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Abstract: In this paper, we will solve three portfolio models with singular covariance matrix. These portfolio
models include Mean-Variance Portfolio Model, Value-at-Risk portfolio Model, and Conditional Value-at-Risk
portfolio Model. By studying and calculating, we fond: the effective boundary of these three types of portfolio
models must be the effective boundary of their maximal linearly independent groups or their maximal linearly
independent groups and risk-free assets.
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. Introduction
Markowitz first proposed in 1952 that the expected yield of risk assets and the use of variance to
quantitatively replace returns and risks, so that abstract risk data can measure and estimate risks. However, both
theory and practice show that variance is not an effective risk measure because it treats up and down deviations

N N N
equally. The risk measure of variance is defined as follows: P (&’ = o’ = Z:‘ x‘oy + Z;Z; X X0

= =

VaR: Under normal market conditions, the worst expected loss within a holding period of a given

confidence interval. It represents the fractional & of the profit and loss distribution of an investment instrument
or portfolio. Compared to variance, VaR considers the investor's risk aversion. However, the verification found
that the effect of VaR's resulting hand rate distribution and given confidence level only considered the
probability of adverse events, and did not consider the degree of loss at the time of adverse events. Therefore,
VaR is non-secondary and its non-convex. Therefore, it is not a consistency risk measure. VaR's risk
measurement is defined as follows:

P(&,)=VaR=min{z e R:y(y,a) = B}
CVaR: Proposed by Rockferer and Uryasev, CVaR refers to a loss that exceeds VaR's conditional expectation.
CVaR not only retains VaR's point, but also overcomes VaR's limitations. It is not only a consistent risk
measure, but also a convex risk measure, and the measurement of risk is more accurate. CVaR's risk
measurement is defined as follows:
P(EY =Clak = A - B jf(X, ) p(y)dy
f(X,y)Zaﬁ(X)
Create function by literature:
1
F(va)=A-p"  [[F(xy)=a]" p(y)dy
f(x,y)2a,(x)
And

t,t>0
t] =<
It] {O,tso
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By transforming:
VaR = u(x)+c,(B)o(X),and c,(B)=+2erf *(25-1)

CVaR = u(x) +¢,(f)o(x) ,and c,(B) ={J2exp[erf *(25-1)*1-A)}"
Then define
erf (2) as erf (z) = %J'OZ eUdt
T
VaR =-R+c,(B)o(X)

CVaR =—-R+c,(B)o(x)

Il. The discussion of Mean-Variance Portfolio Model with singular covariance matrix
Theorem 2.1: Firstset &, &,,..., &, (r<n) is a very linearly independent group of N risk assets. When V is a
singular Matrix, which means | V' | = 0, the optimal selection of the risk asset portfolio in N gets the optimal

result, or the best result for the optimal selection of the R risk asset portfolio. Either the optimal result is
obtained for the optimal choice of this R type of risk asset and a risk-free asset portfolio.
Lemma 2.1: If there is a real number that is not all zero K, K, ..., K, , so that k& +K,&, +...+K.&, =a(a

is a constant), then indicate &, &, ,..., &, have the relationship of Linear correlation.

Lemma 2.2: If there are real numbers Ky, K;, K, ,..., K, , so that & =K, + K, & +K,&, +... + K&, , then we can

say that Ecan be linearly replaced by &;,&,,..., &, .

Lemma 2.3: If &% &%, &7 is &, &, , whose r maximal linearly independent vectors are

rearranged to the first r positions, then glf,fzf,,,,,fr is the maximal linear independent group of

r

$118oren &y vand & °LE T L & Tcanbe linearly replaced by &7, &7, &7

Proof:
Since V is a singular matrix, then&;,&,,..., & must be linearly related. From Lemma 2.1, there are real

numbers K, K, ,..., K, (K;, Kj ..., K, is not all zero), zhen K& +K,&, +... +K,&, = a(ais a constant), which
means P (X k& =a)=1.
i1

From lemma 3, let &% &,,...& ™ is the maximal linearly independent group of &;,&5,.., &, ,

2 ] Tn ; : 7 7, 7
and¢, ", &, %,...,&, " can be represented by linear representation of & ™, &, ..., & . Also from Lemma

2.2 there are real numbers Ko, Ky, Kipe Ky, s0 that & =K + k& +K,E +..+ K, & . Then
r r

set77, =&t —Zktiéﬂi =k,, D (770=0, which means7,is equivalent to (1-2 k) times risk-free
=) =

r
asset investment. From no arbitrage assumption, we have K., = E(7,) = (=2 Kk;)r; , t=r+1, r+2,.n, I is
i1

risk-free interest rate.
Let the investment ratio vector of n kinds of assets be ( (W, W,,..., W) € R", then the total portfolio return

n
rate &, = Zwié:i , R=(r,r,,..,r) and \V ¢ R™ are the yield expectation vector and the singular
i=1

covariance matrix of the asset &;,&,,..., &, , respectively.

Let the investment ratio vector of r assets be W =(W*W?,.. W™ eR", and records
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R = (r,r .. rr’)T and\/ e R""are the yield expectation vector and singular covariance matrix of asset

T T T, H e *p - - .
&, 2 &, respectively, and V' e R"" is a non-singular matrix.

Case 1: If for all t, there is 1-2. k; =0, that is, ko, =En, =@0-2 k;)r; =0 (t=r+1, r+2,..n),
i=1 i=1

so & =k, +ky& +KE +o K E =K S HKLE +..+ K, S, that is, the tth  asset s
0, E L LE inproportionto Kig, Ky, Kip e Ky

ZWé: ZW|§ |+ZW|§ i —ZW I§ |+ZW (kt0+zkt|§ ) ZW |§ |+ZW (ané{ )

t=r+1 t=r+1 t=r+1

—Z(W i+ ZW k)& Zv_v

t=r+1

;
Then W' =W'i + ZWtTkﬁ . It is easy to prove Zv_vi’ =1= Zwi
t=r+1 i=1 i=1

u=Enp, = ZW’rT =W'R
i-1

0" =COV(&,.&,) =CoV( W &, Y W &) =W VW

]
Case 2: If texists, let 1-2. k; #0,thatis k§ t=r+1,r+2.., n) notall be 0.
i=1

ép:iwif: ZW|§ i + ZW|§ i _ZWIé: |+ZW (kt0+zkt|§ )

t=r+1 t=r+1
—Z(W.+Zw k)& +ZW K, = Zw§ +Zw Ko
t=r+1 t=r+1 t=r+1

So U=Enq, = Zw’r’ + Zn“wfkto

t=r+1
o’ =Cov(&,,&,) =Cov(D W& + Zw kto,z E A+ wiky)
i=1 t=r+1 t=r+1

- mv(i e, _iv—vr;f) SWVW
anw ZW + ZW Z(W i ZW k,)+ Zw i _ZW .+Z(w ZWkt.)

t=r+1 t=r+1 t=r+1 t=r+1

Because
,

ko=En =0Q-2 k)r;, =0 (t=r+1, r+2..n), I, is risk free vrae, I;>0 | o
i1

ZW ZW +— ZKtO

ftr+1

I11. Optimal solution and its effective frontier of mean - risk model when V is Singular matrix
(1) Mean - variance model

r
Case 1: If for all t, there is 1- Y. k; =0 it can be converted to
i1
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mino? =W VW
s.t.zn:wiri :Zr:v_vfrf =
i i=1 r i=1
dw=>Wi=1

i=1 i=1

This is solution of the optimal solution and its effective boundary of mean - variance portfolio without

risk-free assets under non-singular matrix.
By reference, we can get:

-
Optimal solution is W*zw
A
b
o (U_E)z
Effective boundary is ———©& —1
ective boundary is 1 5
c c?

And let
a=R'"VRb=1"V'R
c=1"V !l A=ac—b (a>0,c>0)

r
Case 2: If for all t, there is 1-2. k; # 0, sothat k,
i=1

(t=r+1,r+2,...,n) is not all zero.

minc? =W 'VW
n r n
SEY W=D W+ > wiki, =u
i=1 i=1 t=r+1
n r n
W= Wi+ > kW, =1
i-1 i-1 i =
. s (U e ) ey 1
Optimal solutionis W ™~ = VvV R-rVl)
H
2
u-—r
Effective boundary is o—i = u
H

And let

a=R'VR b=V 'R
c=1"V ! A=ac—b (a>0,c>0)
(2) Mean—VaR model

minVaR=c,(£)o(x)—u

sty wr, =

DOI: 10.9790/5728-1405023339

www.iosrjournals.org

36 | Page



Research on three different Portfolio Models with singular Covariance Matrix

From the reference, it is strictly greater than 0 at a given confidence level (6>50%).
In addition, it can be proved that the inequality constraint is tight at the optimal solution, so the mean-VaR
model's solution is the same as the standard mean-variance model, with the same boundary combination. So the
optimal solution and effective boundary are solved in the following two cases:

r
Case 1: If for all t, there is 1- Y. k; =0 it can be converted to
i=1

minVaR = ¢, (8)VW 'VW —u
s.t.zn:wiri :Zr:v_vfrf =U

This is solution of the optimal solution and its effective boundary of mean - VaR portfolio without
risk-free assets under non-singular matrix.
By reference, we can get:

-
Optimal solutionis W~ =M
A
b,
2 (U—>)
Effective boundary is [(VaR+u)/c,(5)] _ ¢’ _q
! A
c o2

And let
a=R'"VRb=1"V'R
c=1"V ! A=ac—b (a>0,c>0)

r
Case 2: If for all t, there is 1-2. K; #0,sothat k,, (t=r+1,r+2,..,n) is notall zero.
i=1

minVaR = ¢, (#)VW 'VW —u
S-t-iwm :Zr:"_"irrir + Zn:Wfkio U
i=1 i=1

i t=r+1
n r o 1 n o
Dow =D Wi+ D kW, =1
i=1 i=1 rf t=r+1
— u=-r) .
Optimal solutionis W =~ = (H—f)(\/ R-r V1)
Effective boundarv i VaR+u U-TI
ective boundary is =
a(B) VH

And let

a=R'VR b=V 'R
c=1"V ! A=ac—b (a>0,c>0)
(3) Mean - CVaR model
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minCVaR=c,(f)o(x)—u

sty wr, =

The solution of mean-CVaR model is the same as the solution of standard mean-variance, with the same
boundary combination. So in both cases the optimal solution and the effective boundary are solved as follows:

r
Case 1: If for all t, there is 1- Y. k; =0 it can be converted to
i1

min CVaR = ¢, (B)vW VW —u
s.t.znzwiri = Zr:v_vfri’ =U
i=1 i=1

This is solution of the optimal solution and its effective boundary of mean - CVaR portfolio without risk-free
assets under non-singular matrix.
By reference, we can get:

.
Optimal solutionis W~ = M
A
b.
[(CVaR+u)/c,(B)F (-2
1 A

C c?

Effective boundary is =1

And let
a=R'"VRb=1"V'R
c=1"V ! A=ac—b (a>0,c>0)

r
Case 2: If for all t, there is 1-2. K; #0,sothat k,, (t=r+1,r+2,..,n) is notall zero.
i=1

min CVaR =c,(8)YW 'VW —u
S-t-iwiﬁ = Zr:V_ViTriT + Zn:WiTkio =
i=1 i=1

t=r+1
n r 1 n
Yow =YW Yk =1
i=1 i=1 rf t=r+1
Onti .. ——* (U— f) 1 -1
ptimal solutionis W ™~ = " VvV R-r,vVTl)
Effective boundary is CVaR+u _U-T
ive bou yi =
() JH

And let
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a=
C=

R'VRb=I1"V'R
IV A=ac—b (a>0,c>0)

1V. Conclusion

(1)If the V of these three kinds of mean - risk model is a singular covariance matrix, first determine whether

r
there is 1— 2. kti =0 for all t. If yes, it is case 1, the equivalent is the optimization problem of the risk
i=1

portfolio composed of the maximally linear irrelevant group; if not all 0, the equivalent is the risk portfolio

of the extremely linear irrelevant group and a risk-free asset. Optimization problem.

(2)If A of these three kinds of mean - risk models is a singular covariance matrix, the effective boundary of the n
kinds of risk assets is F, and the effective boundary of the risky asset portfolio composed of the extremely linear
irrelevant group is the risky asset composed of the extremely linear independent group. The effective boundary

of the combination and a risk-free assetis F,,either F =F ,or F=F,.
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