST) 1s sub compatible and sub
sequentially continuous then there exists a sequence {y, } in X such that

lim, .. Qy, =lim,_ STy, =w,w € X and satisfy
1My e Fo(sT yyn.(5T) @y (£) = liMy o Fou 57w () =1

For all t = 0 then Qw = S§Tw . Hence z 1s a coincident point of the pair (P, AB) and w is a coincident
point of the pair (Q, ST).

Now we prove that z = w, By puttingx = x,, and y = y,, in 3.1.2 we get

@(Fex, gy, (kt), Fapx, sty, (). Fox apx, (£). Foy, sty, (kt)) = 0

Talking the limit as n — o0, we get
@(Eoaw (kt), By (6, 2 (€), By (kD)) 2 0

@(Fo (K1), Fop (£).1,1) 2 0
As @ 1s non-decreasing in the first argument, we have

@(Fow (). E,(D),1,1) = 0
In view of implicit relation 2.8 we get
Ew(t)=1forallt = 0. Tlus gives F,(t) =1
wegetz =w
Now we prove that Pz = z then we putting x = z and y = ), mn 3.1.2 we get

@(Fez gy, (kt), Fag: sty (), Fpz 45 (), Fgy, 57y, (KE)) = 0

Talang the limit as n — o0, and using Pz = 4Bz we get
@(Fpz p (kt), Fpz 30 (), Fpz p2 (), By (k1)) 2 0
@(Fpz 0 (kt), Fpz 0 (£),1,1) 2 0
As @ 15 non-decreasing in the first argument, we have

(p{Fp;,w '[t)- FPz.u"[t)f 1, 1) =0
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In view of implicit relation 2.8 we get
Fp. (t) = 1 forallt = 0 This gives Fp,,,(t) = 1

we get Pz = w = z Therefore Pz = ABz = z, Now we assert that @z = z, then by puttmg x = x,, and
v =2zm3.12we get

@(pr,:,q,: (kt), Fapx, 57z (t), Fpx, aBx, (), Foz 57z (kt)) = 0

Taking the linut as n — =0, and using @z = STz we get
(P(Fz,Qz (kt)J Fz,Qz (t), ‘F::.z[:tl FQz.Qz (kt)] =0

‘?-](FZ,QZ (kt), F;,Qz(tl 1, 1) =20

As @ is non-decreasing in the first argument, we have
@(Fz:(t), Fogz (1), 1,1) 2 0

In view of implicit relation 2.8 we get

F o-(t) =z 1forallt = 0. This gives F, 5. () = 1 thus z =Qz

weget, Qz=5Tz =zInall Pz = ABz=Qz=58Tz =z

Now we claim that Tz = z, by putting x = Tz and v = z in 3.1.4 we get

@(Fprz o (kt), Fygr. 572 (t), Fors gy (£), Fo, s7- (kt)) = 0
Using 3.1.1 the pairs (P, T) and (AB,T) are commutes, 1.e. PT = TP and (AB)T = T(AB) we have
?(Frpz,Q; (kt), Fragz stz (t), Frpz ra5: (t), Foz 572 (kt)) = 0
(P(FTz,z '[ft't},. F’i"z.z(t)- FTZ.TZ {t:], Fz.z (kt)] =0
‘]D(FTz.z(kt)J FTz.z(t)a 1; 1] =0
As @ 1s non-decreasing in the first argument. we have
(p(FTz.z (t)- FTz,z(t)J 1, 1) =0
In view of umplicit relation 2.8 we get
Fr..(t) = 1forallt > 0. This gives Fr, .(t) = 1 thus Tz = z and STz = z implies 5z = z
Now we claim that Bz = z, by putting x = zand v = Bz in 3.1.2 we get
@ (Fp-.08: (kt), Fag: sta- (), Foz a5 (), Fyp: st (kt)) = 0
Using 3.1.1 the pairs (@, B) and (ST, B) are commutes, i.e. QB = B@ and (ST)B = B(ST) we have
‘P(sz,BQ; (kt), Fagz g5tz (t), Fpz apz (t), Fegz T2 (kt)) = 0
@(F;.Sz(kt:]- F;.Sz(t)J F:.z (t): FBZ.BZ {kt:‘) =0
@(Fz 5z (kt), Fz52(£), 1,1) = 0
As @ 1s non-decreasing in the first argument. we have

(p(Fz.Bz {t)- Fz.Bz{t). 1, 1) =0
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In view of mmplicit relation 2.8 we get
F.5.(t) = 1 forallt = 0. This gives F, 5.(t) = 1 Thus Bz = z and ABz = z implies Az = z
Thusinall z = Pz = Qz = Az = Bz = §z = Tz, 1e z 15 a common fixed pointof P, @, 4, B,Sand T.

Uniqueness of z: Let zf{z + z] be another common fixed point of P, @, A, B, Sand T ; then z =Pz =
er =Az =Bz =8z =Tz

Putting x = zand y = z in 3.1.2 we get
E"(sz.q,:'{kt)*FAB;.STz’(t)JFPz,ABZ (t)fFQz'srz'{kt:]) =0
@(F. . (kt), F_(t), Ez (1), F, o (kt)) = 0

@(F,(kt).F, (t),1,1) =0

As g 1s non-decreasing 1n the first argpument, we have
o(F, (1), F, (), 1,1) =0

In view of implicit relation 2.8 we get
F_(t) = 1forallt > 0. This gives F, (t) = 1 weget z =2z

Thus z 1s a unique common fixed point of P, @, 4, B, § and T. This completes the proof of the theorem.

Corollary (3.2): Let A, P, @ and S be self maps of a Menger space (X, F, =), where + is a continuous -

norm defined by t *t =t for all t € [0, 1]. If the pairs (P, A) and (@, §) are sub compatible and sub
sequentially continuous then

1. P and A have a coincidence point,
2. @ and § have a coimncidence point,
3. Forsome ¢ € @, there existsk € (0,1) suchthat forallx,yE X andt > 0

@(FPLQ}' (kﬂ. F.al:c.Sy (t)- FPx,.d.x {t)- FQ]:' Sy (kt)) =0
Then 4, P, @ and S have a unique common fixed point in X.

Corollary (3.3): Let 4, P and S be self maps of a Menger space (X, F, *), where * is a continuous ¢-norm

defined by t+t =t for all t €[0,1]. If the pairs (P,A) and (P,S) are sub compatible and sub
sequentially contimuous then

1. P and A have a coincidence point,
2. P and S have a comncidence point,
3. Forsome ¢ € @, there exists k € (0, 1) such that forall x,y € Xand t = 0

?(FP:;,P]; (kt), F.alx.Sy (t)- FPx,.d.x {t)- FP}'.S)? {kt)) =0

Then A, P and § have a unique common fixed point in X.
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Corollary (3.4): Let P and S be self maps of a Menger space (X, F, =), where * is a continuous t-norm

definedby t =t =t for allt € [0, 1]. If the paws (P, S) 15 sub compatible and sub sequentially contimuous
then

1. P and S have a comcidence point,
2. For some ¢ € @, there exists k € (0, 1) such that forallx, yE X and t = 0

ﬁP(pr.Py (kt), Fsx sy (t), Fpx px (t), Foy sy (kt)) = 0
Then P and S have a umque common fixed pomnt in X. This completes the proof of the theorem

Example 3.5. Let X = [0, o0) and d be the usual matric on X and for each t € [0, 1] define

t .
ift=10
F'XJ}‘ (t) = { I+II—)?| f
0, if t=0

Forall x, y € X. Clearly (X, F, =) is a Menger space. Now we define a self maps P and S on X by

X a
— if 0=x=3
P{X)={5 f

X .

— if 0=x=3
: and S{X)={6 f
4dx—9 if3<x<ow

3x—6 if3<x<o0

- 1 .
Consider a sequence x, = L mX.

n—+

We have limP(x,,) = lim L —0=lim>-= limS(x,)
n—o . n—om 5n o 61 n—oo

i .3 = i Netim()Y=0=
Next rltl_l.ll}cPS[_xn) = 11[1_1'151'.015’ (mt] = lim ) =0=P(0)

n—m L300

| O SN 0 T
f{1_1.1‘:}0.‘}1“(:t:n) = 1111_1&5 (a) = lim (ﬁ) =0=25(0)

f—00

And lime_gstpx“ '[t) =1, for all £ = 0.
=0 o
Consider another sequence x, = 3 +% . Then

1 1
limP(x,) = limP(S +—) = lim {4 (3 +—) — 9} =3
n—wo n—m n n
_ 1 1
limS(x,) = lim$ (2 + ;) = lim {3 (3 +—) - 6} =3
Also
, 1 3 -
limPS&(x,) = limP (3 + —) = lim {4(3 +—) — 9} =3 =+ P(3)
n— n—o mn n

n—

imSP(x,) = lim§ (2 + E) = lim {3 (3 -I—%) - 6] =3 #8(3)

n—0o ) n—u n fl—0

But lim Fpsy, spy, (£) = 1. Thus the pair (P,S) is compatible as well as subsequential continuous, but
=00

not reciprocally continuous. Therefore all the conditions of Corollary 3.4 are satisfied for some k € (0, 1).
Here , 0 15 a coincidence as well as umque common fixed point of the pair (P, §).
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