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Abstract
In thiz pesearch, we fouwnd the circular pariition qf the_fractional 4belim grow AC; =05
qftar .hmwb-g.dg:.:’?,—_--cﬂ';j, e the peswlt was as follows:

J{E‘!"E:_' J-Cl:'_'!;_.' = & I'.-'_:-
i=1

Ingroduction:

Represernation: theory = a brevach of mahesumics thar stwdies abstract alpebraic structures By
represerting thelr elomenis @ lineqr rougforsumions f veclor spaces, g siugying modularily
over these absiract aigebraic siructures. Tn assence, the represexdmion maker an absiract alzebraic
olfect more concrete By describing ir elements by momrices and aigebralc sperations (8.5, #Eri
ackdition, wemrte muliiplicarion). fn 1995, N 5 Jasuwe J1IT sindied the foctor srowp gff'GL20 S
() for the specia Dmear group 5000 gl Tn IR0 N B Mofveeod [10] sudied the fhcror

group gffiQ. 2] mad he fhund the pational valued characrers table gf the OQuarernion ;H.:“QJ._E
group Db . I 1800 K rwabuer Ul dTeave some definttions qf Arii s Exponent gf finife group .
In 2000, 4. M Tbrahesm (13] mudied o pgrher definition of Artin Exponent 4(G) . In 2007 E
acekigeyehi 117 srudied the  freducible Artin choracters gf p-group. T 2004 A 5 4dbed 1]
Jound the Artim characzers table qf dikedral group D when 1 5 o odd swnber, Tn J007, A H
Mokeammed [14] found the Ariim cokernel of the difedral growr D when 1 i o2 aven renber. In
2003 N A Rakd [15] stwdied The cyelic decomposition of the factor group

0 wCo I R (Osa wCynwhen m is mn odd rionber. B this rezearch, we will find the cyclic
decompasition af the facror growg ACT05 =05 ) when #e i oe ocld niseber, such char the

Eroup Dyl i che direcr product grow of the guaternion growp Oyl gf order £ and the cclic
sroup C; gf order 7, thex the order gf The groupyOyl=Cy) is 281,

I1-Preliminars

T thax ection, we Will pevisw a sei gf ivgpartae theowries thar will Relp wr obiar the reswiiz gf

our peremrch Twill pombolize n this research, privee monber with the symbol (ol | principal
characier with the pymebol (pg) | posiive fmieger raomber with the symbel (oim) | drite characters
wirh the nebol (drc) ol DWolarses wizh the mbol (o). The drrin characters tnble ¢f G denoted
By ApfGie o o table mowhich the shivd raw io the size of the centraized | (CL G| - The second
row is the number gf elemenis 7 each conyugate class  The fivst row 5 Toconiusame classes mud
athar poves conmains the valuwes of (Arc) .
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Th Artin's cokernel of The Group Q2xC; Where I# 2and [ is prime number

ATl ) af the growp C1 when ! is a (o) aed 5 £ (pim) wil] be fike this -

A=

L =

T-c T ET[ET[ =T ]
|I'?J.._.| 1 1 || 1 1 || T 1
| AT I 1 [ || [ ™ || - =

a | |
, [ =" || 5] o || = 3

e 8

[ = = [i] a

- || ||
I’ [ [ [ |

B || ||

B ' i |

Tahledd 1)
Theorem: (1.2 -]
Fiwasm=I00" 1% 1" So tha ir has the greagest common aivisor (L) =1, §fi=i, 5 are
(orl o oy oy i) farall 11 = n, then

ATfCo) = ArfCy, =) BATC1,) B...8 Ar(Ci,m). |
Example (13
AriC ) for the cyclic growup C; with the kelp of the theoremyl 1), 4prC;) aad 4prCy) ivwill be:

ArCil= ApC=

T-C L ] T-C " T] " o]
EET | | LT T |
[Eeatial ][ = [ ¥ | EFTEET L
[ o= <4 " | v ) "
——— | el I
TihlesT, 2} Tabig1,3)

e by thegrene (120 i will be

TC 0 eI e
CEFEN NN EN ||
SN N N E
[T EN R
R |
R L

S—
= | [ ]

AIC: = 40C:) @4p(C)=

L= |R=
"

Lixbiaf] 4)

Theorem(1.4):(3]
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Th Artin's cokernel of The Group Q2xC; Where I# 2and [ is prime number

A0y when [ iz aw (pr) will be [ike this.-
ApQyy =

T-Cofil~ "

L o=T T T || _|rlli'l

A
|._
|
B

Tabls (1.5)
S thim g the mumber f -0 g Cn |, 0= v = L and o, are (dre) of the guernion grous O
foral I=t=n+l
Example (1.5):

Ap0.= 4r0; - ) we mote thar 1=7. wsing theoreny(1.5) 2 will be:

PITE

10 al'iy,
L I-C | S | I || BT
|0 L " 1 K 11]
Loy (U L) 14 14 ZH IES 2
‘:'I = 1 ] ] ]
- I I 1 T T
=} L ] E! T T
L = 1 - I - - f§ - f§ " |
| = I I ' If If ' If - |

Tiahief1 f5)
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Th Artin's cokernel of The Group Q2xC; Where I# 2and [ is prime number

Theorem (1.6)- [1]
Ap 10Oy abere 15 2 oved | I8 (prd i ghver as falloes:

HECamCy) =
I— I-C of Qo] | T-C of Qu=z)
T-C [TLI[ a0 La‘,l]" [aJT|[ TR TLAT|[ [a°.2 || [ ]| Ta=]][ [l |
[Cly o R 2 A R N
€. 0y (CLiog] Jal 141 || 24l || 140 | 14 || 20 I 200 | 1 14
B
e T ARl Gx) 0
B
B
B
B
| B | ARG Ari:)
&
B
Bx |
sguare sumrie @f capaciy I8
Example (1.7):
Al = ApfQy ™) I=T LUsing theorery (.40 i will be -
dr0l= +
| i-L | DL | I | I { I | AN
[ CL T
ISP L R
G e L N A
T BN |
| 53 | IR | RSN BN
By NN BN N
T T | L | N [
Tahlar] 3)
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Th Artin's cokernel of The Group Q2xC; Where I# 2and | is prime number

N veith the halp theorem (1.6} A0, wCs) in--
ABCraCl=

[ 1‘ C L[ T= ‘J-IIII’J]II[ NIRIREIGEaRIIR D]
[ 1 | | 2 1) 1 gf £ f| I )| L Jf 14 ]
FQ“KE-F[II:L_M_E"&" Q:E || 1945 [0z |[ 13| 30| 70 || B0 0| I
[ B | I | I
gz SN 0O 00 T T J O] 0]

e o[ O | % [ 0| —n——n—u—-::-—u—ru—ﬂm—

B EE & [Eo o || 0 || L || L

811y W0 FEO T n||£- T o]0

84z 22 0o oo ﬂlEIIﬂIInIIﬂIIn
Bz 30 oo+ &I oo o]
Bz (W0 [ B[00 [E| 0 &Ej oo
Bz I 2 22N o= 22X @

l [ | I | I | I | I 7 [ | A | |

Tiahlar] 9}

2. Facrtor Group AC{G):

Jm this paart, we aime bo explaiy the basic deffritions aad prportave thearier af the group
ACGL
Defininon (2.1):76]

The finire foctor abelion groun ACYGI= E_E:{G;- TGy = oalled Artin colernal gf G, e which
TG} ir the subsroup of R(G) generaed by (dig) ad TVF is @ normal tubgroup of RiG).
Definirion (2.2.): [7]

Lat 4 be asumrix with exgries in o prieipg Idea dossaim 8. A K—minor gf A_is the
detersimae gf Exk sub-marie preseriing row and colusoe order |
Definition {2.3):]7]

A k-ghy determinand divivor of” .4 @5 the greaiess conmeon divizor of all the | — sumor, this is
denored by Oy (4]
Theorem (2.4):7]

Lot A beaw page wmaric with eniries inaprincival idea domain K
ther there exist marices B mad 7 such thet
i- B mnd O are brertibis.
i- Ad o=nD
3- D iz adigsona nuETi
4-Jfwedenore D by d then there exists ammural mumber m ;0 Sm Sn such thar | = m implies
d =0andj Zm impliesd =0 and 1 Zj5m  impliesd
Definirion {2.5)- [7]

Let A be mmric with eniries i o principal ideal domain B such thar 4 & sguialens 1o sy

D=digzfd,.d .. ...d.. 00. . 0whered |.:1’ Jorl = j<m We call Dhe invariane

Joctor vunrie gf A ed A, d L 4 the Drvariomn faciors gf 4.
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

Remark (2.6): [8]

Lot ! be the nunber of @l dizstier 77 O of 5 then Ap'G) and é:"ﬁ} are gf ramk | dccording
fo the ArrinT theorent thers exintt s Dreeriible momrn
A7 13 with enrries in O such theg -

(Gl =A " GLdr(G) | andthiz impiies | A (6 = dpGL (T (GY

A () is the mmrix expressing the T7G) basis in terwe of the BiG) basis. By Theorem (3. 4), thare
gt heg mumrices BYG) arud O05) with defermaiurl T § cuck thep
B(G). A(GL.OYG) =dagg {d,, d;, ... d j=D{G whersd = =D (G0 | (G) Thiz process

Yiglds a pew Basis for T1G) mﬁi{ Gh.év,. Vo, v, jomd fu,, w,, o U F respectively, with the
praperi v =d U .

Theorem (2.7):/6]
ACG) = EC‘. inwhich d, =X o e, woy andi 5 the monber of all distine "¢ gf G.
[
Corollary (2.81-] 6]

|ACTE) | =/ dex LA7GELL .

Lemma (2.9):/6]
Lot 5 gf rank [ ond T gff romk U be two tvertible meatrices | over a principal ideal doweain B

and ler: B\5C, = D% = digg /d, (5, d-(3), .. .d (SH} and

B, ¥YC.=I¥I) = dige {d, (T). d. (1), ... .d_ ()} the proarios facror matrices of 5 and T then
B, @B ERN (€ @C. ) =Dy &IT; and from this the brvaria fiactor matrices qf
5 @F can be written dig (5 & I =di(5).di(T), difShai(, ..o d, (3ldalT]

Lemma (2. 10)-1 &]
IfH; mod H, are two matrices af degree m o ¢ pespeciively, ther

diet (Hy EH, ) = fdet (H 1) ", (det (HL 0"
Prapasinan(2 11):7]
Lat H: ood H; Be two p-growss thew the sarris which expreszes the TV, w H) basis gf
Ry, s HL) hasis x4 @,
3. The Main Resulrs
I iz section we will siwdy gf the ACTD) mowhick [ i g odd number and  the el
decomposition g the growug (05 =) where 1= 2 and | &5 (0w
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

Proposinon (3. 1): [9]
Il zagiwlawd z & apinl, then

1
1.

o1
lo 1
M(C.)=|0 ©

[ S S -

o o 0 ... 1]
Canastl) hdatnd mdiriy of (B=1)w3+1).

Brapasitan(3. 2)-[10]
In gewerd, the general formula for the mumrices BiC,- ) mad 00 ) are -

Caghdefy dguard sdibris :-_l’r;—.',. M-I

DiCy=digg 11, L ad CCp)= 1, L, isan identity marrox

&1
Remark (3.3)- [16]

In general ffoog M= Jr:-ti _Jr;ﬂ """ 1’:" whers the bigzest common denomingror
ff.:fl.J=I, Figjodforal il=i=n I = 1 aeprjoda oy (pig s all
i=1 2 __nthen:

C =Cpm mCpmn . o Gy,

1- By Lemmu (2.9) we ger-
AT ) =4 (T o) @A(C w) @ @A = ).

Now you cast write A (C ) a=:

AC = mic_)

mwhich RiC ) is ammrix obiained by deleting the last colwsm {1,111} ond last row
{0, Q.0 I} from the tansor product, A (T =) @A (C) =) &..&A (T on), Where 4 (T} & qf
owder, [k =1 w0 da +1) = (o 1 +1) L fa +1) frguars sumri

- LEzing Lemima 2. 100 we get,
aB(C_J =B, m) @B{C; =) &... @B m).

B-C (C_) = CiCy = ) @C(T) =) @... @C (Cy o ).
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

Proposinen (3.4):[3]
pm=I1%I5 ... 1% wehere the bigeest conpnon denominator
r_’:'f.:JrI.Jl=if,_{fg.='jm1:‘ Iz ave (pr), and oy @iy (P, then the marrix A( D) of the guarersion
£rOup Osn 5

IRIC_b 1 IR(C_ 1 |
A0.)=
| o 1} 0 0 0 . 1]
] 0 0 0
I Riq il 1] 1} 1]
0 0 e 1 0
|a 1} 0 0 0 a1 |a]
i 1 - 1 1 |0 0 — o 0 [0

Whuck iz [Jlﬂrl +1-la +1)---la +1i+ 1] a"f[llarl +1-l@ +10--la +1i+ 1] TGS BT,
RO = rimilar to the munrix in observarions (3.3).
Proposiion (3.3):/3]

grm =1 05 eeeenn 1% uhare the biggest common demominaror (1,1 )=1,_ifi=j and
I s are (pr), oud o, oy (pin), then:
1- The moiric 57, ) taking the form

r il '|
- [ | -8 _ 1 @
k —4 | 'l i
Bi@.) |
il
1] 1] il il il
1] 1] 1} il Big i il
1] 1] il 1] 1}
1] 1] il 1] 1}
| 1] a o |0 il i i 1

Where k=@ +1-la@ +1)-(@, +1)---la +1)-1.They are
[Jlﬂrl +1li-la, +1§--l@ +1i+ 1] Zn-c[llﬂrl +1li@, +1§-la +1i+ 1]:.;!1@'-5 PHATTEY.
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

Theorem (3.6)-/3]
pm=I0% 05 1™ rcheve the biggest common denominaror (1.1 )=1, ifi#j
and 1 s are {pr) and o @ (pin), then the cyclic decomposition qf the facior Froup ACQ..) &
Neay +1Hm- +1)-- (=, +1)-2

= ?1 =
Example (3.7
2[3+1)-2 &
Consider the groups @a, . then: AC(Qe) = AC(Q)= & 6= 2 &
i=1 i=1
Theorem (3.8):
Ifm =L: | is prime mosher, the muareix A(Q,, = C) gf the group §y, = C; I
{2573 |J4|:|:'3|]'
AfQyxCy) =
o K.

Wrick 5 J0=10 sguare segriy A7, 0 It = the some s i the Proposiios (3.4)
Jliat

LUsing maric definition 40G) we find the mmrix A7Q,, = C5) -
Al O} = AR Qo= T = Qu=Cy =

21 21 1|21 211
P11 @ o101
2101 21010
P10 1 @10 1 a Al | AlGa)
1 1 0 0 i1 0 o —
BPoaonoa 2z o211
(IR O T I [T T 0 | A(Qu)
oo a2z 10 1oa
(I N VN T (B
| 0 0o pli o1 o0 0 oa]
Capaciiy square s af (T0= 10 )

e find the marric A00 = Cx) 10 D0 W,
Firse: Using the dgfinition gf A(G)
AfQ o = (0 s O = Oy w T =% Qg = O
140 0 1 1] 1] o o

[} ¥ oo I

I I 3 o B ¥ ODDD

k| o0 T O B B F O O D

14 14 14 14 B B & @O 0 D

=115 I 1m0 T B d O DD
ﬂg;;xﬂ;]— Im b 4 0 B IR B DD
i 1 1 I | R i O 00O

10 I 0 I F 1% & ID O O

2 2 2 B T 2 2 o

] L] 3 (LI ¥ 5 D1
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

And (=4 ( Qs ax Gl =

- 1770 104D -] 114 17140 14T 17043 17T 17140 14140 =
-1/70 Iras -1,70 [ FE1 14315 -Te If3E -UfTE 1475 115
1070 1704k =170 L1423 - 1,143 1710 17043 17T 1714d  =17143
—1/Ta B us R PR —BfA% —LSTE OLSET —LSTD 1015 —Bfus
[ 114 1 ~1/04 a a 114 i —114 a
-1{T0 =17140 -1;/70 -17/140 -1 04F Z/15 145 '8 1435 115
1570 =101% BSTE =101% 0 =SS —20ER 40T —20ER 4018 40 1n
-1/T0 -17/140 /70 =17140 14140 15 IfiF 233 1475 e T
170 -1/35 =170 =171% 14315 -2 55T It 15 L ] -4 45
] ~1514 1 1514 a a 33 i —2i35 a
[T 1L 2 1 8]2 12081
gL o1 u|lor e o8
I 101 %221 0080
E 1 01 %01 0080
i - Sl =] 1 i [ —
Then (s 2 CE M Haa @ Gl S| s [T~
{CO  C J  |
[N T I R - A 1
(O T T R T N
_I:l aoe ML 1ed0d

Capaciy square saarroc gf (0= 10|

1211
Second: By Propocition ), them A0 = | = 1 0 1 o | oud by Theorem 4.7):
— BN
tRERERIIREREER
TR I I TR BN IR I
21010218010
|:.-.|[I!E'|_".I | A, 0 1 1 o0 1 oo o1 @ L oa
_.I! :ig:: HC_.'_.I — II II :I :I :I 1 1 : : :
o lag | |ianaafitii
R REEIEEREERE
I I
IEEERELUEEEE

Canacity sqware marn gf (0= 10]
Proposinen (3.10)

Jfm =L and | iz prime nwnber , then

I- The marrie BiQ), w Cq) gf the grouy O »C; raiing the form
o | Bl
B{Q.) —-B(q.)

Caracity squsre sario of (0= IR

E_L_ﬂ:l':i -H'C':_..l= .F'

2-The matric Cf0;, = C) of the group O, = O taking the form

—_—

0 Q)
Ci0z x L= | -| F
= C(G.) | 0

Capaciny sguare marn gf (10w 10 )
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

[CE RN Sy Sy
DooD oD - oDoo
R RNy
D<S“oooooooo
(SR

Capatity square manrix of (10 10
Proof:
By Thearem (5.5) we ger e e foriw i d (0ne Ol mid ohne firm By e Of) and CY 0 O] thess
B0 O} - A0 e O ) O 0 O =glgeyd, 202,20, 11, 1, 1, 1}=D0s= C5)
Capar iy square seatrie g (T« 101
Framplei3.11)
We_fTmd the marrices Bi0pe O mnd O Qe O3 By Propozition (3.4} to fimnd BY0: ) aved Q)

- =1 1 1] [} 1 1] 1
Bigd =3 o 1 10|00y =|1 0 % o o | Then by Proposition (4.10):
s 0 b b1 11 s 0w
[ o0 B B o0 1 -1 -1 1 0]
1 -1 -1 1 @ -1 1 1 o
P 0D B o0 B 1 o
|- ] | Bildal B o 1 -1 o0 B & -1 1 D
B(D:: = Cj= . oo o so0os 1 o0 S1oa
[Ei'ﬁ'.;] | —B(Q\ ) B 1L B -1d B -1 8 1 0
P o0 D B O B & 0O 1 D
B0 D 1 0 B & 0O -1 D
[0 0 1P @ 0 0 -1
0 D9 D O @ 1 O B
BB 1 3 D ODF B O B
BB D 3 D L3 B O B
[ a S a] 1 v b & 0D 04 B O B
€10 <= = I
Cidad 0 B D -1 3 1 0@ B O B
P e D 3 D oOD@ 1 1 -1
B E 1 1 -10% B O B
[p 1 03 0 o0a B o0 b

Framplei3.12)
e i T e O30 agf the group 00 O | from Exvawpie (3.010) we get mumrices Bil O]
gl C0 o2 O) coed o Ecapmple 3.9 we get marnn 400, Cy), then:
B o C)- AfQ o wCy) - O Qo Oy =gligeyd, 2. 4, 3, 1 1, 1, 1L 1, 13=D00 =0y
Fm=Illx .:45!:.!;1. the crelic decomposition gf the ACY0, =Ty is-

AC Qy»C) = & C;
i=1
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Th Artin's cokernel of The Group QxxC; Where I# 2and | is prime number

Proof:

By Theorem (2.5), we will fmd the seariy 400, =00 aad By Proposition (3,000 we will fimd
HAFRR Bl #Cy) amd Ty »Cg:
BiQ, = Oyl A Qy mle)- 000 = &) =gligey2 2.2,2,1,1,1,1,1, 1} Then by Theorem (2.5) we have:

4
ACQyu=Cil= 8 G
i=1

Example {3.14)-

Let’s take the groups @ X O aad oo X Cr then -

4
1-ACTR e ¥ G) = AC(G 0 XG0 = &8 6
i=1
4
2= AC(Qoe X G} = AC(Ra e X Gl = &8 G
i=1
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