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I.  Introduction

The neutral stochastic differential equations can play an important role in describing many
sophisticated dynamical systems in physical, biological, medical, chemical engineering, aero elasticity and
social sciences [4],[13],[14],[15] and[22] . More over many dynamical systems not only depend on present and
past states but also involve derivatives with delays. Deterministic neutral functional differential equations,
which was originally introduced by Hale and Lunel [9] are of great interest in theoretical and practical
applications. Moreover, one of the simplest stochastic processes that is Gaussian, self — similar, and has
stationary increments is FBm [2]. In particular, FBm is a generalization of the classical Brownian motion, which
depends on a parameter H € (0,1) called the Hurst index [8]. It should be mentioned that when H = 1/2, the
stochastic process is a standard Brownian motion; when H = 1/2, it behaves completely in a different way than
the standard Brownian motion, In particular neither is a semi martingale nor a Markov process. It is a self-
similar process with stationary increments and has a long- memory when H= 1/2. These significant properties
make FBm a natural candidate as a model for noise in a wide variety of physical phenomena such as
telecommunications networks, finance markets, biology and so on [10].

The existence and uniqueness of mild solutions for a class of stochastic differential equations in a
Hilbert space with a standard, cylindrical FBm with the Hurst parameter in the interval (1/2,1) has been studied
[6]. Dung studied the existence and uniqueness of impulsive stochastic volterraintegro-differential equations
driven by FBm in [7]. LI [17] investigated the the existence of mild solution to a class of stochastic delay
fractional evolution equations driven by FBm. Caraballo et al[5], and Boufousssi and Hajji [3] have discussed
the existence, uniqueness and exponential asymptotic behaviour of mild solutions by using the wiener integral.

Even though there are many valuable results about neutral stochastic partial differential equations, they
are mainly concerned with first order case. In many cases it is advantageous to treat the second order stochastic
differential equations rather than to convert them to first-order systems. The second —order stochastic
differential equations are the right model in continuous time to account for integrated processes than can be
made stationary. For instance, it is useful for engineers to model mechanical vibrations or charge on a capacitor
or condenser subjected to white noise excitation through a second- order evolution equation governed by the
generator of a strongly continuous cosine family was proposed in [8,22] Ren and sakthivel [19] investigated the
existence, uniqueness and stability of second order neutral stochastic evolution equations with infinite delay,
Liang and Guo [16] probed the behaviour for second-order stochastic evolution equations with memory; Arthi et
al [1] discussed the exponential stability for second-order neutral stochastic differential equations with impulses
.Inspired by this consideration, in this paper we consider the second — order neutral stochastic functional
differential equation driven by FBm with hurst parameter 1/2< h <1.

d [x’(t) -g (t,x(t - r(t)))]
= [Ax(t) +f (t,x(t - p(t)))] dt +h (t,x(t - 6(t))) dw(t) + a(t)dBf (t), t=0,
xo(t) = ¢(t)6 € BCR [-1,0; H],
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Te[-r0],x(0) =0,

Where A : D(A)c H — H is the infinitesimal generator of a strongly continuous cosine family on H, Bf is a
fractional Bronian motion with Hurst parameter H € (1/2, 1) and w is a standard wiener process on a real and
separable Hilbert space K: [ 0, +o0) xB— H(i = 0,1), h: [0,+00)xB— L} g,f and a: [ 0,+00) — L,(K,H)] are
some appropriate mappings specified later, Now Let us recall some basic concepts and facts on cosine families
of operators (see [11].

Il. Preliminaries
In this section, we briefly give some basic definitions and results for stochastic equations in infinite
dimensions and cosine families of operators.We refer to [5],[12],[21] and the references therein).Let (H, |||l (-
,-k) are two real separable Hilbert spaces. The notation Z2P,Hstands for the space of all A - valued random
variables x such thatE||x||? = [ llx||*dP < . Forx € L*(P, H), let ||x]|, = Jo (||x||2d]P’)%. It is easy to check
that L2 (P, H) is a Hilbert space equipped with the norm

II-l,.Let £(k, H) denotes the space of all bounded linear operators fromktoH, and Q€ L? (K, K)represents a
non- negative self-adjoint operator.Let{W(t),te R} be a standard cylindrical Wiener process with values in k
and defined on (Q, F, P) [18].

Let LY = L?(Ky,H) beaseparable Hilbert space with respect to the Hilbert-Schmidt norm lIlg. Let L (I, H)

1
be the space of all 1 € £(k, H) such that 1Qz is a Hilbert-Schmidt operator from ktoH. Let LI(, H) denote
the space of F, — measurable, H —valued and square integrable stochastic processes.
Let (Q, F,P)be a complete probability space. Consider a time interval [0, T] with arbitrary fixed horizon T and
let {B¥(t), t € [0,T]} be the one-dimensional fractional Brownian motion with Hurst parameter H €

G 1).This means by definition that 57 is a centered Gaussian process with covariance function:

1
Ry(t;s) = E(BBs) = S (&2 + s — |t — 5|2,
More over 57has the following Wiener integral representation:
t
F1© = [ Kt 5)dB)
0
whereg = {B"(t),t € [0,T]} isa Wiener process and K (t, s) is the kernel given by

1 t 1 1
Ky(t,s) = cHsTHJ (u—9s)"2u"2du
N

for t >s, where ¢y = \/H(ZH— 1)/B (2 —2H,H—%) and B(.,.) denotes the Beta function.We put
Ky(t,s)=0ift<s.
We will denote by H the reproducing kernel Hilbert space of theFBm. In fact#isthe closure of set of indicator
functions {Ij,, t € [0, T1}with respect to the scalar product

(o1 [o.s1)3 = Ru(t,s).
The mappingljy,; — B () can be extended to an isometry between? andthe first Wiener chaos and we will

denote by B (¢)the image ofp by the previous isometry.
We recall that for ¢, @ € H their scalar product in Fis given by
T T

W ohe = H@H =1 [ [ 9s)p@le - s dsde.
00
Let us consider the operator K;;from H to L?([0, T])[ 19 ] defined by
T

oK
KDE = [ 905, @ 5)dr

N

Then K}, is an isometry between H andL?([0,T]).
Moreover for anye H, we have
B (p) = fot(K;;)(t)dB(t). Let {BH(t)},en be a sequence of two-sided one- dimensional standard FBm
mutually independent on (Q, F, P).
Consider the following series

::1 B‘VI;I (t)en, tZ 0!
Where {e,}, ey iS a complete orthonormal basis in k, the series does not necessarily converge in the
spacelk. Therefore,we consider a k- valued stochastic process Bg (t)given by the following series:
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1
B3 () = Xi-1 By (D)Qze,, 20,
Moreover, if Q ia s non-negative self-adjoint trace class operator,then this series converges in the space K, that
is, it holds that B/ (¢) € L*(P, k). Also, the above B (t) is ak —valuedQ-cylindrical FBm with covariance
operator Q. For example, if {0, },cniS abounded sequence of non-negative real numbers such that Qe,=ag,e,,,
assuming that Q is a nuclear operator ink, then the stochastic process

1 1
B3 (6) =Xn-1 B (©)Q%e,, = Ei_1anBi ()Q%e,, 120,
Is well- defined as a k — valued Q-cylindrical FBm [5]
Definition 2.1[5] Let ¢:[0,T] - £ (k, ]HI) such that

Z ”KH(‘PQ

Then, its stochastic integral with respect to the FBmBQ (t)is defined, for t= 0, as follows:

[ 9($)dBY (s) = Tioy @(s) Qren 0B = Tioy J; (K;; (waen)) ()d B(s).
Lemma 2.2 [5]For any ¢: [0, T] = £ (I, lHI) such that

Z |ocze,

Holds, and for any «, ﬁ € [0, TTwith> B, we have
1
e[| p(s)aBY )| < i@t - D@ - p# 55, [F || 00ze,
1
Where ¢ = c(H). In addition, if 57, | (£)QZe,

<

L2 [0,T];H)

<
LYH ([0,T];H)

2
ds,

[0,T], then

! o)y )| < cH@H - 1)@~ pH [LliglEyas.

In this work,we will employ an axiomatic definition of the phase space B introduced in [12]

Definition 2.3Bis a linear space of family of F,-measurable functions from (-oo, 0] into H endowed with a norm
[I-]l, which satisfies the following axioms:

(i) If x: (-0, T) > H, T > 0, is such that x, € B, then, for every t € [0, T], the following conditions hold:

@) x; € B;

O < mllx;l;

(©) llxllz < K(O)nsupo<s< xS + N (@) lIxoll3,

Where m > 0 is a constant, &, N:[0,+o) — [1,4x), & is continuous, N is locally bounded, & N are
independent of x (-).

(ii) The space Biscomplete.

Lemma 2.4[20] Let x:(--o0, T] — H be an F,_ adapted measurable process such that the F, — adapted processx,
= € LY(Q, B), then
Ellxllz < & supEo<s< IX() |l + NE llpll,
Where N = sup,¢; {N(t)} and & = sup{ K(t)}
tel

Definition 2.5 [20] Denote by M2 (—o0, T], H) be the space of all H — valued continuous F,_ adapted process
X= {X(t)} _oocs<r SUCh that

(i) xo = @ € Bandx(t) is continuous on [0,T];

(i) Define the norm ||+|| 5 in M2 (—o0, T], H) by

xlle = Ellglls® + E f; llx(s)lIde < oo, (21)

Then, M2 (—oo, T], H) with the norm (2.1) is a Banach space.

I11. Existence and Uniqueness results
Definition 3.1 One parameter familyC(t),>q is called a strongly continuous cosine family if the following
conditions hold:
HCw=1
(i) C(t)x is continuous in t on R for all xeH;
(i) C(t +s) + C(t —s) =2C(¢t) C(s) forall t, s eR.
The corresponding strongly continuous sine family S(t).>o; which is defined as S(t)x = fot C(s)xds,teR, X
€ H. As for the infinitesimal generator A : D(A)c H — H of a cosine family of operators C(t);so, define Ax =
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2
i—zC(t)x/t = 0. A is also a closed and densely defined operator on H. Throughout this paper, we impose the

following assumptions:

(H1)The cosine familyof operators (C(t)).> and its corresponding sine family (S(t));>o satisfy the following
conditions for all t > 0||C(t)]I*> < M, ||S(t)||> < M, t >0 for a positive constant M

(H2) The function:o: [0, +00) — LS (K, H) satisfies the following conditions:

(i) there exists a positive constant L such that ||c(t)||ié < L uniformly in [0, , o]

1
<0, %y ||oQze,

convergent for t € [0, , o], which imply that fotllcs(t)llilz2 ds < oo for everyt € [0, ,0].

1
(ii) for thecomplete orthonormal basis {e,, },ey in K, we have Y7_; ||0Q5en is uniformly

(H3) For all te [0, 0], there exists a positive constant A, || £(t,0)[|1? V |lg(t, 0)]|* v ||h(t, 0)||* <A

(H4) The functions f,g : [0,+0)x B — Hand h: | x8B — L,0, H) satisfy forallt € ¢, e Bandt= 0
I (t, @) — F& IV A, @) — h(E W < k(llo —plIF)

and

gt @) = g&, IV lh(t, @) = k(& WI* < k(llo = plIF)
Where Kk(.) is concave. Non decreasing, continuousfunction from R, to R, such that k(0) = 0 ,k (y) > 0 for

du
y>0andf0+m =

Definition 3.2
A continuous stochastic process x : ( -0, T) — H is said to be a mild solution of (1.1) if
(i) x(t) is F, — adapted and [ x, : t € [0, T] is B — valued
(ii) fOTna(s)nfg ds < oo,
(iii) x(t) satisfies the following integral equations
x(t) = c(®)p(0) +s()[er — G(0,x(0 —r(0)))

+ fot c(t—39)g (s,x(s — r(s))) ds + fOtS(t —s)f (s,x(s — p(s))) ds

t t
+ f S(t = )h (s,x(s = 6(5))) dw(s) + f S(t — s)a(s)dB (s)
(iV)xo=¢ € B ’ ’
Note 3.2 Let us give some concrete functions k(+) . Let C >0and § € (0,1) be sufficiently small. Define
ki(y) =Cy,y = 0.
ylog(y™), 0<y<$é
ky(v) = {6logly™H + k(6 )y —6), y>34-

ylog(y~")loglog(y ™), 0<y<$§
ks(y) = {S5log(y Dloglog(6™ )+ ky(§ -)y —8), y>96

Here k,and k;are the left derivative of k, and ks at the point §.All the functions are concave nondecreasing

and satisfy f0+ du/x(u) = +oo( | = 1,2,3). Also, it can be seen that the Lipschitz condition is a special case of

the proposed conditions.
In order to obtain the uniqueness of solutions, we present the Bihari in- equality,

Lemma 3.1[Bihari inequality] : Let T > 0 and ¢> 0. Let k: Rt to R* be a continuous nondecreasing function
such that x(t) > 0 for all t >0. Let u(.) be a Borel measurable bounded nonnegative function n [0, T]. If

u(t) <c+ fot v(s)k(u(s))dsforall 0< ¢ <T.

t
ut) <j1! <](c) + f n(s)ds),
0
holds for all such te [0, T] that
J(©) + [ v(s)ds € Dom (J 1),
where /(1) = for ds/k(s),on r >0, and J~! is the inverse function of J . In Particular,if, ¢ = 0 and
Jords/x(s) = withen u(t) = 0 for all te [0, T].
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Further in order to prove the existence and uniqueness result, we construct the sequence of successive
approximations as follows

x°(t) = C(O)p(0) +S(t) [‘plf £@0,9)], te [0, TI.
Y = CO@O) +5Blpr - £(0,0)] + fo Ct = )f (sx"1(s = 7())) ds

+ fOtS(t —5)g (S, x (s - p(s))) ds

+ fo S—s)h (5,2771(s = 6()) ) dw(s) + fo 'St = $)o(s)dB (s)

x"() = @(t),
The following theorem establish the existence anduniqueness of mild solution to equation (1.1)

Theorem 3.1

Then Assume that the condition (H1) — (H3) hold. Then there exists a unique mild solution of (1.1) in
M2 (—oo,T], H) proof of this theorem is long and technical, therefore it is convenient to divide it into three
steps.

Step 1:

For all te [0, T]and n> 0 it holds that y"(t) € M?(—x,T], H] ie there exists a +ve constantC;, which is
independent of n such that ||y, (t)||*> < C;. It is obvious that y°(t) € M2 (-, T], H]by induction. We prove
that y™ (t) € M2(—oo, T], H] . It follows from (3.2) Lemma 2.2, Holders and Doob’s Inequality

sup
E(y <, < Iy ©I2) < 6MEIlp(0)|I? + 12MEEI1? + 12 MEIf (0, o2 +

M TE | ¢ f (5,0 (s = r(s2) s

6MTE ||f0tg (s, x" (s - p(s))) ds”2 +
. 2
6MTE jo h (s,x”_l(s - 5(5))) dw(s)|| +

6MCH (2H — DT [ ||a(s)||§8 ds
< 6ME|l9(0)]|* + 12ME||€|1* + 24 ME(ll@lI},)) + 24M A +

¢ 2
12 MTIEJ k
0 B

2
12MTE ) k <||f(f k(llx"1 (s — r(s)||§)ds||3)+ 12MT2 A +

t
J k(|lx" (s = r(s)lI3)ds >+ 12MT? A +
0

2
12MTE [ k (||f(j k(|lx" (s — r(s)||g)ds||8)+ 12 MT2 A+

6MCH(2H — 1)T?#L

Where K, = 6 ME||l@||% + 12 ME||&||?> + 24 ME, (ll@l|3) + 24M A +12MT (2T + 1) A +6 McH(2H —
172HZ. Given that k(-) is concave and k(0) = 0, we can find positive constants a and b such that k(y) <a + by ,
for all y > 0. Also, by using the Lemma 2.4 in the above inequality, we obtain

Su
E(g<yperlly"®IP)
t t
<K, + 24 MaT? + 24MTbEtJ. lly2 |12 ds + 12 MaT + 12 MbEf lly2 1|2 ds
0 0

t 2
< K, + 12 MaT (2T + 1) + 12BMM (2T + 1)Ef (o <s’“r‘p< N IR YR
,lo<rs

t
< K; +24bMQT + 1)f 0 :ﬁp< Gyt @lds
, 07 <

Where K; = Ky + 12 MaT (2T + 1) + 12BMM (2T + 1)N2E||<p||32. From any k> 1,it follows from (3.3) that
S

U
MaxE (, 25 Iy (011

‘ 0 2 sup 1 2
< K3+ 24 bM(2T + 1)J- [Elly ()II* + Emax (0 <<y (r)Il) ]ds
0 sr<

t
< K3 + 24 bM(2T + 1)f [MElpll3 + 2ME|E|I* + 4 ME,(ll@l15,) + 4M Alds
0
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max ( sup

2
+24bMERT+ D [JE o 207 (g <7 e V@) ds

max sup . 2
0zr<slocres"OI) ds.
Where K,= K3 + 48 bM?(2T + DT[Ell@ll3 + 2ME||€||* + 4a + 4bE(llolI3,) + 4 A].
Using the Gronwall inequality in the above inequality, we get

max su 2
1<sn<k (0 < rpg S||y"(r)||) < Kyet @,
Since k is arbitrary, we have

Sup n 2 24MbQ2T+1)T
E(OSrSs”y (r)II) <K,e Sorall0<t<T,n=>1.

Hence by the result, we obtain

T
Iy I” = Ellug I3 + E [, Iloll3"ds < ¢ <o
Where €, = E||@||3 + T< K,e24Mb@T+DT,

t ot
SK3+24bM(2T+1)f f E
0 Jo

Step 2. Next we show that there exists a positive constant Cwhich independent of n such that
such that, forall 0 <t <Tandnm=0
t
sup n+m T 2 I sup n+m—1 _ n—1 2
E 0<t STllx () —x"(s)|* < CJO K(]E 0<u SS||x (w) — x" ()| )ds.

For n,m > 1, from 3.2, we obtain
t

sup n+m T 2 n+m—1 _ n—1 2
E 0< tST”x (s) —x"(s)|I* <3MQT + 1)Ej0 k(]|x (w) — x"(w||*)ds.
t sup
<3M(Q2T + 1)Ef K [lx™ =T () — x™L(w)||?) ds.
0 ( 0<r<s )
Further, it follows from the Jensen’s inequality that

t
Sup n+m 4T 2 Sup n+m—1 _ -1 2
E o<t<plXME)=x"6)l sczjo ;c( 0<r<sl® W) — x| )ds_

WhereC, = 3 M(2T + 1). The proof of Step 2 is complete.

Step 3. By using a similar procedure as in the proof of (Lemma. 15, [19]), we can prove that there a positive
constant C; such that E (supg< < [|x™™(s) — x"(s)]|>) < Cstforall0<t < T, n, m > 1. Next, we define

@1 (1) = C5(Y),

Pn1 () = G fot k(pa(s))ds, n =1,

Ssu
Gam® =E( 2 f < ™M@ =2 @), nom = 1.

Choose T;  €[0,T) such that C,, (C3t)< C3,for all 0 < t < T;. Next, by following the similar procedure as in
(Lemma 16, [19] , by induction one can show that there exists a positive 0 < T; < T. Such that for all n,m
21,05, <)@ ()< S () foral0<t <T.

Next we prove the existence and uniqueness results:

Uniqueness: Let x(t) and y(t) be any solutions of (1.1). By employing the similar procedure as in Step 2, on the
interval (-0, 0] and for 0 < t < T, we have
Su t Su
E owreplt®—y©I? < 3MET + 1)]0 (B g ot <lx@—y©I?)ds

Further, it follows from the Bihari inequality that

Su
E o< fg llx(s) = y(©)II? =0, te [0, T].

Consequently x=y which implies the uniqueness.The proof of theorem is complete.

Existence: In order to prove the existence result, we claim that
Sup 1oy 2
E geoe V™ =y Ol -0

For alo <t <T;, as nh,m — o. Notice that ¢, is continuous on [0,T;], and for each t, ¢,isa decreasing
sequence. Now, we can define the function o) as ()

=limy, @, (t) = lim,,,,C, fotk((pn_l (s))ds =C, fot k(e (s))dsdsforall0 <t <T,. Also, from Step 3,
we have @, , (t) < supg<<r, @n < @, (T1) = 0as n— oo.That is y"(t) is a Cauchy sequence in L? on (-0, Ty].
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Also from Step 1, we can obtain that ||y(t)||* < C, where C is a positive constant. More over, for all 0 < t <
Ty, by using the property of the function k(-), we can obtain

E”fot Ct—s)[f(s,y"t—7)) - f(s,y(t - 7”(t)]ds||2 - 0,asn - ,

E[|fy st —s) gy (t-p®) - 9. v - p(t)]als”2 - 0,asn - w,
and

2
E ”fot St—s)[ h(s,y"(t=86@®) —h(s, (v, (s — 6(t))(t)]d(s)|| - 0,asn —> o,
Forall 0 <t < T, by taking limit on both sides of (3.2), we obtain

Y = CO@0) +S®lp; — FO,0)] + f ct—)f (53" (s = 7(s))) ds
0
+ J(-) St—5)g(s,y" (s — p(s)))ds

+ fo S (5,577 (s = 8(s)) ) dw(s) + fo 'St - $)o(s)dB" (5)

The expression reveals that y (t) is one solution of (1.1) on [0, T;] . By iteration technique, the
existence of solutions of (1.1) on [0, T] can be obtained. Thus, the proof of this theorem is completed.

Next, we investigate the stability of mild solutions for the stochastic equations (1.1). In particular, we
will provide the continuous dependence of solutions on the initial value by using the Bihari inequality. In order
to establish the stability result, we impose the following condition on f:

(H5) For all t [0,T],, 3 € B, the function f satisfies || £ (t, @) — f(t, Y)II? < kllo — ||
Where k > 0 is a constant.

Definition 3.3 [19] A mild solution y*” (t) of (1.1) with initial value (&, y) is said to be stable in mean square if
for all e, when E||€ —n]|3 + E |ly — z||*> < 6,

Wherez#(t) is another solution of (1.1) with initial value (1, z).

To obtain the stability of solutions, we need the following lemmas

Lemma 3.2[14]: Let T > 0 and ¢> 0. Let k: R* to R* be a continuous nondecreasing function such that r(t) >
0 for all t >0. Let u(.) be a Borel measurable bounded nonnegative function n [0, T]. If

ut) <c+ fot v(s)k(u(s))dsforall 0< ¢ <T.
w(®) <7 (/(c) +
0

t

n(s)ds),

holds for all such te [0, T]that

J(c) + fotn(s)ds € Dom (J™D),

where/(r) = for ds/k(s),on r >0, and J~!is the inverse function of J . In Particular, if,c =0
and, ds/x(s) = oothenu(t) = 0 for all te [0, T].

Lemma 3.3 Let the assumptions of Lemma 3.3 hold and v(t) = 0 for t [0, T].If for all €,> 0, there exists

t; =0, forall0< u, < e, ftTl v(s)ds < fue()% holds. Then for every t € [t;, T], the estimate u(t) < eholds

Theorem 3.2

Assume that the conditions of Theorem 3.4 are satisfied and f satisfies (H4) instead of (H1), then the solution of
(1.1) is stable in mean square.

Proof. By assumption let y¢¥ (t) and z"*(t) be two solutions of (1.1) with initial value (-) and (1,z),
respectively. Then for all 0< t < T and using the same arguments as lemma 14.

We get

E(O ;’;ps rlx(s) — y(s)l? < SM(1 + 2K)ENE —nlI? + 10 ME|x — y|? t
+ 5MT[ |Ex(s = r(s)) —y(s — r(s))||2 + 5M(1 + T)f eCx(s — p(s))y(s - p(s))”Z
0 0

+10C fo k(s — 8()) = y(s — 8())|°
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< 5M(1 + 2K))E||€ — nl|* + 10ME|x — y|?

t su
+ 5MTJ(-) E( 0< fg rlx() —y(r)lz) ds

+5[M1+)+ ZC]f k(o <t < plx(s) — y(s)lzds)

Let K;(u) = 5M(T + 1)k(u) + 5MTu, for k is a concave increasing function from R to R, such that k(0) = 0
k(u) > 0 and f+k( 5= o k(0) =0,k(w) = k(Du,forany 0<u<1 andf+k( 5= So, for alle > 0,

letting €, = e we have limg_, [; kd?u) = . So there exists a positive constant § < e;such that [ kd:‘)
1

Letug = 5M(1 + 2kEIIE — i+ 10 ME |x — yI2, u(t) = E(,, jt . plx(s) = y(s)I?), v(t) =1. Therefore,

wheny, <t < g, -

We have felkd’(“‘u) > [ k;i?u) >T = [, v(s)ds.So, foranyt € [0,T], the estimate u(t) < &, holds. This

completes the proof of the theorem.

>T.

IV. An Example
Consider the following stochastic nonlinear wave equation with infinite delays driven by FBM
in the following form

d
(t lp) - fi(txt—79))
2t Y)
=
<Yy <m0<t<T

xty) = o(t,m) -o<t<0, 0<yY<m
X(t,0) =x(t,r) =0

4]

ot + £, (t,x(t —7,9))ot + o(t, x(t —7,9))dw(t) + ©(t)dBY (t)

9x(t, )
——=§{WY)0<y<m

Where € € L3(Q,H)p € B, H = L*>([0,m])w is an H-valued Winer Process and the phase B which denotes the
family of bounded continuous H- valued fuctions ¢defined ]-o, 0],

With norm |lgllp = sup_.<o<ole ()]
The operation A is defined by

AR) () = d:p(;“, with domain D(A) = { z eH: D(A) = { zeH: z(0) = z(n)}

The spectrum of A consists of eigenvalues -n? for n eN, with associated eigenvectors

1/2
z, () = (3) sin(ny). Furthermore the set {z,,: neN} is an orthonormal basis of H.
In Particular
Ax=Yr_ —n*(x,2,)z,, XeD(A)
And the operator C(t), defined by
C(t) x =X, cosifnt) (x, z,)z,, t €R
From a cosine function on H, with associated sine function
Sty x=Yr_, Snint) (x,z,)z, t €R
From [21] for all xeH,t eR||s(t)|| < 1and ||C(t)|| <1
Therefore the above system can be rewritten in the form of (1) — (3). Assume that f;: [0,T] X R —» R(i =
1,2),0:[0,T] XR — Lg’) satisfy the conditions of Therorem3.1 Then the above system has a unique mild
solution
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