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I.  Introduction

In 1982 A S Mashhour et al[10] have defined and studied the concept of pre-open sets and Spre-
continuous functions of topology. In 1983 S.N.Deeb et al [7] have defined and studied the concept of pre-closed
sets ,precloseropearater,p-regular spaces and pre-closed functions in topology. In 1986, D. Andrijivic [ 1 ]
introduced and studied the notion of semipre open sets, semipreclosed sets ,semipreinterior operator and
semipre-closed operator in topological spaces. Later, many topologists have been studied these above
mentioned sets in the literature. For the first time , N.Levine [9] has introduced the notion g-closed sets and g-
open sets in topology. S P Arya et.al[2] have defined and studied the nontion of gs-closed sets and gs-open sets
in 1990. In 1995 , J.Dontchev[6] has defined and studied of concept of gsp-closed sets, gsp-open sets , gsp-
continuous function and gsp-irresoluteness in topology. In 2000 M.K.R.S . Veera kumar[11] has defined and
studied of properties of g*-closed sets in topological spaces. In this paper , using pre-closed sets ,semipre-open
sets ,gsp-closed sets ,gs-open sets , g*-closed sets. We define and study the concepts of (sp,gsp)-regular
spaces,gsp-regular spaces,(gsp,gs) -regular spaces, weakly gregular spaces, (gsp,sp)-regularspaces,(p,gsp)-
regular spaces and strongly gsp-regular spaces

Il. Preliminaries
Throughout this paper ( X, t ) and ( Y, o) (or simply X and Y ) denote topological spaces on which no
separation axioms are assumed unless explicitly stated . If A be a subset of X, the Closure of A and Interior of
A denoted by CI( A) and Int(A respectivly.
We give the following define are useful in the sequel :
DEFINITION 2.1 : A subset A of space (X, 1) is said to becalled
(i) semi-open set [8] if A — CI (Int (A))
(ii) pre-open set [10] if A cIntCI(A)
(iii) semi-pre open set [1] if A = CI (Int (CI(A)))
The complement of a semiopen (resp. preopen , semipreopen) set of a space X is called semiclosed [3] (resp.

preclosed [7] ,semipreclosed [1 ]) setin X.

DOI: 10.9790/5728-1404010915 www.iosrjournals.org 9| Page



Some allied regular spaces via gsp-open sets in topology

The family of all semi open (resp. preopen ,semi-pre open) sets of X will be denoted by SO(X) (resp. PO(X) ,
SPO(X)).

Definition 2.2[4] : The intersection of all semi-closed sets of X containing subset A is called the semi-closure of
A and is denoted by sCI(A).

Definition 2.3[1] : The intersection of all semipre-closed sets of X containing subset A is called the semipre-
closure of A and is denoted by spCI(A).

Definition 2.4[5]: The union of all semi-open sets of X contained in A is called the semi-interior of A and is
denoted by sint (A).

Definition 2.5[1]: The union of all semipre-open sets of X contained in A is called the semipre-interior of A
and is denoted by spint(A).

Definition 2.6 : A sub set A of a space X is said to be :

(i) a generalized closed ( briefly, g- closed ) [9] set if CI(A)cU whenever ACU and U is open set in
(X, 1)

(ii) a generalized semi-closed ( briefly, gs- closed ) [2] set if sCI(A)c U whenever ACU and U is open set

in (X,71)
(iii) a generalized semi-preclosed ( briefly, gsp- closed ) [6] set if spCI(A)c U whenever AcU and U is
open in (X, 1)

(iv) a g"-closed set[7] if CI(A)cU whenever AcU and U is g-open setin (X, 1)

Definition 2.7 [11] : A topological space X is said to be g-regular if for each g—closed set F of X and each
point xg F there exist disjoint open sets U and V of X such that xeU and FcV

I11. Properties of (gsp,sp)-regular spaces
We ,define the following

Definition 3.1: A topological space X is said to be gsp- regular if for each gsp-closed set F of X and each point
xe X —F  there exist disjoint open sets U and V of X such that xeU and F <V
Since every g-closed set is gsp-closed set so every gsp-regular space is g-regular space.

Theorem 3.2 A topological space X is gsp-regular if and only if for each gsp-closed set F of X and each point
xe X —F, there exist open sets U and V of X such that xeU : F <V and CI(U)NCI(V) =@

Proof: Necessity: Let F be a gsp-closed set of X and x€ X —F. There exist open sets U, and V of X such
that xe Ug FcV and, UpNV= @, hence Up,NCI(V)= @ . Since X is gsp-regular, there exist open sets G and

H of X such that xe G CI(V)c— H and GNH= @, hence CI(G)NH= @ .Now put U= UyNG, then U and V
are open sets of X such that xe U F cV andCIU)NCI(V)= 0.

Sufficiency: This is obvious.

Theorem 3.3: Let X be a topological space then the following statements are equivalent:

(i) X is gsp-regular space

(if) For each point x e X and for each gsp-open neighbourhood W of x, there exists a

open set of x, such that CI(V) W

(iii) For each point of x € X and for each gsp-closed not containing X, then there exists
aopen set V of X such that CI(V)(1F = @.

Proof: (i)==(ii): Let W be a gsp-open neighbourhood of x. Then there exists a gsp-open set G such that
xe X W . Since (X-G) is gsp-closed set and X ¢ (X —G), by hypothesis there exist open sets U and V
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such that (X-G) < U, xeVand UNV=@ and so V < (X —U). Now CI(V) < CI(X -U)=(X -U)
and (X-G) cU implies (X —U) =G <W. There fore CI(V) =W

(ii)=>(i): Let F be any gsp-closed set of X F. Then X & X —F and (X-F) is gsp-open and so (X—F) is an
gsp-open neighbourhood of x. By hypothesis there exists a open V of x such that Xe€V and
Cl(V) < (X —F) which implies F < (X —CI(V)). Then (X —CI(V)). is open set containing F and
V N (X —=CI(V)) =@. Therefore X is gsp-regular space .

(ii)=>(iii): Let X € X and F be an gsp-closed set such that X & F. Then (X-F) is an gsp-open neighbourhood
of x and by hypothesis there exists a open set V of x such that CI(V)< (X —F) and there fore
CIV)NF =0

(iii)==(ii): Let X € X and W be an gsp-open neighbourhood of x then there exists an gsp-open set G such that
X € G < W. Since (X-G) is gsp-closed and x & (X —G) by hypothesis there exists a open set V of x such
that CI(V) (X —G) =@ There fore CI(V)= G cW.

Theorem 3.4: A topological space X is an gsp-regular space if and only if given any XU and any open set U of
X there is gsp-open set V such that x€ ¥ TgspCI(V)EU.
Proof: Let U be an open set, xEU. So X—U is closed set such that x&U. Since X is a gsp-regular space then
there exist gsp-open sets V; and V, such that ViNV,=@, X—UCV,, xEV,. Since ViMNV,=@, we have
gspCI(Vy1) SgspCI(X—V,)= X—V, Since X—UcV, we have X— V, ©U. Hence we have
XEV1EgspCl(Vy) S(X—V,) )=U.

Conversely, let F be a closed set in X and x&X—F. So X—F is an open set such that x&X—F. Hence there
exists a gsp-open set U such that x=UcgspCl(U) =(X—F). Let V= X—gspCI(V). So V is a gsp-open set which
contains F and UNV=i@. Hence X is an gsp-regular space.

Theorem 3.5: Let X and Y be topological space and Y is a regular. If f:X—Y is closed gsp-irresolute and one
to one then X is an gsp-regular space.
Proof: Let F be closed set in X, x&F. Since f is closed mapping, then f(F) is closed set in Y, f(x)=y&f(F). But Y

is gsp-regular space then there are two open sets U and V in Y such that f(F) &V, yEU, Unv=@. Since f is
gsp-irrersolute mapping and one to one so f*(U), f*(V) are two open sets X and x£ f'(U), FE f(V), f'(U) €
£1(V)= @. Hence X is gsp-regular space.

We define the following.

Definition:3.6: A topological space X is said to be (gsp, gs)-regular if for each gsp-closed set of X and each
point xEX—F there exist disjoint gs-open sets U and V of X such that xEU and FCV

Theorem 3.7: A topological space X is (gsp,gs)-regular if and only if for each gsp-closed set F of X and each
point xEX—F, there exist disjoint gs-open sets U and V of X such that x€U,F=V and sCI(U) NsCI(V)= @.
Proof is similar to Theorem 3.6 above.

Theorem 3.8: Let X be a topological space then the following statements are equivalent:
(i) Xis (gsp,gs)-regular space
(ii) For each point x € X and for each gsp-open neighbourhood W of x, there exists a
open set of x, such that sCI(V) c W
(iii) For each point of x € X and for each gsp-closed not containing x, then there exists a gs-open set x such that
sC(V)NF = @.
Proof is similar to Theorem 3.3 above.
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Theorem 3.9: A topological space X is an( gsp,gs)-regular space if and only if given gsp-open set U with XEU,
there exists gs-open set V such that x€ ¥ CsCI(V)EU.
Proof: Let U be a gsp-open set, xXEU. So X—U isa gsp-closed set such that x&X-U. Since X is a ( gsp,gs)-
regular space then there exist gs-open sets V; and V, such that V;MV,=@, X—UCV,, XEV;. Since ViMV,=@,
we have sCI(V;) SsCI(X—V,)= X—V, Since X—UcV, we have X— V, T U. Hence we have
XEVTsCI(Vy) E(X—V,) )=U.

Conversely, let F be a gsp- closed set in X and xEX—F. So X—F is an gs- open set such that x&X—F. Hence
there exists a gs-open set U such that xEUCsCI(V) ©(X—F). Let V= X—gspCI(V). So V is a gs-open set
which contains F and UrniV=@. Hence X is an (gsp, gs)-regular space.

In view of the definitions of g"-closed sets, g-closed sets, ag-closed sets, gs-closed sets,  sg-closed sets, gsp-
closed sets, pre-closed sets, semipre-closed sets, semi-closed sets. we have the following implications.

Note 3.10 : Clearly, every closed set is a every g -closed set

Definition 3.11: A space X is said to be g -regular space if for each g'-closed set F and for each XEX—F there

exist two disjoint open sets U and V such that x€U and FC V

Definition 3.12: A space X is said to be weakly g*-regular space if for each closed set F and for each XxEX—F
there exist two disjoint g”-open sets U and V such that x€U and FC V

Theorem 3.13: A topological space X is g -regular if and only if for each g"-closed set F of X and each point
XEX—F, there exist open sets U and V of X such that xEU and FC V and CI(U) NCI(V)= @

Proof: Necessity: Let F be a g"-closed set of X and xEX—F, there exists open sets U, and V of X such that
XEUy FC V and U,nV=@, hence UynCI(V)=@. Since X is g -regular, there exists open sets G and H of X
such that XxG,CI(V) =H and GnH=@, hence CI(G)NH=@.Now put U= U,NG, then U and V are open sets of
X such that xEU, FCV and CI(U) NCI(V)= @.

Sufficiency: This is obvious.
The routine proof of the following theorem is omitted.

Theorem 3.14: Let X be a topological space, then the following statements are equivalent:

(i) X is g"-regular space

(ii) For each point xEX and for each closed neighbourhoods W of x, there exists a g -open set V of X such that
g CI(V) EW

(iii) For each point xEX and for each g -closed not containing x, then there exists g -open set V of X such that
g CI(V) NF=@.

Theorem 3.15: A topological space X is an g -regular space if and only if given any x&X and open set U of X
there is g"-open set V such that xEV< g CI(V) EU.

Proof: Let U be any open set, xEU. So X—U is closed set such that x&U. Since X is a g -regular space then
there exist g -open sets V; and V, such that V;NV,=@, X—UC V, xE V, Since V;NV,=@, we have
X—V,CU. Hence we have XV, g CI(V,) S(X—V,) EU.

Conversely, let F be a closed set in X and x& X—F so X—F is an open set such that x& X—F.Hence there
exists a g-open set U such that x€ I/ ©g"CI(V) EX—F. Let V= X—g'CI(V). So V is a g -open set which
contains F and UNV=@. Hence X is an g -regular space.

Now ,we define the following.
Definition 3.16: A function f:X—Y is called always g -closed if the image of each g'-closed sets of X is g'-
closed in Y
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Definition 3.17: A function f:X—Y is called g -closed if the image of each closed set of X is g"-closed in Y

We prove the following

Theorem 3.18: Let X and Y be topological space and Y is regular space. If f:X—Y is closed, g -continuous
and bijective, then X is weakly g”-regular space.

Proof: Let F be a closed set in X, x&F. Since f is closed function, then f(F) is closed set in Y, f(x)=y&f(F).

But Y is regular space then there are two open sets U and V in Y such that f(F) SV. yEU, Unv=@. Since f
L), f1(V) are two g -open sets in X and x& f1(U), Fcfi(V), f Y(U)Nf (V)=0. Hence X is

weakly g”-regular space.
We, define the following.

Definition 3.19: A function f:X—Y is strongly g"-continuous if the inverse image of each g"-closed set of Y is
closed in X, equivalently, if the inverse image of each g -open set of Y is open in X.

Theorem 3.20: Let X and Y be topological space and Y is g -regular space. If f:X—Y is always g -closed,
strongly g -continuous and bijective, then X is g -regular.
Proof is similar to 3.18.

Definition 3.21: A topological space X is said to be (gsp, sp)-regular if for each gsp-closed set F of X and each
point X € X — F, there exist disjoint semipre-open sets U and V of X suchthat X€U and F V.

Lemma 3.22: A subset A of a space X is said to be gs-open if F=SINt(A) whenever F<A and F is closed in X.

Theorem 3.23: The following properties are equivalent for a space in X;
(i) X is (gsp,sp) regular
(ii) for each gsp-closed set F and each point x&=X—F there exist UESPO(X) and a

gsp-open set V such that xEU, FCV and UNnv=@
(iii) for each subset of X and each gsp-closed set F such that ANIF=i@, there exist
UESPO(X) and a gsp-open set V such that ANU= @. FCV and UNvV=0
(iv) for each gsp-closed set F of X. F= n{ spCI(V); FCV and V is gsp-open}
Proof: (i)==(ii): This proof is obvious since every semipre -open set is gsp-open set.
(i))==(iii):Let A be a subset of X and F a gsp-closed set X such that ANF=@ For a point XEA, XEX—F and
hence there exist UESPO(X) and a gsp-open set V such that x=U, FCV and ANF=T

(iii)==(i): Let F be any gsp-closed set of X and xEX—F. Then {x}NF=@ and there exist U=SPO(X) and a gsp-
open set W such that XU, FCW and Unw=@. Put V=spInt(W), then by lemma 5.2.22. We have FCV,
V=SPO(X) and Unv=@There fore X is (gsp,sp)-regular.

()===(iv):For any gsp-closed set F of X. We obtain FC{spCI(V): FZV and V is gsp-open}

CI{spCI(V): FEV and VESPO(X)}=F. Therefore FCIM{spCI(V): FEV and V is gsp-open}

(iv)==(i): Let F be any gsp-closed set of X and xEX—F.By (iv), there exists a gsp-open set W of X and such
that FEW and x £ X—spCI(W). Since F is gsp-closed, F=spInt(W) by lemma 5.2.22. Put V=SPO(X). Since x
£ X—spCI(W), xE X—spCI(V).Put U= X—spCI(V), then xEU, UESPO(X) and UrnV=@.This show that X is

(gsp,sp)-regular.
Theorem 3.24: Let X be a topological space then the following statements are equivalents;

(i) X is (gsp,sp) -regular space

(ii) For each point x=X and for each gsp neighbourhood W of x, there exist sp-
open sets V of x such that spCI(V) EW

(iii) For each point x=X and for each gsp -closed not containing X, there exists a

sp-open set V of x such that spCI(V) NF=@
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Proof is similar to Theorem 3.3 above.
We, define the following
Definition 3.25: A space X is said be (p,gsp) regular if for each preclosed set F and for each x& X—F there

exist two disjoint gsp-open sets U and V of X such that xEU and FZV.

Theorem 3.26: A topological space X is (p,gsp)-regular if and only if for each pre-closed set F of X and each
point x& X—F, there exist gsp-open sets U and V of X. Such that xEU, F=V and gspCI(U) NgspCI(V)= @.

Proof: Necessity: Let F be a pre-closed set of X and x& X—F, there exist gsp-open sets Uy, FEV and Uy
V=@, hence Uy gspCI(V)=@. Since X is (p,gsp)-regular, there exist gsp-open sets G and H of X such that
XEG, gspCl(A) =H and GNH=@ hence gspCI(G)MH=@. Now put U=U,MNG, then U and V are gsp-open sets
of X such that xEU, FCV and gspCI(U) NgspCI(V)= @.

Sufficiency: This is obvious.

Theorem 3.27: Let X be a topological space then the following statements are equivalents;
(i) X'is (p,gsp) -regular space
(i) For each point x&X and for each pre-neighbourhood W of x, there exist gsp-open
sets V of x such that gspCI(V) EwW
(iii)For each point X=X and for each pre-closed not containing x, there exists a gsp-
open set V of x such that gspCI(V) NF=0.

Proof is similar to Theorem 3.3 above.
4. Properties of strongly gsp regular spaces

Definition 4.1: A topological space X is said to be strongly gsp-regular if for each closed set F of X and each
point xX&X—F there exist disjoint gsp-open sets U and V of X such that xEU and FZV.

Theorem 4.2: Let X be a topological space then the following statements are equivalents;

(i) X'is strongly -regular space

(ii) For each point x&X and for each gspopen-neighbourhood W of x, there exist gsp-

open sets V of x such that gspCI(V) EW

(iii) For each point x=X and for each closed not containing X, there exists a gsp-open

set V of x such that gspCI(V) NF=@.

Proof: (i)==(ii): Let W be a gsp-open neighbourhood W of x. Then there exists a gsp-open set G such that
XEXEW. Since (X—G) is closed set and x&(X—G), by hypothesis there exist gsp-open sets U and V such that
(X—G)EU, xeV and UNV=@ and so V=(X—G). Now gspCl(V) = gspCI(X—U)=(X—U) and (X—G)EU
implies (X—U)=GEW.Therefore gspCI(V) EW.

(il)==(i): Let F be any closed set if x&F.Then xE { X—F) and (X—F) is gsp-open and so (X—F) is an gsp-open
neighbourhood of x. By hypothesis there exists a gsp-open set V of x such that xEVand gspCI(V) S(X—F)
which implies FZ X—gspCI(V). Then X—gspCI(V) is gsp-open set containing F and
VN(X—gspCl(V))= @.Therefore X is strongly gsp-regular space.

(ii))==(iii): Let x=X and F be an closed set such that x&F Then (X—F) is a gsp-open neighbourhood of x and
by hypothesis there exists a gsp-open set V of x such that gspCI(V)=(X—F) and therefore gspCI(V) NF=.
(iii)==(ii):Let x=X and W be a gsp-open neighbourhood of x. Then there exists an gsp-open sets of G such
that XEGEW. Since (X—G) is open set and x&(X—G) by hypothesis there exists a gsp-open set V of x such
that gspCI(V) N(X—G)= @. Therefore gspCI(V) EGEW.

We define the following
Definition 4.3: A function f:X—Y is strongly g -continuous if the inverse image each g'-closed set of Y is
closed in X, equivalently if the inverse image of each g"-open set of Y is open in X.
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Theorem 4.4: Let X and Y be topological space X is (sp,gsp)-regular space. If f:X—Y is semipre-closed, gsp-
irresolute and bijective, then X is strongly gsp-regular space.
Proof: Let F be a closed set in X, x&F. Since f is semipre-closed function, then f(F) is semipre-closed set in

Y, f(x)=y&f(F). But Y is (gs,gsp)-regular space, then there are two gsp-open sets U and V in Y such that
f(F) EV. yeU, UnV=@. Since £'(U), f*(V) are two gsp-open sets in X and xef'(U), Fcf(V), f *(U)Nf "
Y(V)=10. Hence X is strongly gsp-regular space.

Define the following

Definition 4.5: A space X is said to be (gs,gsp)-regular if for each gs-closed set F and for each xE (X—F) there
exist two disjoint gsp-open sets U and V such that XX and FZV.

Clearly, every (gs,gsp)-regular space is strongly gsp-regular space.

Definition 4.6: A space X is said to be (g",gs)-regular if for each g"-closed set F and for each € {X—F) there
exist disjoint gs-open sets U and V such that xEU and FCV

Definition 4.7: A space X is said to be (g°,gsp)-regular space if for each g’-closed set F and for each xE (X—F)
there exist disjoint gsp-open sets U and V such that XU and FCV.

Since every gs-open set is gsp-open set and hence it is clearly that ,every (g°,gs)-regular space is (g*,gsp)-regular
iphaecfoutine proof of the following theorem is omitted.

Theorem*4.8: The following properties are equivalent for a space X;

(i) Xis (g ,gs);regular space

(ii) For each g -closed set F and each point x&(X—F) there exist UESO(X) and gs- open set V such that xEU,
FCV and UNv=@

(iii) For each subset A of X and each g"-closed set F such that ANF=@ there exist

VESO(X) and a gs-open set V such that AnV= @ FV and UNnv=0.

(iv) For each g"-closed set F of X, F= N{sCI(V); FCV and V is gs-open}.

Next, we characterized the (g”,gsp)-regular space in the following

Theorem 4.9: The following properties are equivalent for a space X;
(i) X'is (g, gsp)-regular space
(ii) For each g’-closed set F and each point xE(X—F) there exist UESPO(X) and gsp- open set V such that

XEU, FCV and UNV=0@

(iii)For each subset A of X and each g"-closed set F such that ANF=@ there exist
UESPO(X) and a gsp-open set V such that ANU#= @, FCV and Unv=@.

(iv) For each g'-closed set F of X, F= n{spCI(V); FCV and V is gsp-open}
Proof is similar to Theorem 3.23 above.
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