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Abstract

The main objective of this research article consists in giving a characteriza— tion of a non—degenerate Artinian
complex Banach—Jordan pair. Goncretely me shom that under some related conditions, the pair in question is
finite dimen— sional . Similar results for Banach—Jordan algebras hold to be true.
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1. Introduction

An azsociative or alternative alzebra A 1z Artinian (Moethernan) if it zatizfies
the descending (ascending) cham condition on left 1deals. Smelair and Tullo [13]
showed that a complex Noetherian Banach aszociative algebra 13 finite dimen-
zstonal. The same result was obtammed for complex Banach alternative algebras
[2] . In 2020, the authorz of rezearch article [1] hasz zhown that a quotient al-
gebra &, = finite-dimensional provided that the Banach algebra A =atisfies
the descending chain condition on closad left 1deals. Hare Rad(A) denotes the
Jacobzon radical of 4.

In virtue of what 1t 15 recalled, the question which naturally springs to mmnd
1z: under the descending cham condihon on mmer ideals, does the mam result
mm [13] =tall holdz mn the more general framework of Banach-Jordan structures,
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specially in the case of ternary rings? our fask consists in giving an affirmative
answer to thiz guestion.

For a Jordan algebra .J or 2 Jordan pair P = {P+, P—]), the snifable Ar-
tinian (Moeetherian) concept is the descending (ascending) chain condition on
mnerideal: T= (I, I 30fP=(P P ¥ inthsthe sense that 3P IV
(g = ). Of particular relevance to thiz work, the result a::erting that a
complex Moetherian Bamach-Jerdan alzebra is finite dimensiomal [3]. The same
result was extended in [4] to complex Neetherian Banach-Jordan paimrs. The
present paper iz devoted to the study of the inverse situation. That 1=, we are
dealing with complex Artinian BEanach-Tordan systems. Concretely, we prove
that every non-degensrate Artinian complex Bamach-Tordan pam is fimite dimen-
sional. The result with respect to Arfinian associative or alternative complex
Eanach-alzebras is actoally a direct consequence of our main theorem. Our ap-
proach comsist: in wzing Lood's fmdamental structore theorems for cemtral Jordan
pair: of finite capacity [5] bat a2 presented by McCrimmon in [14] together with
techmigues related to local algebras [3]

After a preliminary section whe:s mam inferest is to fix notations and recall
somie bazic resulis on Jordan algebraz and pair:, the second section 1z devoted
to the main results.

2. Preliminaries.
In this paper we zhall deal with Jordan pairs and Jordan algebras owver a
commutative ring of scalars Y. Mevertheless, we :hall be mainly interestad in

the lirear case (+ = Y), and very specially in the case that ¥ iz the real or
complsx field. The readér is referred to [2] for farther detail:. However, we shall

record in this section :ome nofations and results.

Given a Jordan pair P = (P +, P —) over 2 commutative ring B of charac-
teriztic not two of two E-module: Pr, o= equipped with a couple (g, @)
of gquadratic oparators Q¢ ;. Pr —— Hom{P—v, Pc) such that the following
identities hold for all {x, ¥} € P= x P—

Ve Qv = Qoi—=,
Ll X £ :|||_|:|
e, = W —a
eyl (0 )
where
F" |":_':E'l1 1 5= ‘:I,y_,.?.'i'.. I:-IJ'= :I
are the triple products of P=(P+, P and

ql::..rl - q!:ll E B {-!ll B ﬂ.:'l

and ix, ¥, x}. = 1Q=y [EB].

An example of Jordan pairs over a field K of characteristic not twe 15 given
by taking P = (P -, P —) such that

P =J'JP|II:R:I.- P- =MP-I|:R:I.' I:.P'q = H}
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the linear vector spaces of rectangular matrice: with entries in am assoclative
algebra R over the fisld K. The multiplication in P is defined by:

Eor=ury, 6{u,v) e P x P,

the uzual matriz produact.

Any aszociative, alternative or Jordan algebra A gives rize to a Jordan pair
r4, A) with a quadratic multiplication xyx or IF.y, with IF denotmg the naual
[r-oparator of a Jordan alzebra defined by

Ory = Ixfxy) — x=y.

In the opposite diraction, given a Jordan pair P = (P, P—) and an element
u e P, we can define a Jordan algebra on the vector space P- by

Ua= " = Qulw,

and the zguare

alsil =g u.

This Jordan algebra, denoted by Poivl, is callad the w-homatope of P at u. We
shall write {., ., .Fuito denote the friple product in Pei=), If P is a linear Jordan
pair, we just need to dafine the linear product in P=i=! by a..b = {a,u, b}.

Gocal aigebra of a Jordar pair. Let P = (P+,P—) be a Jordan pair and
y £ P— by [B] the zet

Kerfgl=ixs Pr . Q,x=0QQ.y=10}

furn: out to be an ideal of P~v! and the guotient Poixi/Ker(y) becomes a
Jordan algebra called the [pral aigebra of P at v, whick we denote by P,. As
pointed out m [5, 1.2.4(11)] the condition Q,3.y = 0 i1z superfloous if P is
linear or mon—degererals in the senze that P has no abselute zaro divisor, that
15 3, =0impliez x = 0.

Jdeal and mner ideal of a Jordan pawr. Let P = (P, P —) be 2 Jordan
pair. The couple I = (I, I-) of submodules of P is zaid to be an ideal of
P=(FP  P)if

¥

QuP—+ QpaI—v+ Is P—= Po g I~
If = R, then every ideal of P = (P, P—) ha: an easy condition:
Qpal—v+ Io P—=, F-'} = I
I is said to be an inwer ideal of P =({P+, P} if

QuP—o = I-.
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If I—= © P— is an inner ideal of P then for every x € P, y € P—
Q. J—mand B, J—-are inner ideals of P = (P, P ), where

By = Idve — Vi 0+ Q0@

for each (x, ¥} = P= x P —v, denotes the so called Bergman operatar. Such
operator is of great inferest m Jordan theory. In particolar, @.F — 12 an mnst
ideal of P = (P, P—), it It called a prircipal inner ideal, for more details see

[l

Gomer radical. The lomer radical of P, denoted by
rad(P) = rod{P), radiF-) ,

i1z definad as the smallest ideal of P among ifs ideals I zuch that P/T i3 non-
degensrate. We alzo have that P is non-dagenerate if and only if rad{P)i=10.

Jasobsan radical. A couple (x, v} is guasi—invertible in a Jordan pair P =
(P« P—)if x is quasi-invertible in the homotope P —loi, This is equivalent that
the Bergman operator B, 12 invertible n the operator algebra LiP +). Also,
x 15 221d to be properly guasi—mvertidje if it is quasi-mvertible in all homotopes
of P.

Following [£], the Jacabson radical of a Jordan pair P = (P +, P —) is de-
fined as the ezl Rad(P ) = (Rad(P ), Rad(P —)), where Fad{P -} i3 the 3ef of
praperiy guasi—iwvertible elementz of P, that 1z, those slemenis which are quasi-
mvertible in every homotope P, A Jordan pair iz said to be semiprimitive
if Rad(P)=D.

Idempotent. Recall that an clement x € P is called vox Neumansn regular
ifthereegistsy € P —osuchthatx=Q.y. A Jordan pair P= (P -, P —) iz zaid
to be vor Neumann regular if and only if 2o are all its elemants.

A pair of elements ¢ = (e, e_) & P+ »x P— 1z ¢alled an idesmepofent if
Qee_ =&, and Q._e. = e_. It is an elementary but important fact that
every von MNeumann regular element gives rizs to an idampotent

A non-degensrate Jordan pair ha: fiaite capacity if it containe a strong frame,
that 1z an grthogonal sysiem e, ..., .0 of division idempotents (Ple) s a
division Jordan pair) such that mg=gPuie) = 0. equivalently the lengths of its
chains of principal inner ideal: are bounded [10]. In this caze g, +e.+...+e, = ¢
iz 2 maximal idempotens of P in the sense that the Peirce J-space P.{e) = 0.
For mora defail: on idempotent: and Peirce decomposttion see [2].

By a2 wormed Jordan pair we zhall mean a Jordan pair £ = {P +, P —} owver
9 = (R or 5) where the vector space: P+ and P — are respectively endowed
with pormsz | .|, and [.|_satisfring
{I.'!Ir.'z]ll i i I ) !Ir m— I i

forevery (x,Z e Prandy e P o=
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If the normas | , and [ | _ are complete, then P 12 said to be a Banachk—
Jardan pair.

If there is no confusion, the triple products {x, ¥, z}, and the norms of

P are simply denoted by {x, y, ziand |.|.

“ Bl

Socie. An inner ideal M of a Jordan pair P = (P +, P —) is called simepie if
forevery inper ideal 3 ¢ B either M = 0 or M = M. For a non-degensrats

Tordam pair P, Soc(P ) = (SociP ), Soc{P —)), whers Soc(P ) dznote: the
sum of all zimple iiner ideais of P, Is an ideal callad the socle of P. By
[9, Theorem 1], for a non-degensrate .T-:lr-:l?_u pair

(1) @ simpile glement generates a rimpie ideal of P.

(i1} Soc{P) i the direct sum gf simpie ideals of P.
The following conditions on an inner ideal M are eguivalsnt

(1} M Iz cimple,
(M = 0, and M =[x] forali 0= x s M.

whears [x] = 2, P—» denotes the principal inner ideal gensrated by x

Wote that, for x & P+, (x) = 9x+ Q. P— iz the inner ideal generated by
x. Im general x & [x], in fact, thiz is the caze if and only if x is von Neumann
regular, that iz, (x) = [x] = Q.F —.

Annikilzfor:, Following [B, pp. 104], the annibilator: of a subzst X of Peiz
the inner ideal ann{X) ¢ P— of all @ & P—=satizfyinz:

Q.EX=0, Qua=0, Q.0¢=1V{a X)) =0, and QxQ, = VX, a)=0.

Ey [13], the annihilator of an ideal I of 2 non-degenerate Jordan algebra J
has an easy expression:

anmn; Ij=ieeJ: U, I=0} and

Inaan; {I)=0

It 12 not difficalt to check (228 [121]) that the cormrespondence ¥ —— ann(X)
iz 2 Galow: one:
X cannfann{X)), and

annianniaen X))} = ann{X).

Ev [7, Corollary 8] , every non-degenerate Jordan alpebra satizfying the de-
scending chain condrtion doc on principal inner idsal:, eguivalently, comciding
with its socle, alzo :atisfies the ascending chain condition acc on annihilators of
itz principal inner ideals. This result 12 a con:eguence of the double anmihilator
property

anniarn([x]}) = [x]
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of the elements of the zocle of a Jordan algsbra [7, Thearsm 7], which alzo holds
for elements of the socle of 2 non-degenerate Jordan pair contaiming an invertible
element [7, Corollary 8]. Howsever, in gensral socle elemenis of a non-degensrate
JTordan pair do not have thiz property [7, Remark 10 (2}].

3_MIain results

In thiz zection we will give a characterization of non-degenerate Artinian
Banach-fordan pairs. First of all, we will specially be interested in a class of
Jordan pairs, pamely the pairz A(M E, 7 and (7,.7) for a Jordan algebra J.

Lat bagin by the pair A{M, BE_ 7). Consider a unital azzociative alzehra R
over 2 field 9, and M = (M +, M —) a couple of 9-vector space: such that & -
iz left R-module and M — iz aright R-module,and " M+« x M- —— Rizan

F-bilinsar form m the sense that
(ax, yb) = a’x, y)b,

forevery o, b e R, and {x, y) € M+ x M—.
The mapping "1z zaid to be non-dagenerate 1f it satisfies the condrtions:

(AT, y)=0mpliss y=0, and {x, M -)=0implissx=10,

forevery x € M+ and y = M —. The pair of modulss (M <, M —) becomes an
associative pair over 9, demoted by A = A(M, E, 7 with the triple products:

= ... M"®2M—x3i- —_— M
(x, ¥. 2) —— A XYI==x, YN
and
=, Moo= MxM-—- — -
(28 —= Ayt ==1xy

satisfying the identities
= UL < XYZ == U< YXU > 2 >SS UUX = Y2 -,

forevery x,u,Z € M- and y, v = M —.
A{M FE,Tycan be seen 23 a Jordan pair, denoted by P = A(M, R, V.

with quadratic map: Q- ;| Pr —— Hom[P—, Pr) dafined by
@ y=<xyx == [x, yixand @-x== yxy ==y (x, ¥,
forevery (r,yl s M- = M.
The Jordan pair P = A(M K, "+ is non-degenerate if and only if so iz "
Lemma 3.1. Get P = A(M, R, " be the complex Banach—Jordan pair,
mith E timple Ariinian aigebraand © non—degenerate, I P satisfies the doe on
Inner Ideais then 7 i5 finite—dimensional.
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Proof. Since every inner id=al of the associative pair AM, E, ) Is an nBer
ideal of the Jordan pair P = A(M, R, " then A{M R, 7) ha: dcc on inner
ideals. Evmeans of Loos's resultin [8, pp. 118], we g2t

P UM o (D), M (Dol

where I¥ iz 2 complex division as:ociative alpzbra
Moreowver, by IV Amour and MCcrimen [§, 4.1],

D T (P

whera (P}, is the local algebra for certam rank one elament b of P — There-
fore, Mazur-Gelfand Theorem for Jordan alpsbras applies to deduce that D is
izomorphic to the complex field, =ay

D" s,
Thiz: proves that P is finmte-dimenszional. m

Let us consider the second class of Jordan pairs (7, Jiwhere J=% X alszo
denoted by J (X, £ 13 2 Jordan algebra defined by a 9—vector space X and 2

symemetric bilinear form . The birary product of J{X, £ is defined as follows:
( +xif-yl= B+flxyl+fx= U,
forall ,fefamdx yes X

Lemma 3.2. GefJ=J(X, £ be the Banack—Jordan algebra determined by
g continuous Ren—degenerate symmetric hilinear form F defined on a2 complax
Banach vector space X. Suppose that J It Artinign then it i finite dimenzional

Proof. Suppose that X 1z infinite dimenzional, and let {e,} ¢ X be a
countable orthogonal system with rezpect to £ . Let us take the sequence (u.),

with
By = oot Ean4l-
It's eazily zesn that
Fillg, U =0 foreveryn,m = No.
Consider the principal mmer ideals I, (m=1,2..) defined as follows
In = Qu,. ., W)

Ev the formula

{I.— + ¥, Ei‘ = ,;F-':I_. E:I +JF-':I.I !.l':lz +_.||.'|I"_g||.l E_':L'l'.' _Jﬂ:‘!r I:'y:

satizfied for every x,y,z € X and £ s, (I,), forms an increasing :sguence
of inner ideals of 7. But {ann(I,)}, consists of a decreasing zequence of inner
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ideals and hence it is stationary :ince J is Artimian. That is, there exists a
natural sumber n, 3uch that

annil. 1=ann{l,).

for every m = m,. This clearly yields

ann{ann(l, )) = aen{ann{l,)).

This double property of annthilator and the fact that the slement: u, lie in
soc{J) since J iz Artinian, enable to have

I,,=1I,forevery m £ .,
which is a contradiction. m

The following Theorsm [3] will be needed in our main result

Theorem 3.3 [E, 10.14] . Ger P be a semi—rimpie Jordaw pair mith doc on
principal iner Ideals and confainmg a maximal idempoient e (Vole) = Q) fhen
P Iz g fTnite direct sum gf simple ideals mith the same properiies.

Now all mgradient: are gatherad to extablizh the main result in thi: paper

Theorem 3.4. Get P = (P +, P —) be a non—degenerate Artinian complex
Banwach—Jordan pair. fren P It fThife dimensional.

Proof. Suppose that P = (F +, F —) be 2 non-degencerate BEanach-Jordan
pair satisfying dcc on inner ideal:. Then, by [10], P = Soc{P ). That is, the
Eanach-Jordan pair P is von Meumann regular and hence it has finite capacity
[11, Theorsm 11). Thersfors, the result: stated in the preliminary section snable
us to conclude that there exist: a strong frame In P. That is, P confain: an
orthogonal system {e,, e;..., .F of division idempotents {¥.{e;) iz 2 division
Jordan pair) s=uch that

nfl Valed = 0.

The elemant
e=g, +...+e,

iz 2 maximal idempotant since
1-F|||:'E:| - I-".I_"_J-_ Tr'-"l:E:} - I:I-

The pair P is semi-simple zince It 12 a non-degenerate Artiniam Jordan pair
[5, 10.8].

Now all conditions of Theorem 3.3 are satizfied, that i3, P is 2 semi-simple
Jordan pair verifying dcc on principal inper ideals and contzining a maximal
idempotent Then P is

P= iz

2 finits direct sum of smmple ideals P, satizfying the :ams properties of P, in
particular Soc(P;) = P,.. We claim that P, 1z centrzl Indeed, for every b € P,
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the operator @, is continoous, then Ker(b) = KerQy is 2 clozed ideal of the
homothops P -4 endowed with the norm

lxl=1xl. 1B

and then the local alzsbra (P}, = P/ KerQ, is 2 Barach-Tordan zlgebra
with respect to the canonical quotient rorm. Now (P} Is alse a divizion
alzebra by Mazur-Gelfand Theorem for Jordan alzebras. Therefore

(B)"s.

On the other hand,
I:Pl:.tlll " El‘lPl.-.-

a3 vector spaces. Therefore b is a reduced element of P, in the sense that
Ql'F{' = E_b,

and m virue of [14, 2.10], P; iz cemtral.

By Loos"s clazzical list of ceantral Jordan pairs of finite capacity [8, 12.12],
bt as prezented in [14, 3.9], in order to identify the centroids, P, is a cen-
tral zimple non-degenerate Banach-Jordan pamr with finite capacity since P, =
Soec(Py), 3s just pointed out Consequently, the pair P; is one of the following
CASRE:

11 A(M, R, for a central :imple Artinian associative alzebra B w M .[A)
with A a central division associative s-algesbra and "non-degenerate.

11 (An(5),A-{s)) the Jordan pair of complex alternating matricez o = R
with = & 3.

1) (HLD, M), H.(D, *1) the Jordan pair associated with the Jordan alzebra
H,(D, ") of hermitian matrice: of order n defined on a complex 2:3sociative
division "-algebra I¥ (m = 3.

&) J, 7} the Jordan pair associated with the Jordan algebra J = J{X, £)
determined by a non-degenerate symmetric bilinear form § defined on a complex
Banach vector :pace X.

3) (Mol ), Moo ) where Iz the Cayley-Dick:zon algebra defined on the
complex field s.

6] (A, A} the Jordan pair aszociated with the Albert algebra A of 27-dimenzion
OVEr 5.

It's clear that P; has finrte dimension provided that P; is one of the cases
2}, 3) or G).

If P;i: in the caze 1) then by Lemma 3.1, A{M, R, ) has finite dimenszion.

IfP/isinthe case 4)then P, = (J,J) with 7 = J(X_#) 12 the Eanach-Jordan
algebra azzociated with a symmetric bilinsar form on the Banach space X and
hence, by Lemma 3.2, P; 1= finite dimensional.

Wow if Py 12 in the case 3) then the special Jordar algebra H,[D, ) 1s izomoar-
phic to the Jordan algebra A+ whers A 1s an associative Banach algebra. A= P,
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iz equal to itz socle, therefore (A« = socid ) = (zocd)). To conclude, it suf-
fices to recall Tullo's result [1§] , am:emimg that every Banach alzebra coincidns
with Itz socle iz finite dimenzional This completes the proof. m

Femark 3.5. We can 2pply 2 similar proof propozed in casze 3) to the
Jordan pair associated with the Jordan alzebra 7 =0 (X, £, since the alzzbra
In question iz special.

Caorollary 3.6. Ger J be @ non—degenerale Artiniaw complex Banach—Jordan
aigebra fhem J has fnite dimenzion.

Proof. It 15 a direct conszequence of Theorem 3.4, z:ince every Artinian
Banach-Jordan algebra J gives rize to the Artinian Bapach-Tordan pair P =
T, 7). .

Corollary g.7. Every non—degenerafs Ariinian compilex aisociafive ar ai—
ternatrve Bamach aigebra A has finide dimension.

Proof. It ;uffice: to consider the Banach-Jordan pair P = (4, A} where A
it 3 non-degensrate Artmian Banach associative or alternative alzsbra. Every
mmner ideal of the associative or alternative pair (A4, 4) 12 an inner ideal of the
Jordan pair P = (A, A}, and then the Bapach-Jordan pao P iz non-degencerate
and Artinian if and only if so is A. Hence Theorem 3 4 applies to the Jordan
pair P ={4 A) to zee that the Banach algebra A 1z finite dimenzional
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