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Abstract: In this paper the authors carried some self-standing studies to examinethe game of chess and its
counting techniques associatedwith non-attacking bishop positions. The authors studied the chess boardfor
bishop placement with forbidden positions and varied the diagonal movement to the direction8, = 45°(to the
right) and 8, = 135%(to the left). We discussed the general movement of a bishopas generating function of two
diagonal sums. Furthermore, weconstructed the movement techniques of a bishop placements in the game of
chess that generates a finite sum of terms X, up" and Xy, 8" respectively. Finally, we applied it to
combinatorial problems that generates’ the diagonal movement of a bishop to give the sum of two algebraic
expansion.
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I.  Introduction

Bishop polynomial have a significant role to play in the theory of permutations with forbidden
positions. Studies have shown thatpolynomial of either the bishop or rook on any board can be generated
recursively(Laisin M. , 2018; Abigail, 2004; RIORDAN, 1980) using acell decomposition technique of Riordan.
The counting techniques generatedby non-attacking bishop placements in the game of chess and its diagonal
movement tocapture piecesto the right (direction 45°) orto the left (direction 135°) in the same direction with
the bishop generates a polynomial of finite sum (Laisin M. , 2018).However, many authors have researched in
this area such as(Butler, 1985; Farrell & Whitehead, 1991; Goldman, Joichi, & White, 1977; Goldman., Joichi,
Reiner, & White, 1976; Haglund, 1996; Michaels, 2013; Abigail, 2004)which has extended this area of studies
to more advanced combinatorial approaches. Most freshly,(LAISIN, 2018; Laisin M. , 2018; Skoch, 2015;
Laisin, Okoli, & Okaa-onwuogu, 2019) and(Michaels, 2013; Ono, Haglund, & Sze, 1998; Shanaz , 1999)carried
outself-standing studies in various connections to either bishop or rook polynomials. Furthermore, enumeration
over finite fields,hypergeometric series and group representation theory have enjoyed new developments in the
area of combinatorics.

However, thebishop polynomialof a board B is denoted as B(x, B) for the case of finding the number
of ways in whichn non-attacking bishops can be placed. It is clear that different pieces in the game of chess
have unique movement laws, nevertheless, our point of interest is on the potency of the bishop movement.

Furthermore, authors have carried out studies to demonstrate thatpolynomial of either the bishop or
rook of any board can be computed recursively.We shall present a construction for the movement techniques of
a bishop placements in the game of chess that generates a finite sum of terms X, up* and Xy, p5°.

Il. Preliminaries
Definition 2.1.1
Aring R is a set with two laws of composition +and x called addition and multiplication, which satisfy these
axions;
a.  With the composition +, Ris an abelian group, with identity denoted by 0. This abelian group is denoted by
R+
b.  Multiplication is associative and has an identity denoted by 1.
c.  Distributive law foralla,b,c € R, = (a + b)c = ac + bc & c(a + b) = ca + cb(Artin, 1991)
A chess board B of a ring is a chess board which is closed under the operations of addition subtraction, and
multiplication and which contains the first placement (b,(B) = 1). A bishop polynomial with forbidden
positions is denoted as B(x, B), given by
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B(x, B) = Z b,(B)x',

where  B(x,B) has coefficients b;(B) representlng the number of ways ofbishop’s placements on B.

Furthermore, on m xn board B, we have by(B) = 1 and thecoefficientsare determined by
min ifm,n) min ifm,n)

Im!
B(x,B) = Z (%) () ki xt Z k,(n_z)ﬁm_k)!xk.

k=0

(Vilenkin, 1969; LAISIN, 2018).

Definition 2.1.2
Let B be an n X n board and its diagonal denoted by DY and suppose that;

F(xy, %0, o, X)) = Zf(nl,nz, e X X 2 € K[[(ey, X2, e, x0)]]

Then, the DY is the power series in a single variable x defined by
D =D(x) = Zf(n,n, ey N)X™

Standard Basis 2.2
Let DY = F™ be the space of diagonal vectors and let e; denote the diagonal vector with by(B) = 1 in the i*"
position and zeros elsewhere. Then, the n vectors e; from a basis for F* . That is every vector
X = (x4, x4, ..., x3) has the unique expression;

XE = x1e1 + x5 + -+ x,€,
as the linear combination of E = (eq, e, ..., e,)(Artin, 1991)

Lemma 2.2.1.
Let S be a set of vectors of V and let W be a subspace of V. If S ¢ W then span S ¢ W (Artin, 1991)

Theorem 2.2.2.
If m X n board isunrestricted,then number of ways to place k rooks is;

(o) G

where 0 < k < minifin, n}.(Skoch, 2015)

Theorem 2.2.3 (The Fundamental Right Diagonal Theorem)

Let B be a chesshoard containing a right diagonal (6 = 45° )with k cells. Let B — 8,,;be the board obtained
from B byremoving right diagonal r and left diagonal | (i.e. one of the k left diagonals containing acell in the
right diagonal r). we have;

B(x,B) = B(x,B —0,) + x X7, B(x,B — 6,,)(Shanaz , 1999)

I11. Main Results
Lemma3.1
If orderismaintained, then thenumberofwaystoarrangen-Bishopsamongm-positions (m = n) is given by;
n

—— > (“DBBICn i, ny fmEn
m, n) o

or

n

Y 0@, ifn=n
i=0

Proof

Casei.whenm # n

bl(B)C(m—l, n—-1) bZ(B)C(m—Z, n—2) lb (B)C(m —-n, n—n)
+ (D)
Com, n) Com, n) Com, n)

Z( 1) b(B)C(m —i, n—i)

B(x,B) = 1-—

C(m n)4
Case ii.whenn = n.
B(x,B) = 1-b (B)C(n—l, n-1) t b, (B)C(n—Z, n—2) — ' (=1)'b; (B)C(n—n, n—n)
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- i(—l)fbiw)
i=0

Theorem 3.1

Let B be an m x nboard and suppose B is a power series in s and t that represent a rational function
withB(x, B) € K[[s, t]JNK (s, t). Then, the bishop movement is algebraic with 6, = 45° or 6, = 135°.

Proof

Suppose thatn x n board B is a subset of the ring that contains K [[s,ﬂ],then, thebishop movementthrough a
direction of & = 45° or 135°is a diagonal and the bishop polynomial is given as follows;
n

B(x,B) = Y b{(BIT = 1+ b (B)x + b (B)x? + -+ bl (B)x"
k=0

Now, assume that K is closed algebraically and also that char K = 0, holds forany K = p > 0. Let
L(x,s) =B (s,g) €EK [[s,ﬂ]...(l)
where%e B, L(x,s) is a Laurent series in s and x. If x's/ appears in L(x,s), then i > 0 and j > —i .It is clear
that

B(x*,B) = D = [s"]L(x,s),
with D as the diagonal of B and L(x, s) as the constant term of the Laurent series in s whose coefficients are
the power series in x. Since the bishop movement(B(x, B)) is rational, it implies thatL(x,s) = g, where

P,Q € K[s,x]. Given that L(x,s) is a rational function of s whose coefficients lie in the field K[x], that
decomposes into a partial fraction

N; (s)
L(x,s) = Z ey - (2)

where;(i)a; € P, (ii)¢, &, .. fh are the distinct zeros of Q(s) and

(iii) N, (5) € K (&1, &, o, §)]5]

Furthermore, by expanding each term of (2) such that each expansion lies inB and the ring in which the
expansion (1) of the Laurent series lies. Thus, all our bishop movements in the direction ofé = 45° or 135%in
the direction to capture a piece are taking place inside a single ring. Since the coefficients of Q(s) are

polynomials in x and by Puiseux’s theorem, we can let¢; € K((Vx)) for some r € B.Then N, (s) € K((Vx))[s].
Replacing &;,¢,, ..., &, by B1, B2, ..., B, @nd 83, 65, ..., 6, We have

B eVaK|[Vx]] vi=12..m
¢ Vak|[Va]] vi=12..n

It follows that the Puiseuxexpansion of g;gives only positive exponents and that ofg;gives some negative
exponent. Similarly, 5! € K [[r\/}]]

Thus,
_ N, (s) C N
LGxs) = Z (1—-s71pB )TJ (s - 56.‘1)‘“1'
Zpl(s)z ST+ Z 4 (S)Z “” ) sk -3
k>0

Forsome 7, w; € B and pi(s),q;(s) € K((\/_))[s s71. Thus theexpansion of (3) for L(x, s) is such that;

i = (o]

Since L(x,s) €K [[s ﬂ] c K[[s, t]] the expansion of (3) agrees with the series

L(x,s) EK

X

L(x,s) =B (s,;) € B(x,B) < K[[s, t]]NK(s, t).
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Multiplying both sides of (3) by s°, we have; D = s°L(x, s), hence, this gives us a finite sum of terms to the
right-hand side of (3).We have that;
DY = 5L(x,5) = Xg uB" and Xy, p6”
where 6,,8, € D%, u,v €Z and B, &, u, ¢ are algebraic. Hence D? is algebraic, thus, the bishop movement
along DY is also algebraic. [ ]

IV. NUMERICAL APPLICATIONS
Example 4.1

Let B be a 2x2 board and x;_s, x,_t. Then B(s, t)= !

()

o= () =

n

Example 4.2
Suppose the rational function for lemma 1 is generating the diagonal movement of a bishop. Show that the sum
of two algebraic expansion is the bishop movement at n = 0.

Solution

x X 1
Lett = 5 € B, then L(X,S) = SB(S,;) = @
Implies L(x,s) = 5—

SZ—S+X

Let the roots ofs? — s + x be a and B then we have
st—s+x=s5’—(a+PB)s+af=(—a)is—p)
Implies, the sum of roots a + 8 = 1 and product of roots a8 = x. By solving for a and  we have;

14+ 4+vV1—4x
p=——F—=1+
2
anda = = ;_M =x+-
Thus, the expansion of L(x, s) as a partial fraction is
N )
xS " B—a\s—a s—f
As in Laurent series we have
_ L+ Xy e\
L(x,s) = z< ; )5 (;) = Z Clitj) S (;)
i,j ij

— ioli—j
= Z Ci+j,) X'

ij

Clearly, we can see that ﬁ is a rational fraction with two expansions in power of s. That is;

= — Z a,ns—n
1_; n=>1
and
-1
— _Z a—nsn
1_; n>0

The correct movement is the one on the board B that lies in the ring k [[«/E \EH [Vs '] wherer = 1.

However, the two possible expansions are;
a = x + higher order terms
and in a similar way, we have;

£ =1ii and f —a =+v1—4x
B

s
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1 = 1
L(x,s) = 2
(x,5) \/1_4x<1—as‘1 +1—s,[)"1)

Jliﬁx(zm—uzﬁ )

This imply that the rook movement along the dlagonal when n = 0 is;

= [S ]L(X,S) = m

V. Conclusion

Polynomials generated by bishop movements are not just interesting for their own sake. They have a
variety of algorithms to generate combinatorial structures which will always be needed, simply because of the
fundamental nature of the movement laws. One could need different kindsof combinatorial formulae for
different kinds of pieces in the game of chess due to the movement laws. However, we constructed the
movement techniques generated by bishop placements in the game of chess that generated a finite sum of terms
Xo, uB* and Xy, b7 for each diagonal. Finally,the result generated was applied to combinatorial problems
with the diagonal movement such as that of a bishop to give us the sum of two algebraic expansions.

V1. Recommendations
In the result in this paper, a fundamental assumption is that non-attacking bishops with
forbiddenpositions can be allowed in the placement process. However, there are a plenitude of real-life
movement techniques generated by bishop movements where attacking bishops can be allowed. It would be
interesting to develop precise formulaefor this more general situation.
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