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Abstract:
Background: A double sequence A = (a;j, ) is said to belong to the class (X, Y), where X and Y are two
sequence spaces, if any sequence x = {x,,, } in X is transformed to a sequence y = {y,,, } in Y by the matrix
transformation y,.,, = X’ X%, @mnjic X SUCh that the sequence {y,,, Jexists and converges in the Pringsheim
sense.A t sequence x = {x,,, } of real is said to be [4, u]-almost convergent (briefly, |, ,; — convergent) to
some number [ if x € F ,;, where

Fiau = {x = {xmn J: 0 — limyj o0 Q3 5 (x) = L exists,uniformly ins, t; L = Fp ,; — limia},

andv -Qi,j,s,t (X) = ﬁZme]i Znelj xm+s,n+t'

Materials and methods: For double sequences the Cauchy’s criterion of convergence has been modified by
Pringsheim. Similarly, the necessary and sufficient conditions for the regularity of an infinite four dimensional
matrix is a given by Robison. These concepts has been utilized to generalize the concept of [A, u]-almost
convergence double sequencesthrough de la Vallée-Poussin mean and characterized some four-dimensional
infinites matrices. We collect the relevant publications in this field and apply the same technique as applied in
these papers to generalize the known results.
Results: In this paper we characterizeinfinite four-dimensional matrices which transform the sequence
belonging to the space of bounded double sequence into the space of generalized almost convergence double
sequence (i.e. A = (aquk) € (Cpp, Frapuy))- We introduced the concept of [4,u]-almost Cauchy double
sequences. It has also been proved that the space generalized almost convergence double sequence is regular
(i.e. Fppu) — regular).

- - 1
Conclusion: The condition supp, » s k |m Ypel, Lqel, Ap+s,q+t) k| < © has been found to be necessary and

n,s,

sufficient for a four-dimensional matrix4A = (aquk) € (Cpp, Frapu)) to be[4, u]-almost convergent. Again the
necessary and sufficient conditions have been established for amatrix A = (a,q;y ) to beF, ,; — regular.
Keywords: [A, u]- almost convergence, Fi, ) — regular matrix, [A, u]-Cauchy double sequences,

[4, u]-almost coercive matrix.
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I. Introduction
The definition of almost convergence of the sequences of real numbers x = {x,,} was given by Lorentz
(1948)as follows:
A sequence x = {x,} is said to be almost convergent to [ if for everye > 0, there exists N € N, such that

%Z?;Ol Xn4i — U < € foralli>N. We writef — limitx = L.
Moricz and Rhoades (1988)? extended the concept of almost convergenceof a sequence x = {x,} to double
sequences of real numbers x = {x,,,, }. The sequence x = {x,,,} almost converges tol, if for alle > 0, there

existsN € N, such that
|i2f=_01 Z;’;& Xmin+j — L | <& forallp,q>Nand forall (m, n)e N x N.

(1.2)
Moricz and Rhoades also characterized some matrix classes involving this concept.

As in the case of single sequences, every almost convergent double sequence is bounded. But a
convergent double sequence need not be bounded. Thus, a convergent double sequence need not be almost
convergent. However, every bounded convergent double sequence is almost convergent.

The idea of almost convergence is narrowly connected with the Banach limits; that is, a sequence
x, € €., is almost convergent to [ if all of its Banach limits are equal. As an application of almost convergence,
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Mohiuddine (2011)* obtained some approximation theorems for sequence of positive linear operator through
this notion.
Let {A = apgmn, P,q = 0,1,2,...} be a doubly infinite matrix of real numbers for all m, n=0,1,2, ---. The sums
Vpq = (Ax)pq = Z;ozo Z?’ﬁ:o Apgmn Xmn (12)

called the A-mean of the sequencex = {x;, }, yield a method of summability. More exactly, we say that a
sequence x = {x; } is A-summable to the limit [ if the A-mean exists for all j, k = 0,1,2, ... in the sense of
Pringsheim

limm,n—mo Z}n=o Z‘l’cl=0 aquk xjk = ypq and limpq —00 ypq =L

(1.3)
We say that a matrix A is bounded regular if every bounded and convergent sequence x = {x;; } is A-summable
to the same limit and the A-means are bounded.(Basarir M. 1995)*
Let A=@A1,:m=0,12,..)andu = (u,:n=0,1,2,..) be two nondecreasing sequences of positive real
numbers with each tending to co such that Amﬂ <An+1L,4 =041 <u,+1,p=0and

Jmn (x) Z} €/m Zkeln jk (14)

is called thedoubledelaVallée — Poussmmean where J,, =[m— A, +1,mland I, = [n —u, + 1, n]. We
denote the set of all Aandu type sequence by using the symbol [4, u].

Quite recently, Mohiuddine and Alotaibi (2014)° presented a generalization of the notion of almost convergent
double sequences with the help of de la Vallée-Poussin mean and called it [A, u]-almost convergent.They
obtained some useful results using this concept.

Il. Material and Methods
We recall some concepts and results on the almost convergent double sequences through the notion of de la
Vallee-Poussin mean and infinite four-dimensional matrices. These results will be used in this paper.
Theorem 2.1 (Robison, 1999)%: Necessary and sufficient conditions for the matrix A = (apgmn ) to be regular
are:
i. limy, 4 oo @y gmn = 0, foreach mand n

. limy, g e Xim1 Xnmt Gpgmn = 1

ii. lim,, ;oo X7 _1|@pgmn | = 0, for each n,

iv. limy, ;o X2 _y |@pgmn | = 0, for each m,

V. PRSP I |@pgmn | < D < oo, where, D is some constant.
Definition 2.2 (Mohiuddine and Alotaibi, 2014) A double sequence x = {x,,, } of real is said to be [4, u]-
almost convergent (briefly, F; ,) — convergent) to some number [ if xeF; ,, where

Fiau = {x = {xmp Jip — limy L, Qi o (x) = L exists,uniformly in s, t; L = Fpy , — limiix},

Where
Z Z m+sn+t

mE]L nelj
Denote byFy, ., the space of all [4, u]-almost convergent sequence {x,,, }. Note thatCgzp C F; ;1 € fos-
Definition 2.3 (Mohiuddine and Alotaibi, 2014)°: A four-dimensional matrix A = (Apgnm ) 1s said to be [4, u]-
almost regular if Ax € ¥, ,; for all x = {x,,,} € Cgp, Where Cpp denotes the set of all bounded convergent

double sequences in the Pringsheim sense, with F; ,; — limitAx = limi, and one denotes this by A €
(CBP,T[M])reg.

Definition 2.4 (Mohiuddine and Alotaibi, 2014)": A matrix A = (apqmn ) is said to be of class (Fi; .3, Fiaug) if
it maps every ¥, ,;-convergent double sequence into ¥, ,j-convergent double sequence; that is, Ax € Fy ) for
allx = {x, } € Fppy- In addition, ifFp ) — limitAx = F ) — limit x, then A is Fp, ) —regular and, in
symbol, one will write 4 € (Fp,.3, Fia,.1)Te9-

Definition 2.5 (Cunjalo, 2008): The sequence x = {x,,, } is almost Cauchy, if for all € > 0, there exists k € N
such that

Qi,j ,s,t(x)

p2—-1q2-1

p1—1q1-1
Z Z : Z Z
X +i P X i 1<e
1t+in1+ mp+ing+j
P191 D292 4 <
j=0 i=0 j=0

forall p; p,,q1,q, > k and for all (ml,nl), (my,n,) ENXN
It is known that a double sequence x = {x,,, } of real number is Cauchy sequence if and only if it convergent
The equivalent of almost convergence is almost Cauchy condition.
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Definition 2.6(Mohiuddine and Alotaibi, 2014)°: A matrix A = (aquk) is said to be [4, u]-almost coercive if
it maps every Cgp-convergent double sequence x = {x; } into Fp, ,j-convergent double sequence, that is,
Ax € Fp; ) forall x = {x;, } € C;,. We denote this by 4 = (ayg ) € (Cop, Fia)-
Lemma 2.1 (Cunjalo, 2008) The sequence x = {x,,, } is almost convergent if and if it is almost Cauchy.
Theorem 2.2(Mohiuddine and Alotaibi, 2014)": A matrix A = (@ygmn ) € (Fiaup Fiay) if and only if
I A ll= Suppq Z;ﬁ:o Z‘?LO:O |apqmn | <o
il. a = (Xm=02n=0%qmn Ipq=1 € Frau)
iii. A — 1) € (Lo, Fiaup),  Where S is the shift operator.

I11. Results
We establish the following results:
Theorem3.1: A four-dimensional matrix A = (apq}-k) € (Cgp, Fa ) is [4, u]-almost coercive if and only if

Su—pm,n,s,t,j,k Z Z p+sq+txk < oo

" pElm qEln
Proof:Sufficiency.
Suppose that A = (ayg ) € (Cyp, Fa,))- Then there exist x = {x;, } € Cp,, such that Ax € F|; ) Here
A,q € Fpanforeach p,q € N. Therefore,

[oe] [ee)
1
”Ax”oo - Supm,n,s,t,},k 2 ZZ Z Z p+sq+t1 kxk <o
mHn

Jj=0 k=0p€Jy qE€I,

[e0) (o] 1

< SUPm n,s,t,j k ZZ 1o Z Ap+s,q+tjk | Xk <
7=0k=0 \"""" p&jpm qel,
[e0) (o]

<ty Y o 3 S s il <
7=0k=0 | p€y qEln

Thus, the above condition is sufficient.
Necessity:
Suppose that the condition hold, for all x = {x;; } € C,. Then we have

m#nzzz z p+s,q+t,j k% ZZ Aot Z Z Ap+s,q+tj ke | Xk

j=0k=0p€/m q€ln = P€/m q€ln

[ee) (o]
ZZ Z Zap+sq+t]k | |
=0 k=0

pE]m qEly
We obtain, after taking supremum ov r m,n,s,t, j,k. that

(o] [ee]
1
Supm,n,s,t,],k p+s q+t,j, kX “jk < Supm,n,s,t,j,k 1 ap+s,q+t,j,k xjk
m:un mHn

j=0 k=0 p€/m q€l, j=0k=0 PEJm qEl,
[ee] (o]
<s“pm"'s'“"‘zz A Uy Z Z Gptsq+tk | |
=0 k=0 |"""" p€fy qEly
(o]
<supm"'s't'1"‘zz Z Z Ap+s,q+t,j .k
j=0k= " pElm qEln

Then it is derived from the last inequality that Ax € F, 3. This completes the proof m
Definition 3.1: A double sequence x = {x;; } € F}; 7 is said to be [4, u]-almost Cauchy, if for all € > 0, there
exist h € N such that:
|Qm1nlst(x) - sznzst(x)| <& Vmy,my,ng,n, > h
Where,
Fiau = {x = (X J: 0 — limyj oo Q; ;¢ (x) = L exists,uniformly ins, t; L = Fy ) — limi?ﬁ‘c},
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'Qi,j,s,t(x) Z Z Xm+sn+t

mE]L nel;
Theorem 3.2: A double sequence x = {x;, } € TM] is [4, u] -almost convergent, if and only if it is [A, u]-
almost Cauchy.
Proof:
Suppose a sequence x = {x;; } € Fpz,7 IS [4, u]-almost convergent. Then,¥ £ > 0,3 h € N, such that:

[oe]

1 [oe]
ZZ Xiyske — E| < €/2
‘m:un

Jj=0k=0
Forallm,n >handV (j,k) e NXN
Therefore,
—-1n-1 o
LY )
Xii+ski+t — Xjy+sky+t
m1:un1 = 0 k=0 mz.unzj —0 k=0
m—-1n-1 ©
& &
eSS e S v <
ml.unl ._0 k= mz:unz] =0

For all my, my,ny,ny, > h and V(jy, k1), (jz,kz) € NxN.
Hence, the sequence x = {x; } is [4, u]-almost Cauchy.
Conversely, suppose that the sequence x = {x;; } € TM] is [4, u]-almost Cauchy. ThenVe>0,3h €N, >

m—-1n-1
U ZZ j1+Sk1+t U ZZ ]2+Sk2+t <
A Hny J=0 k= A "2 520 k=

For all my,m,,ny,n, > h and V(]l, ki), (jz,kz) € NxN.
Taklng ]1 = ]2 = j, and k; = k, = k, in relation (1), we obtain that

o

Let llmm,HDO

0+51k0+t) is a Cauchy sequence and, therefore convergent.
mn=1

1

[oe] oo p—
m j=0 Zkzo xj0+s'k0+t - ’g. Then, V & > 0, 3 h’l E N, 3

o

€
Z Xjg+skotrt — Ef < > vmmn>h
J=0k=

m.un

[=}

It follows that:

X; - < ZZx - X; + ZZx -9
m“n Z Z Y +s,k+t Am.u'n J+s,k+t Am,Ll jo+s,ko+t Am.un Go+s,ko+t

j=0k=0 =0 k=0 ™ =0 k=0 =0 k=0

[T}

& &
< E + E =&
For v m,n > max(h, h;) and V (j, k) € N x N. It follows that, the sequence x = {x;; }[4, u]-almost converges
to £ and hence [4, u]-almost convergent.
This completes the proof of the Theorem.

Theorem 3.3: A matrix A = (apgi ) iIs F M — regular if and only if

1 ”A”oo - Supm,n,s,t,],k | Zpe]m qul ap+s q+t,j, k| <

2 lim,, ,0 a(m,n,j, k,s, t) =0

3. lim,y, 500 Z}”:O Yr—oa(mn,jk,s,t) =1

4, lim, e Xizola(m,n, j, k,5,6)| = 0,(k €N

5 lim,, e Dicola(m,n,j, k,s,t)| =0,(j €N

6. limy, oo X720 2o l@(m, 1, j, k, 5, )| EXists

Where the limits are uniformin s,t and a(m,n,j, k, s, t) = Zpejm Yqel, Qpts,qg+tjk
Proof:
Sufficiency:
Suppose that the conditions (1-6) hold. Define a sequence x = {x; ;. } € C, With p — lim; ; x;;, = £ (say). Then,
by the definition of p-limit, for any given & > 0, there exist a N > 0, such that |x]k| < |#] + &€ whenever
j,k > N.
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Now, we can write

Z Z a(m,n, j, k, s, t)x
=0 k=0
N

j=
N-— 1

o N-—
a(m,n,j, k,s,t)x; + Z Z a(m,n, j, ks, t)x

:k=

fee]

a(m,n,j, k,s,t)x; + Z Z a(m,n, j, k,s, t)x

j=N+1k=N+1

—+

MSEMZ

-
Il
(=}
=
]
=

Hence,

Z Z a(m,n, j, k,s,t)x

=0 k=0

< lxll la(m,n, j, k, s, t)]

M=
M=

~.
8 1l
o
Il
(=}

==
N

N-1 o
el D am ks, O+ Il am k5,0 |+ (12
j=0

j=N k=0 k=N

+ &) Z Z a(m,n,j,k,s,t)
j=

Therefore, by letting m,n — oo and ¢ on5|dering the conditions (1-6), we have

lim ZZa(m,n,j, k,s,)x | < |¢| +¢
mmn—oo

j=0k=0

i.e., |TW] — lim Ax| < || + &. Since ¢ is an arbitrary, this implies the Frau — regularity of A = (apgji )-
Necessity:

Suppose that A isF; ,; — regular. Then, by the definition, the A-transform of x exist and Ax € F, , for
each x € Cgp. Therefore, Ax is also bounded. So there exists a positive number M such that

n

j=0 k=0p€/,, q€ly

—.

for each, x € Cgp. Now let us choose a sequence y = {y;, } with
. <j< <k<
= e @47 123)

Then, the necessity of condition (1) follows by considering the sequence y = {y; }.
For the necessity of (6), define a sequence u = {w; } by y = {y }, with a(m,n,j, k, s, t) in place ofa, .
Then, P — limAu, implies (6).
Let us define the sequence e’ as follows

ol = {1, if G.k) = (1)

Tk 0, otherwise;
and denote the point wise sum by s' = ¥, e andri = ¥, e’ (i € N). Then, the necessity of condition (2)
follows from F; ,; — lim Ae™.
Also, F; .1 — lim Ar/ = lim,, 0 X;la(m,n,j, k,s,t)] =0, (k €N and,

Fiau) — lim As* =ml'rilril00 la(m,n,j, k,s,t)] =0, (jEN

To verify the conditions (4) and (5), we need to prc;ve that these limits are uniform in s,t. So, let us suppose that
(5) does not hold, i.e., forany j, € N,

lim sup; Zla(m, njo, k,s,t,| #0
mmn

k
Then, there exists an € > 0 and index sequences (m;), (n;) such that

Sup; Zla(m, n,jo, k,s,t)| =2 (i €N)
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Since,
Zla(m, n,jo. k, s, t)| < sup, 4 Z|aquk | < oo
k Tk

And (2) holds, we may find an index sequence (k;) such that

i

Z |a(mu nu]Ov k Si t; )l

k=1

(i EN)

oolm

And

©;

. 3¢ .
|a(mi'ni'10!k!5i!ti)| SZ! (l € N)
ke=k;yq+1
Now, define a sequence x = {x; } by

Xp = {(_1)ia(mivnivj0vk; sutd),  ifki+t1<k<k(€EN)j=j

! 0, if j#Jo
Then, clearlyx € Cgp with [lx]lc < 1. But, for even i, we have
sitm;—1t;+n;—
7 Z Z (Ax)pq = Z a(my, ny, jo, k, i, t) X
m; l’tn
m=s; n=t;
ki+1 ki
= Z a(mg, n, jo, k, si, 6%k _Z le(my, i, jo, ke, i, t) |
k=k;y1+1 k=1
o kiv1
. . e € 3¢ ¢ ¢
- Z le(mi, ny, jo, ks, t) | = Z le(my, ny, jo, k, i, t)| — 8827 1°32
k=ki+1+1 k=ki+1

Analogously, for odd i, one can show that
sitm;—1t;+n;—1

Ao b Z Z (AX)pqs—_

m=s; n=t;

Hence, the sequence
sitm;—1t;+n;—

LYY oo

m=s; n=t;

doesn’t converge uniformly in's,t € Nasm,n — oo. This means that Ax & F,,;, which is

a contradiction. So, (5) holds. In the same way, we get the necessity of (4). On the other hand, for the necessity
of the condition (3) it is enough to take the sequence e; = 1 for each j, k.

This completes the proof of the theorem.
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