IOSR Journal of Mathematics (IOSR-JM)
e-I1SSN: 2278-5728, p-ISSN: 2319-765X. Volume 15, Issue 6 Ser. 11l (Nov — Dec 2019), PP 34-51
www.iosrjournals.org

Global Stability and Sensitivity Analysis of the Dynamics of
Human Population Subjected to HIV/AIDS with Treatment

Kumama Regassa Cheneke, Geremew Kenassa Edessa, Purnachandra Rao Koya
Department of Mathematics, Wollega University, Nekemte, Ethiopia

Abstract : In this study, a mathematical model of human population dynamics pertaining to the HIV/AIDS has
been formulated. This study categorized human population into five compartments as Susceptible, Primary,
Asymptomatic, Symptomatic, and AIDS (SPAJV). The well-possedness of the formulated models proved. The
equilibrium points of the model are identified. Additionally, parametric expression for the basic reproduction
number is constructed following next generation matrix method and analyzed its stability using Routh Hurwitz
criterion. From the analytical and numerical simulation studies it is observed that if the basic reproduction is
less than one unit then the solution converges to the disease free steady state i.e., disease will wipe out and thus
the treatment is said to be successful. On the other hand, if the basic reproduction number is greater than one
then the solution converges to endemic equilibrium point and thus the infectious humans continue to increase
i.e., disease will persist in the community and thus the treatment is said to be unsuccessful. Sensitivity analysis
of the model parameters is conducted and their impact on the reproduction number is analyzed. Finally,
numerical solutions of the model equations are simulated using MATLAB. The results and observations have
been included in the text of this paper lucidly.
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. Introduction

Starting from the discovery of AIDS (Acquired Immunodeficiency Syndrome) and its causing Virus
HIV (Human Immunodeficiency Virus) in 1980s they have been showing a great impact on human kind around
the world. As fatal diseases they have become sources of stigma and discrimination around the world [1].Since
the appearance of the epidemic, it is estimated that 76.1 million people have been infected with HIV and about
35 million individuals have been died of AIDS related illness [1, 2, 3].

In 2016, it was estimated that 36.7 million people were living with HIV disease. This figure includes
1.8 million of newly infected people during that year. Also, nearly 1 million people have died during the same
year because of AIDS related illness [4].

HIV is a virus that slowly attacks human immune system. This immune system functions as the natural
defense department of human body to fight against all kinds of illnesses. Whenever a person gets infected with
HIV virus then her or his immune system gets weaker and weaker. It leads to the poor health of such a patient
and eventually it becomes hard to the immune system to fight over infections and diseases [1, 2].

Based on WHO clinical staging of HIV/AIDS disease, the HIV infection is classified into four distinct
stages viz.,(i) Primary/Acute stage(ii) Asymptomatic stage (iii) Symptomatic stage and (iv) Advanced AIDS
stage [2, 4]. These four stages of the disease have been briefly described in what follows:

Stage 1(Primary HIV infection): This stage of HIV infection is a first stage and known as primary
infection stage. Primary infection begins after an individual becomes infected with HIV for the first time. This
stage lasts for a few weeks. During this period, individuals experience Flu fever like symptoms. However, the
test of HIV infection is invisible at this stage. Thus, who have been exposed to HIV should check themselves
again after six months.

Stage 2(Asymptomatic HIV infection):This stage of HIV is a second stage and is known as
Asymptomatic HIV infection , individuals become free from all types of symptoms of HIV although there will
be some swollen glands. The HIV appears in blood in very low level, but it can be detectable. If an HIV test is
performed, the result will come out to be positive. While the individuals remain asymptomatic, the HIV in their
blood continues to reproduce constantly. This stage lasts for about ten years. However, the period of second
stage can be much longer or shorter depending on the individual. This period is also characterized by a
CD4+count whose count is around 500 cells per EIL.

Stage 3(Symptomatic HIV infection):This stage of HIV is called Symptomatic HIV infection, at this
stage symptoms start appearing and human immune system gets damaged by HIV. Further, it leads to high
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destruction ofCD4+ cells and human immune system become very weak to replace them. Thus, the immune
system stops properly functioning and this leads to developing of disease symptoms [3, 4].

Stage 4(Acquired Immune Deficiency Syndrome AIDS): In fourth and last stage, a person can be
medically tested positive as having AIDS. The progression to AIDS can be characterized by CD4+ count which
is 200 or below per ml in a patient, while it is around 1000 per ml in a normal person. At this stage, the infected
individual is likely to develop opportunistic infections in their respiratory system, gastro-intestinal system,
central nervous system and on the skin as well. Once a person is diagnosed with AIDS, the AIDS status remains
permanent.

Organization of the paper: In Section 2, assumptions of the model are stated and based on which a
mathematical model for describing the population dynamics of human population related to HIVV/AIDS disease
is formulated. In section 3, well possedness of the model formulation, stability analysis of the equilibrium points
and reproduction number are included. In Section 4, numerical simulation studies of the model equations are
performed by assigning various sets of numerical values to the model parameters. In Section 5 sensitivity
analysis of model parameters towards the reproduction number is carried out. In section 6 Result and Discussion
are presented. Finally, the paper ends with concluding remarks in Section 7.

Il.  Model Formulation
The model proposed in this study divides total human population into five compartments to describe
the dynamics of human population pertaining to HIV (Human Immunodeficiency Virus)using ART as
treatment. These compartments are described as follows: (i) Susceptible human’s compartment. It is denoted
by S(t). These susceptible humans are capable of becoming infected in the future. This include new human
that not infected yet. (ii) Primary infected human’s compartment. It is denoted by P(t).This compartment
consists of exposed or infected humans that do not know their status but transmit disease to others with effective
contact (iii) Asymptomatic human’s compartment. It is denoted by A(t). This compartment consists of those
who know that they are infected with virus but shows no signs of infections and abstain from transmitting virus
to others. They undergo ART and Herbal medicine treatments (iv) Symptomatic human compartment. It is
denoted by J(t). This compartment consists of infectious humans and they show signs of infections. Such
humans manifest their weakness as they harmed by virus and abstain from transmitting virus to others and
undergo Herbal medicine treatment (v) AIDS human’s compartment. It is denoted by V(t). This consists of
humans that highly contains virus that weakens T-helper cells. This categorical human requires high
medications and cares.
Here, a mathematical model of the Human Immunodeficiency virus (HIV) is constructed based on the
following assumptions made on the human populations:
(i) The total population size of human’s populations is assumed to be constant.
(if) Both the numbers of births and deaths of humans are equal.
(iif) Human Immunodeficiency virus (HIV) model classifies the human population into five compartments as
SPAJV at any time.
(iv) Susceptible humans are recruited into the compartment S(t) at a constant rate .
(v) Susceptible humans are infected when they come into effective contact with primary infected humans that
do not know their status and join primary infected compartment at a rate f3.
(vi) Asymptomatic humans join symptomatic humans at a rate 6.
(vii) The symptomatic humans join asymptomatic human’s compartment at the rate w and AIDS human’s
compartment at a rate y.
(viii) All types of human’s compartments suffer natural mortality with a rate p.
(ix) AIDS humans die of infection at a rate p.
(x) Asymptomatic and Symptomatic humans are treated
(xi) All parameters used in the model are positive.

Table 1 Notations and description of model variables

Variable Description
S(b) Population size of susceptible humans
P(t) Population size of primary infected humans
A Population size of asymptomatic humans
J(t) Population size of symptomatic humans
V(t) Population size of AIDS humans

Table 2 Notations and description of model parameters
Parameter Description
T Recruitment rate of susceptible humans. With this rate new humans will
born and they will enter into susceptible compartment
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B Transmission rate of infected humans. With this rate humans transfer
from compartment S to P

K Rate of humans transferring from compartment P to A

n Rate of humans transferring from compartment P to

7} Rate of humans transferring from compartment J to A because of
treatment with ART

0 Rate of humans transferring from compartment A to J because of ART
misusing or stopping

u Natural death rate. With this rate humans in all compartments die
naturally

Y Rate of humans transferring from compartment J to V.

P Death rate of AIDS humans

Based on the basic assumptions together with the description of both model variables and parameters
the schematic diagram of the compartmental model is drawn and is given in Figure 1.
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Figure 1 Schematic diagram of compartmental structure of the model

Based on the model assumptions, the notations of variables and parameters and the schematic diagram, the
model equations are formulated and are given as follows:

ds/dt =t — BS(E)P(t) — uS(t) (1)
dP/dt = BS(t)P(t) — (k +n + WP (t) 2

dA/dt = kP(t) + w] () — (6 + wA() ©)
dj/dt =nP(t) + 0A— (w +vy + )] 4)
av/dt =yj(t) — (p + Vv (5)

The non-negative initial conditions of the model equations (1) — (5) are denoted by S(0) >
0, P(0)=0, A(0)=0, j(0) =0, V(0) = 0. This system consists of five first order non-linear ordinary
differential equations.

I11.  Mathematical analysis of the model
In this section mathematical analysis of the present, improved and modified model is conducted. The
analysis consists of the features including (i) existence, positivity and boundedness of solutions (ii) steady states
(iii) disease free equilibrium points (iv) endemic equilibrium points (v) basic reproduction number (vi)stability
analysis of the disease free equilibrium points(vii)local stability of disease free equilibrium point (viii) global
stability of disease free equilibrium point. These mathematical aspects of the model are presented and discussed
in the following sub-sections respectively.
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3.1 Existence, Positivity and Boundedness of solution

In order to show that the model is biologically valid and mathematically well-posed, it is required to
prove that the solutions of the system of differential equations (1) — (5) exist, non-negative and bounded for all
time t . It is done starting with proving Lemma 1.

Lemma 1 (Positivity) Solutions of the model equations (1) — (5) together with the initial conditionsS(0) > 0,
P(0) =0, A(0) =0, J(0) =0, V(0) =0 are always non-negative (OR) the model variables S(t), P(t),
A(t), J(t),and V (t)are non-negative for all t and will remain inR3..

Proof Positivity of the solutions of model equations is shown separately for each of the model variables
S(), P(t), A(t), J(t) and V(t)

Positivity of S(t): The model equation (1) given by dS/dt =t — BS(t)P(t) — uS can be expressed
without loss of generality, after eliminating the positive termz appearing on the right hand side, as an inequality
as dS/dt = —[BP(t) + u]S(t). Using variables separable method and on applying integration, the solution of
the foregoing differentially inequality can be obtained as S(t) > S(0)e~#t~#JP(®)dt Recall that an exponential
function is always non-negative irrespective of the sign of the exponent i.e. the exponential function
et =B [Pt js 3 non-negative quantity. Hence, it can be concluded that S(t) > 0.

Positivity of P(t): The model equation (2) given by dP/dt = BS(t)P(t) — (n + 6 + pw)P(t) can be
expressed without loss of generality, after eliminating positive term BS(t)P(t) which is appearing on the right
hand side, as an inequality asdP/dt = —(n + 6 + u)P(t). Using variables separable method and on applying
integration, the solution of the foregoing differentially inequality can be obtained as P (t) > P(0)e~@+0+0)t,
Recall that an exponential function is always non-negative irrespective of the sign of the exponent i.e. the
exponential function e~+¢+1¢ js a non-negative quantity. Hence, it can be concluded that P(t) = 0.

Positivity of A(t): The model equation (3) given by dA/dt = kP(t) + wJ(t) — (6 + u)A(t)can be
expressed without loss of generality, after eliminating the positive termskP(t)and w/(t) which are appearing on
the right hand side, as an inequality as dA/dt = —(6 + u)A(t). Using variables separable method and on
applying integration, the solution of the foregoing differentially inequality can be obtained as A(t) =
A(0)e~@+mt Recall that an exponential function is always non-negative irrespective of the sign of the
exponent i.e. the exponential function e~®*#)t is a non-negative quantity. Hence, it can be concluded
that A(t) = 0.

Positivity of J(t): The model equation (4) given bydj/dt =nP(t) + 6A— (w +y + 1) can be
expressed without loss of generality, after eliminating the positive terms nP(t)and 64 which are appearing on
the right hand side, as an inequality as dJ/dt = —(w + y + @)J. Using variables separable method and on
applying integration, the solution of the foregoing differentially inequality can be obtained as j(t) =
J(0)e~@*r+m)t Recall that an exponential function is always non-negative irrespective of the sign of the
exponent i.e. the exponential functione~(“*+Y*#)tjs a non-negative quantity. Hence, it can be concluded
that J(t) > 0.

Positivity of V(t): The model equation (5) given by dV/dt = yJ(t) — (p + w)V can be expressed
without loss of generality, after eliminating the positive term y/(t) which is appearing on the right hand side, as
an inequality as dV/dt = —(p + u)V. Using variables separable method and on applying integration, the
solution of the foregoing differentially inequality can be obtained as V(t) > V(0)e~®**)t Recall that an
exponential function is always non—negative irrespective of the sign of the exponent i.e. the exponential function

e~ P+t s a non-negative quantity. Hence, it can be concluded that V' (t) > 0.

Thus, the model variables S(t), P(t), A(t), J(t) and V(t) representing population sizes of various
types of human population are positive quantities and will remain in R for allt.

Lemma 2 (Boundedness) The non-negative solutions of the system of model equations (1) — (5) are bounded.
That is the model variablesS(t), P(t), A(t),J(t) and V(t) are all bounded for all t [4, 7,8].

Proof: Recall that each population size is bounded if and only if the total population size is bounded. Hence, in
the present case it is sufficient to prove that the total population size N(t) = S(t) + P(t) + A(t) + J(t) + V(t)
is bounded for all t. It can be begun by showing that all feasible solutions are uniformly bounded in a proper
subset R € R where the feasible region R is given by R={(S, P, 4 ] V)ERS; N<
Tu+p.

Now, summation of all the five equations (1) — (5) of the model gives dN(t)/dt = T — uN(t) — pV(t).
Again considering total population N(t) and subpopulation V(t) further we can write the equation as inequality
of the form dN(t)/dt < [t — (u+ p)N(t)]. Equivalently this inequality can be expressed as a linear ordinary
differential inequality as [dN(t)/dt] + [(n + p)N(t)] < T giving general solution upon solving as N(t) <
[t/(n+ p)] + ce~®+P)t But, the term N(0) denotes the initial values of the respective variable N(t) =
N(0)att = 0. Thus, the particular solution can be expressed
as N < [t/(u+p)] + [N(O) — (t/(n+p))]e~®+Pt  Further, it can be observed that N(t) -
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[t/(u+ p)las t — co. That is, total population size N(t)takes off from a value N(0) at the initial time t= 10
and ends up with a bounded value [t/(u + p)]as the time t progresses to infinity. Thus, it can be concluded
that N(t) is bounded within a pair of valuesas 0 < N(t) < [t/(u + p)].

Therefore, [t/(u + p)]is an upper bound of N(t). Hence, feasible solution of the system of model
equations (1) — (5) remains in the region Q which is a positively invariant set. Thus, the system is biologically
meaningful in the domainQ. Further, it is sufficient to consider the dynamics of the populations represented by
the model system (1) — (5) in that domain.

Therefore, it can be summarized the result of Lemma 2 as “the model variables
A(t), J(t) and V(t) are bounded for all t”.

Lemma 3 (Existence) Solutions of the model equations (1) — (5) together with the initial conditions S(0) > 0,
P(0) >0, A(0) =0, J(0) =0, V(0) > 0existin R} i.e.the model variables S(t), P(t), A(t), J(t), and
V(t) exist forall ¢t and will remainin  R3.
Proof: Let the right hand sides of the system of equations (1) — (5) are expressed as follows:
dS/dt =t —BS)P(t) —uS(t) =g:.(S, P, 4 ] V)

dP/dt = BS()P(t) — (k +n+ wP() =g,(S, P, 4, ], V)

dA/dt = kP(t) + wJ(t) — (0 + wWA{) =g3(S, P, 4, ], V)

dj/dt =nPt)+0A—(w+y+u)Jj =g, P, 4 ], V)

av/de=yj&) —(p+wV=gs(S, P, 4 ], V)

According to Derrick and Groosman theorem, let R denote the region R = {(S, P, 4, ], V)€
R+5; N<tp+uw Then equations (1) — (5) have a unique solution if Jdgidxy, Vv 4 /=1, 2, 3, 4 5 are
continuous and bounded in R . Here, the notations x; =S, x, =P, x3 = A, x, =], x5 =V are employed.
The continuity and the boundedness of g4, 9., g3, g4, and gs are verified as here under:

S@®), P(),

Table 3 Verification of Continuity and Boundedness of the Functions

Function Existence and Continuity Boundedness
(091)/(3S) = —[BP(t) + ] [(0g:1)/(@8)| = |-[BP(t) + p]] <
(0g1)/(8P) = —BS(t) [(8g1)/(0P)| = |-BS(t)| < o0
91 (091)/(04) =0 [(0g,)/(0A)| =0 <
(0g1)/@H =0 [(091)/(@))| =0 < o0
(0g1)/(@V)=0 [(0g1)/(@V)|=0< oo
(09,)/(3S) = pP(t) [(8g,)/(@8)| = [BP(t)] <
(0g2)/(P) = BS(t) — (s + 1 + ) [(092)/(@P)| = |BS(t) — (k +n + p)| <
92 (0g;)/(04) =0 [(0g,)/(0A)| =0 <
(6g2)/@) =0 [(0g,)/(8))| =0 <
(0g;2)/(@V) =0 [(092)/(@V)| =0 < o0
(0g3)/(0S) =0 [(8g95)/(88)| =0 < o0
(093)/(0P) =k [(893)/(0P)] = Kk < o0
(0g3)/(04) = —(6 + 1) [(093)/(0A)| =6 +p <
(09:)/0) = w [(093)/(0))] = w <
A (9g3)/(@V) =0 [(83)/(aV)| =0 < o0
(0g4)/(05) =0 [(094)/(88)| =0 < o0
(0g4)/(@P) =n [(094)/(@P)| =1 < o
9a (0g4)/(04) =8 [(094)/(04)| = 6 < o0
094)/@N) =—(w+y+w [(0g)/ (@D =w+y+pu<oo
(0g.)/@V)=0 [(0g4)/(@V)| =0 <
(0g5)/(8S) =0 [(0gs)/(0S)| =0 <
gs (0gs)/(@P) =0 [(0gs)/(0P)| =0 < o
(0gs)/(04) =0 [(0g5)/(0A)| =0 <
(0gs)/@N =y [(8gs)/ (@) =y <
(9gs)/(@V) = —(p+ 1) [(0gs)/(@V)|=p+p <o

Thus, all the partial derivatives (aﬁ-)/(axj): i, j=1, 2, 3, 4 exist, and are both continuous and
bounded in R. Hence, by Derrick and Groosman theorem, a solution for the model (1) — (5) exists and is unique.
Therefore, the formulated model is biologically meaningful and mathematically well-posed.

3.2 Steady state solutions

In order to understand the dynamics of the model, it is necessary to determine equilibrium points of the
solution region. An equilibrium solution is a steady state solution of the model equations (1) — (5) in the sense
that if the system begins at such a state, it will remain there for all times. In other words, the population sizes
remain unchanged and thus the rate of change for each population vanishes. Equilibrium points of the model are

DOI: 10.9790/5728-1506033451 www.iosrjournals.org 38 | Page



Global Stability and Sensitivity Analysis of the Dynamics of Human Population Subjected to ..

found, categorized, stability analysis is conducted and the results have been presented in the following sub-
sections:

3.2.1 Disease free equilibrium point
Disease free equilibrium point is a steady state solution where there is no disease in the population.
Now, absence of disease implies that P(t) = A(t) = J(t) = V(t) = 0 and also setting the right hand sides of
the model equations (1) — (5) equal to zero results in giving 7 — uS = 0, solution of which is the population size
of the susceptible humans at the disease free equilibrium and is given byS® = (t/pn).Thus, the disease free
equilibrium point of the model equations(1) — (5) is given by
EO — (SO, PO, AO ]0, VO)

3.2.2 Endemic equilibrium point

The endemic equilibrium point E; = {S!, P!, A!, J', V'} is a steady state solution when the disease
persists in the population. The endemic equilibrium point is obtained by setting rates of changes of variables
with respect to time of model equations (1) — (5) to zero. That is, setting dS/dt = dA/dt = dI/dt = dV /dt =
0 the model equations take the form as

T—BS@OP() —uSt) =0 (6)
BS(®)P(t) —bP(t) =0 ©)
kP(t) + w/(t) —aA(t) =0 8)
nP(t) +0A—cj(t) =0 9)
YJ(@©) —adv(e) =0 (10)

Here in (6) — (10), the quantities a, b, c represent the parametric expressionsas b =6 +pu, a =k +
n+u c=w+y+u d=p+pu Clearly, solutions of (6) — (10) will provide endemic equilibrium of the
model equations and that is obtained as follows:

(i)  The equations (7) can be rearranged as [8S — a]P = 0 leading to the solutionsBS —a =0 or P=0
or both. However, P does not vanish since the disease is assumed to persist. Thus, it leads to the only
meaningful solutionS — b = 0 or equivalently S = (b/f). That is, the S component ofE;is given
by

S'=S = (a/B) = (r/uRy) (11)
(i) Now the solution for P can be obtained by substituting equation (11) into equation (7) and rewriting
the resulting equation as t — B8(z/uRy)P — u(t/uR,y) = 0 giving
P'=P=(u/B)(Ry—1) (12)
(iii)  Again the solution for A can be obtained by substituting P value from (11) into equations (8) and (9).
Now, the reduced expression has the form

At = A = {[(kc + nw)(1/B)(Ry — D]/ (6w — be)} (13)
(iv) By substituting A and P values into equation (8) the solution for J can be obtained and is given as
J' =] = {{bl(kc + nw)(w/B)(Ry — D1/ (0w — ac)} — k(u/B)(Ry — D}/ w (14)

(V) Finally, using the value of J from (14) and solving for V from equation (10) we have
V' =V =y/t/d = {{y bl(kc + nw) (/B (Ry — D1/ (8w — be)} — k(u/B)(Ry — D}/ dw (15)

3.3 Basic Reproduction Number

The basic reproduction number is denoted by R, and is defined as the expected number of people getting
secondary infection because of infected person enters into wholly susceptible population [11]. This humber
determines the potential for the spread of disease within a population. WhenR, < 1 each infected individual
produces on average less than one new infected individual so that the disease is expected to die out. On the other
hand if Ry > 1 then each individual produces more than one new infected individual so that the disease is
expected to continue spreading in the population. This means that the threshold quantity for eradicating the
disease is to reduce the value of R, to less than one.

The basic reproductive number R, can be determined using the next generation matrix. In this
methodR,is defined as the largest eigenvalue of the next generation matrix. The formulation of this matrix
involves classification of all compartments of the model in to two classes: infected and non-infected. That is, the
basic reproduction number cannot be determined from the structure of the mathematical model alone but
depends on the definition of infected and uninfected compartments.

Assume that there are n compartments in the model and of which the first m compartments are with
infected individuals [3]. From the system (1) — (5) the four equations of infected individuals are considered and
decomposed into two groups: F contains newly infected cases and v contains the remaining terms. Let
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X =15 P, A ], V] beacolumn vector and the differential equations of the first four compartments
are rewritten as F(X) - T(X).

Now, let F(X) = [F, F,, F;, Fi]'. Here (i) F, = (BSP) denotes newly infected cases which
arrive into primary infected compartment (ii) F, = 0 denotes newly infected cases arrived into the infectious
asymptomatic compartment (ii) F; = 0 denotes newly infected cases arrived into the infectious symptomatic
compartment, and (iii) F, =0 denotes newly infected case from susceptible compartment into AIDS
compartment. Further, let T(X) =[T, T, T3, T4]*. Here T, = aP, T, = —kP —w] + bA, Ty =
—nP —60A+c/, and T, = —yJ + dV. Here, the parameters a, b, ¢, d represent the expressions as b =
O0+u, a=xk+n+yu c=w+y+u d=p+pu.

The next step is the computation of square matrices F and T of order m x m , where m is the
number of infected classes, defined by F = [0F,(E;)/0x%] and T =[dTi(E,)/dx] with 1<i, j<m ,
such that F is non-negative, V is a non-singular matrices and E, is the disease free equilibrium point DFE.
If F and T are non-negative and T is non-singular then T~! is non-negative and thus FT~! is also non-
negative. Also, the matrix FT~! is called the next generation matrix for the model. Finally, the basic
reproduction number R, is given by R, = p(FT™1). In general, p(4) denotes the spectral radius of matrix
A and the spectral radius is the biggest non-negative eigenvalue of the next generation matrix.

The Jacobian of F and T at the disease free equilibrium point E, takes the form respectively as

Bt/u 0 0 07 ra 0 0 07
0 0 O 0 —K b —w 0
F=Jp(Ey) = and T = Jr(Ep) = (16)
0 0 0 0 -n -0 c 0
0 0 0 0- 0 0 — d

It can be verified that the matrix  J;(E,) is non-singular as its determinant is non-zero and after
some algebraic computations the next generation matrix is constructed as

0_—1

Bt/u 0 0 O0fa 0 0 Bt/ua 0 0 O
0 0 0 Oll-x b -—-w 0 0 0 0 O
Ur(EDIUy (EDI™ =
0 0o o oll-n -6 c 0 0 0 0 0
0 0 o ollo 0 -y dl 0 o

: L0

Now, it is possible to calculate the eigenvalues of the matrix [Jz(Eo)][J7(Ep)]™! to determine the
basic reproduction number R, which is the spectral radius or the largest eigenvalue. Thus, the eigenvalues are
computed by evaluating the characteristic equation det[[Jz(Eq)1[J+(Eq)]™ — AI] = 0 or equivalently solving

(Bt/pna) — 2 0 0 0
0 -2 -2 0
=0
0 0 -1 0
0 0 0 -1
It reduces to the equationas  A3[(Bt/ua) —A] = 0 giving the four eigenvalues as
A =(Pt/pa), A, =0, A3=0, A, =0

However, the largest eigenvalue here is and is the spectral radius or the threshold value or the basic
reproductive number. Thus, the reproduction number of the model is R, = (Bt/u a).

3.4 Stability analysis of the disease free equilibrium

In absence of the infectious disease, the model populations have a unique disease free steady stateEj,.
To find the local stability of E, the Jacobian method of the model equations evaluated at DEF Ejis used. Also,
to determine the global stability at £, M-matrix method given in [10] is used. It is already shown that the DFE
of model (1) — (5) is given by E, = {t/u, 0, 0, 0}. Now, following [5, 6, 7, 8] the stability analysis of
DFE is conducted and the results are presented in the form of theorems and proofs in the following:
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3.4.1 Local Stability of Disease Free Equilibrium point
Theorem 1: The DFE E, of the system (1) — (5) is locally asymptotically stable if R, < 1 and unstable
if Ry > 1.
Proof: Consider the right hand side expressions of the equations (1) — (5) as functions so as to find the Jacobian
matrix as follows:
ds/dt =1 —BS(t)P(t) —uS(t) = g1(S, P, A ] V)

dP/dt = BS()P(t) — (k +n+wP() =g,(S, P, A, ], V)

dA/dt = kP(t) + wJ(t) — (0 + WA({) =g3(S, P, 4, ], V)

dj/dt =nP(t) +0A—(w+y+ W] =g.,5, P, 4 ], V)

dv/dt=yJ() = (p+wV =gs(S, P, A ] V)
Let J(S, P, 4, J, V) be a Jacobian matrix of g1, G2, 93, Y9a Ygs  with respect

to S, P, A, J, V.Thus,

[—BP—M —-pS 0 0 0 1
| BP BS —(k+n+uw 0 0 0 |
J6s, P, A J, =] o K —(6 + ) w o |
| o n 6 —(w+y+uw 0 |
l o 0 0 " —(p +wl

Now, the Jacobian matrix of g1, 92, 93, ga» 9gs withrespectto S, P, A, J, V atthe
disease free equilibrium E, is given by

-4 —ft/u 0 0 O
0 pBt/u—a 0 0 O
J(E)) =10 K -b w 0
0 n 6 —c O
0 0 0 vy —d

Now, the eigenvalues of J(E,) are required to be found. The corresponding characteristic equation
det[J(Ey,) — AIl = 0 is expanded and simplified as follows:

—u—A —Bt/u 0 0 0
0 Bt/u—a—2 0 0 0
0 K -b—-1 w 0 =0
0 n 0 —-c—A 0
0 0 0 y  —d-2

—(u+D(d-DBt/p—a=-D[(=b—-D(-c—21) —0w] =0

Thus, the five eigenvalues of the matrix J(E,)are determined as

A=—u

Ay =—d

A3 =(pt/W) —a
—(0+w+y+2u) £/02+ 20w — 20y + w? + 2wy +¥2
It can be observed that all eigenvalues are absolzutely negative quantities. Therefore, following the

procedure given in [1, 10], it can be concluded that the DFE E, of the system of differential equations (1) — (5)
is locally asymptotically stable if R, < 1 and unstable if Ry > 1.

/14,5 =

3.4.2 Global Stability of Disease Free Equilibrium Point
Following the procedure given in [11] let x € R™ is disease compartment and y € R™ be disease
free compartment the disease transmission model (1) — (5) can be written in the form:
x=—(T—-F)x—h(x,y) @an
y=9xy) (18)
Here in (17) the notations F = Jz(E,) and T = J(E,) are used.
Theorem 2: If T — F is a nonsingular M-matrix and h = 0 then the disease-free equilibrium point of model
equations (1) — (5) is globally asymptotically stable.
Proof: Using the procedure given in [10] the rate of change of the variables in the model equations (1) — (5) can
be rewritten as
[ﬁ (So — S)Pl
x=—(T—-F)x—
0

S=1—BSP—uS
Now, it is to be shown that T — F is non-singular M-matrix. From the previous computations (16) we have
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Bt/ 0 0 0] [ a 0 0 07
0 0 0 0 —K b -0 0
F =Jp(Ey) = and T = Jr(Ep) = :
0 0 0 0 -n -6 ¢ 0
L0 0 0 o L 0 0 -y d
ra— Bt/u 0 0 07 Br/u 0 0 0]
—K b -0 0 K 0 w O
T—-F= =sl — =sl —B.
-1 -0 c 0 n 6 0 O
0 0 d 0 0o vy 0

Here, s =maxi®a, b, ¢, d)and B =
n 6 0 O

[ 0 0 y Ol

Now, det(T —F) = (bcd — dOw)[a — B(z/w)] and p(B) = max{B(z/u), VOw} and T —F is
nonsingular matrix provided that the conditions bcd # d6w and a # Bt/u are satisfied. Further, off diagonal
elements of T — F are non-positive numbers. Thus, T — F is non-singular M-matrix if s = p(B).

Next, to show that the disease-free equilibrium is globally asymptotically stable for Ry, < 1, it is
sufficient to show that S < S,. The total population N(t) = S(t) + P(t) + A(t) +J(t) + V(t) satisfy the
condition N' =11 — BN —dV <1l — , so that N(t) < Sy —(So— N(0))e ™™, with S, =rm/p.
If N(0) <S,, then S(t) < N(t) < S, for all time, if, on the other hand, N(0) > S,, then N(t)decays
exponentially to Sy, and either S(t) — Sy, or there is some time T after which S(¢t) < S,. Thus, from time
T" onward, x(t) is bounded above, in each component, by e~¢=")T=Fx(T") which decays exponentially to
zero. Note that for the argument of global stability we are not concerned with the size of x(t).

In fact, if N(0) > S,, x(T') may be much larger than x(0). In this case the exponential bound on
x(t) concerns a decay following an epidemic, not an immediate elimination of the disease. In contrast,
if N(0) < S,, then the bound on x(t) is e ¢"T)T=Fx(0)and no epidemic occurs. Therefore, from the
above hypothesis disease-free equilibrium point of model equations (1-5) is globally asymptotically stable
forR, < 1.

3.5 Stability Analysis of Endemic Equilibrium Point

By definition it is true that at the endemic equilibrium point E; = {S*, P, A', J!, V1}is the
point where the disease persists or exists. To analyze the local stability ofE;, Jacobian matrix of the model that
evaluated at this equilibrium point is used. Further, remember that the endemic equilibrium pointE; =
{s', P, A', J', V'}ofthe given model (1) - (5) is already computed.

3.5.1 Local Stability of Endemic Equilibrium Point
The local stability of endemic equilibrium point is stated and proved in Theorem 3.

Theorem 3: The endemic equilibrium point is locally asymptotically stable ifR, > 1 and unstable ifR, < 1.
Proof: The stability analysis of E;is conducted by following the similar procedure adopted as in the case ofE.
Thus, the procedure starts with the construction of Jacobian matrix atE;. Now, the Jacobian matrix of the model
given in (15) at endemic equilibrium point E; takes the form as

S'=S=b/B = (r/uRy)

P'=P=(u/B)(Ry—1)

At = A = {[(kc +nw)(/B)(Ry — D]/ (0w — ac)}
J' =] = {{al(xc + nw)(u/B)(Ry — D]/ (Bw — ac)} — k(u/B)(Ry — D}/ w
V' =V =y'/d = {{y al(c + nw)(@/B)(Ry — D]/ (Bw — ac)} = k(u/B)(Ry — 1}/dw
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—BP — u —BS
pP BS — (ke +n+p
J=JS P, A ] V)= 0 K
0
] 0
—URy —B(t/KRo) 0
Ry — 1) 0 0
J=J(E) = 0 K -0+
0 n 6
0 0 0

—(pt !

0 0
0 0
—(0+p) w
6 —(w+y+w
0 14
0 0
0 0
W 0
—(w+y+w 0

0
0
0

0

—(p + ]

3 Y
Now the trace of J(E,)is a negative quantity while determinant of J(E;) computed as —Bt(R, —
Tpu2+ 6u2 4+ p2w +p2y + p3 + pbu+puw + pby +puy+ BuyRO and is a positive quantity provided that

RO<]T.

Hence, the endemic equilibrium point E ;is locally asymptotically unstable if R, < 1.

V.

Numerical Simulation

In this section, numerical simulation study of model equations (1) — (5) is carried out using the
software MATLAB. To conduct the study, a set of physically meaningful values are assigned to the model
parameters. These values are either taken from literature or assumed on the basis of reality. These sets of
parametric values are given under figures.

300
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150

5Igynamics of susceptable human population with HIV persistance

Susceptable individualg

100 !
0 50

Figure 1Dynamics of susceptible population with parametric values t
6 = 0.0007, n=0.03, w=0.3, p=0.05 £k=0.01, y=0.06

0.0005,

100

150 200 250 300 350 400

Time(years)

20, = 0.02, B =

From the simulated graph given in Figure 1, it can be observed that the susceptible population (i)
increases initially because of less number of primary patients but (ii) decreases at a later time because of more

number of primary patients.
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Dynamics of primary patients with HIV persistance
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Primary patients|
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0 50 100 150 200 250 300 350 400

Time(years)

Figure 2 Dynamics of primary patients with parametric values
T =20 p=0.02 g =00005 6=00007 n=003 w=03 p=0.05 k=001 y=0.06

Figure 2 shows that starting from the beginning the number of primary patient’s increases as the result
of delay in antibody of a patients or the patient do not want to know the result.

Dynamics of asyptomatic patients with HIV persistance
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450 T

400 Asyptomatic patient4 -

350 .
300 .
= 250F .
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150 N

0 1 1 1 1 1 1 1
(0] 50 100 150 200 250 300 350 400

Time(years)

Figure 3 Dynamics of susceptible population with parametric values
T =20, u =002 g =00005 6=00007 n=003 w=03 p=0.05 k=001, y=0.06

From Figure 3 it can be observed that the asymptomatic patients increase as all patients want treatments
and continue using it.
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with HIV persistance

20 Dynamics of Syptomatic patients

Sypttomatic patientsl
351 -

30| .

O 1 1 1 1 1 1 1
[0} 50 100 150 200 250 300 350 400

Time(years)

Figure 4 Dynamics of symptomatic patients with parametric values
T =20 u=0.02 £ = 0.0005, 6 = 0.0007, n=0.03,
w=0.3 p=0.05 k=0.01, Yy =0.06

Figure 4 illustrates the dynamics of syptomatic patients that decrease initially as the result of less

primary patients and syptomatic patients enters the compartement. The compartement also increases from some
later point of time as some primary and asyptomatic patients want to use only herbal medicine as treatment.

Dynamics of AIDS patients with HIV persistance

22

V(t)

4 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Time(years)

Figure 5 Dynamics of AIDS patients with parametric values
T =20 p=0.02 B =0.0005 6=00007 n=003 w=03 p=0.05 k=001, y=0.06
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Figure 5 illustrates the simulation of AIDS patients which increases initially as the resultof patients
from syptomatic compartement enters it and decrease from there as result of death. Then increases as syptomatic
patients increase.

Dynamics of human population related to HIV persistance

500 T T T
. | Susceptable patients
§ 450 Primary patients 7]
- Asyptomatic patients|
% 400 Syptomatic patients | |
= AIDS patients
= 350 u
<C
g 300 b
\(f)l 250 1
200 1
1501 u
100 u
50 1I- 1
o L L L L L L L

(0] 50 100 150 200 250 300 350 400
Time(years)
Figure 6 Dynamics of susceptible population with parametric values
T =20 g=0.02 g =00005 6=0.0007 n=0.03 w=20.3 p=0.05 k=0.01, Yy =0.06

In Figure 6 the following can be observed: (i) initially the population size of susceptible compartment
S is increasing because of recruitment rate and less number of primary patients. Then decreases followed by
averagely constant in number as there are more primary patients followed with constant in number(ii) Initially
the population size of primary patient’s compartment P increase because of delay of instrument result or
unwillingness of people to know their status. Then decrease followed by constant in number as there is a balance
in population dynamics (iii) the asymptomatic patient’s compartment increases as patients show no symptoms
(iv) symptomatic compartment decreases initially as patients transfer to asymptomatic and AIDS compartment.
Then increases followed with constant as the result of balances in the transfer of patients (v) The AIDS
compartment increase initially because of patients from symptomatic compartment. Then decrease followed
with constant number of patients as the result of balance of transfer in patients.

Dynamics of human population related to HIV extinction
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Figure 7 Population dynamics of SPAJV compartments with the parametric values
T=2 u=002 g =000005 6=0.0007 n=0.03 w=0.3 p=0.05 k=0.01, Yy =0.06
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In figure 7, it can be observed that (i) initially the susceptible compartment decrease because of
infection enter the compartment and finally increases as the patients come out of the compartment. (ii) The
Primary compartment decreases as people tested and know their result. (iii)The asymptomatic compartment
increases initially as people enters it from primary patients and symptomatic compartment. And decreases as
the number of patients decreases (iv) the symptomatic compartment decreases starting from the beginning of
less number of patients come into it from primary and asymptomatic compartments. (v) The AIDS compartment
initially as patients from symptomatic compartment enters it and decrease continuously in the decrement of
patients in the symptomatic compartment in addition to natural death disease induced death rate.

10%usceptable human population dynamics with extinction of Virus

T
98 .

961 7

94+ Susceptable |nd|V|duaIsi_

92+ 1
& 9ofF 1
88l 1
861 1
84t 1

821 7

80 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350 400

Time(years)
Figure 8 Population dynamics of susceptible compartment with the parametric values
T=2 n=0.02 g =000005 6=00007 n=0.03 w=0.3 p=0.05 k=0.01, Yy =10.06

Figure 8 illustrates for about fifty years the susceptible population are decreasing as the result of
contact with primary. Finally, they increased as the number of primary patients decreased.

2lgynamic.:s of primary patients with reduction of HIV transmission
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Figure 9 Population dynamics of primary compartment with the parametric valuest = 2, yu =
0.02, B = 0.00005, 6 = 0.0007, =0.03, w=0.3, p=0.05 k=0.01, y=0.06

Figure 9 illustrates the primary patients are decreasing as the result of contact with susceptible
decreases.
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Asyptomatic patients with reduction of HIV transmission
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Figure 10 Population dynamics of asymptomatic compartment with the parametric valuest = 2, u =
0.02, g = 0.00005, 6 = 0.0007, =0.03, w=0.3, p=0.05, k=0.01, y=0.06
Figure 10 shows that initially more patients join asymptomatic compartment and increased it. Finally,
as the number of primary patients decreased the asymptomatic compartment also decreasing to zero at the end.

Syptomatic patients with reduction of HIV transmission
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Figure 11 Population dynamics of symptomatic compartment with the parametric valuest = 2, p =
0.02, g = 0.00005, 6 = 0.0007, =0.03, w=0.3, p=0.05 k=0.01, y=0.06
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Figure 11 Illustrates the fact that as the number of primary patients gets decreasing the number of
patients in symptomatic patients also decreases to zero at the end of the time.

Dynamics of HIV patients with reduction of HIV transmission
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Figure 12 Population dynamics of AIDS compartment with the parametric valuest = 2, u =
0.02, g = 0.00005, 6 = 0.0007, =0.03, w=0.3, p=0.05 k=0.01, y=0.06

Figure 12 shows that initially AIDS patients get increasing as there be patients who did not fit with the
treatment. Finally, as the number of patients decreased in all compartments the AIDS compartment patients also
get decreasing leads to zero.

The differences and similarities between the existing and modified model are given respectively in the
tables 1 and 2.
Table 1 Differences of existing and modified model.

Differences
SN Existing model [2] Modified (Present) model
1 Has four compartments Has five compartments
2 Has susceptible, symptomatic, asymptomatic, AIDS Has susceptible, primary, asymptomatic, symptomatic ,
human population compartments AIDS human population’s compartments
3 Assumed education and treatment Assumed treatment

Table 2 Similarities of existing and modified model

Similarities
Both existing [2] and modified (Present) model have the following similarities
i) Disease induced death rate in AIDS patients
i) Transmission rate
i) Natural mortality
) Transfer of patients from symptomatic to asymptomatic

V. Sensitivity Analysis

Sensitivity analysis is used to determine the sensitivity of the model with respect to the parameters
involved in it. That is, how changes in the value of the parameters of the model result in changing the dynamics
of the infection. It is used to discover parameters that have a high impact on Ryand should be targeted by
intervention strategies. More precisely, sensitivity indices allow measuring the relative change in a variable
when parameter changes [10]. If the result is negative, then the relationship between the parameters and R,is
inversely proportional. In this case, the modulus of the sensitivity index will be taken so that the size of the
effect of changing that parameter can be deduced.

On the other hand, a positive sensitivity index means that both the function and the parameter are
proportional to each other i.e. both of them grow or decay together.
It is already shown that the explicit expression of Ryis given byR, = [(B7)/u(n + k + )] . Since,Rydepends
only on four parameters, an analytical expression will be derived for its sensitivity to each of the parameters
using the normalized forward sensitivity index as given by Chitnis [10].
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Y3 = [0R,/3B] X [B/Ro]
Y," = [0Ro/u] X [/ Ro]
Y, = [8Ry/dn] X [n/Ro]
Y[ = [0R,/07] X [t/Rq]
Y, = [9Ro/9x] X [Kk/Ry]

Table 4 Sensitivity of R, evaluated for the parametric values given under figure 1

Parameter Sensitivity index
u -1
n -0.5
B +1
K -0.116
T +1

From Table 3, it can be observed that the values of two parameters t, f are positive sensitivity
indices and values of the remaining three parameters n , k, u get negative sensitivity indices.

As it is observed from the table the parameter with large magnitude are u, 7,and B . Hence, they
are most sensitive parameter in the model equations. On the other hand an increase in these positive parameter
values will cause an increasingR, this implies that disease transmission in human population. Similarly, a
decrease in negative parameter values will cause a decrease inR, which means the disease transmission
decreases in human population.

VI.  Resultand Discussion

In this study, a mathematical model describing the dynamics of five compartmental human population
related to Human Immunodeficiency Virus (HIV) with treatment is formulated and analyzed. The model is
developed based on biologically reasonable assumptions made about Human Immunodeficiency Virus (HIV)
and its treatment. The mathematical analysis has shown that if the reproduction number R, < 1 then the disease
free equilibrium point is locally and globally asymptotically stable implying that the disease transmission
decreases with decreased recruitment rate value which is supported by the simulation results given in Figure 7-
12. Also, if Ry, > 1 then the disease free equilibrium point is unstable implying that the transmission of disease
increases. These theoretical results have been supported by the simulation study as it is shown in Figure 1-6.

VIl.  Conclusions

In this study, a mathematical model of five compartments related to Human Immunodeficiency Virus
HIV with treatment has been formulated. Moreover, existence, positivity and boundedness of the formulated
model are verified to illustrate that the model is biologically meaningful and mathematically well posed. In
particular, the stability analyses of the model were investigated using the basic reproduction number and Routh
Hurwitz criterion. Also, the solution of the model equations is numerically simulated and sensitivity analysis of
the model is conducted. Furthermore, results of the research work presented in this paper reveal that the model
formulated here effectively supports treatment for HIV disease.

References

[1] Luboobi et al. 2011. The Role of HIV Positive Immigrants and Dual Protection in a Co-Infection of Malaria and HIV/AIDS.
Applied Mathematical Sciences, Vol. 5, 2011, no. 59, 2919 - 2942

[2] Vyambwer M.S., 2014. Mathematical modeling of the HIV/AIDS epidemic and the effect of public health education. M. Sc.
Dissertation, Department of Mathematics and Applied Mathematics, University of the Western Cape.

[3] W.S. Ronald and H. James. Mathematical biology: An Introduction with Maple and Matlab. Springer Dordrecht Heidelberg,
Boston, (1996).

[4] Kumama Regassa and Purnachandra Rao Koya. Modeling and Analysis of Population Dynamics of Human Cells Pertaining to
HIV/AIDS with Treatment, American Journal of Applied Mathematics. Vol. 7, No. 4, 2019, Pp. 127 — 136. Doi:
10.11648/j.ajam.20190704.14

[5] Brauer F., P. van den Driessche and W. Jianhong. Mathematical Epidemiology, volume 1945. Springer-Verlag Berlin Heidelberg,
Canada, 2008

[6] J. Robertson. World Health Organization. AIDS epidemic update: November in 2009 UNAIDS/09.36E / JC1700E. ISBN 978 92
9173 8328.

[7] A.A. Ejigu. Mathematical Modeling of HIV/AIDS transmission under treatment structured by age of infection, Stellenbosch
University (2010).

[8] Alemu Geleta Wedajo, Boka Kumsa Bole, Purnachandra Rao Koya. The Impact of Susceptible Human Immigrants on the Spread
and Dynamics of Malaria Transmission. American Journal of Applied Mathematics. Vol. 6, No. 3, 2018, Pp. 117-127. doi:
10.11648/j.ajam.20180603.13

DOI: 10.9790/5728-1506033451 www.iosrjournals.org 50 | Page



Global Stability and Sensitivity Analysis of the Dynamics of Human Population Subjected to ..

[9] Geremew Kenassa Edessa, Boka Kumsa, Purnachandra Rao Koya. Dynamical behavior of Susceptible prey — Infected prey —
Predator Populations. IOSR Journal of Mathematics (IOSR-JM). Volume 14, Issue 4 Ver. Il (Jul - Aug 2018), PP 31-41. DOI:
10.9790/5728-1404033141.

[10]  Chitnis N., Hyman J. M., and Cushing J. M. (2008). Determining important Parameters in the spread of malaria through the
sensitivity analysis of a mathematical Model, Bulletin of Mathematical Biology 70 (5):1272-12

[11]  P. van den Driesch and James Warmouth. Reproduction numbers and sub-threshold endemic equilibria for compartmental models
of disease transmission. Mathematical Biosciences 180 (2002) 29-48.

[12]  Jones E., P., Roemer. Department of Mathematics United States Naval Academy, 572C Holloway Road, Chauvenet Hall,

Annapolis, MD 21402 (peteusna@gmail.com, raghupat@usna.edu)

Mussa Amos Stephano. " Stability Analysis of Prey-Predator in Inconsistent Habitations and
Non-Selective Harvesting Factor." IOSR Journal of Mathematics (IOSR-JM) 15.6 (2019): 34-51.

DOI: 10.9790/5728-1506033451 www.iosrjournals.org 51 | Page


mailto:raghupat@usna.edu

