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Graphs With Representation Number 3
J BASKAR BABUJEE!, G SURYA?

ABsTRACT. Let G = (V| E) be a graph with n vertices a1, ag,...,an. G is word representable
if and only if there is a word w which letters correspond to vertices of ¢ and (a;,a;) € E for
each a; # a;,(1 < ¢ < j < n) if and only if a; and a; alternate in w. A graph G is word
representable then it is [-word representable for some ! (a word containing ! copies of each
letter). The minimum [ for which a graph G is [-word-representable is called the representation
number of . In this paper we study the word representation of Book graph, Stacked Book

graph along with its representation number.
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1. INTRODUCTION

The theory of word representable graph was introduced in 2004 and many in-
teresting results has been discussed in recent years by S. Kitev [4]. Since graph
representation corresponds to any word w exists, but not the case that every graph
is word-representable [4]. Tor example, the wheel graph W, 1),n > 2 is non-
word representable [4]. using semi-transitive orientation, one can easily determine

whether a graph is word representable or not.

Definition 1.1. Let w be a word of length n. The letters x and y alternate in w if
we obtamn either a word xyxy... (of even or odd length) or a word yxyzx... (of even
or odd length) after deleting all other letters in w except the copies of x and y. A
sraph G(V, E) represents a word w is defined as follows, the vertex set V(G) are

the letters of w and an edge vy € E(G) iff the letters x and y are alternate in w.

Example 1.1. The graph of the word w = 12312434 is given below in figure 5.
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FIGURE 1. Graph of w = 12312434

Example 1.2. The word-reprsentation of tree given in the following figure 6 is as
follows:

step 1: 1212

Step 2: 123132

step 3: 12341432

step 4: 1234515432

step 5: 123}51564632

step 6: 1235156747632

Therefore, w = 12315156717632.

FIGURE 2. Tree

Definition 1.2. A word is l-uniform if each letter in w occurs | times.
Example 1.3. 12312}3} is a 2-uniform word, while 2341 is a 1-uniform word.

Definition 1.3. A graph is l-word-representable or k-representable if there exists a

l-uniform word representing it.

Definition 1.4. Graph’s representation number is the least | such that the graph is
l-representable and it denoted by R(G). A complete graph ky, is represented by the
word 123...n. Therefore, R(k,) =1

baskarbabujee@yahoo.com, suryamithral990@gmail.com

Manuscript received XXXXXXXX 20XX.

DOI: 10.9790/0661-2103025058 www.iosrjournals.org 51| Page



Graphs With Representation Number 3

The following table gives us the word representation and its representation num-

ber of some class of graphs.

S No Graph Word Representation
Representation number
1 Path Graph 1213243545, . . 2
n(n-1)n
2 Cycle Graph 1n213243545. . . 2
n(n-1)
3 Empty Graph 1234. . . 2
(n-1)nn(n-1). . .
4321
4 star Graph 1234. . . 2
(n-1)nln(n-1). . .
432

Definition 1.5. Let G = (V, E) is semi-transitive if it admits an acyclic orientation
such that for any directed path v1 — vo — ... = v withv; € V foralli,1 <i <k,
either there is no edge v1 — v, or the edge v — vy, is present and there are edges
vi = vj for all1 <i < j < k.(In other words, the (acyclic) subgraph induced by the
vertices vy, vy, . .., vy is transitive (with unique starting vertex vy and unique ending

verter v ). Such an orientation is called semi-transitive orientation.
Theorem 1.1. A graph G is word-representable if and only if it admits semi-

transitive orientation.

Mare Glen et.al proved that, the crown graph H(n,n),n > 5 is [n/2]-representable
which is bipartite having high representation number [2]. Section 2, contains a word
representation of book graph B,,, a word construction expressing stacked book

graph B, ;,;) and its representation number.

2. GRAPH WITH REPRESENTATION NUMBER 3

Book graphs play a significant role in graph theory and this is one of the com-
plicated graphs to represent. Since book graphs are bipartite and bipartite graphs

admits semi-transitive orientation. Therefore, book graphs are word-representable.
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In this paper, completely solve the representation and representation number of
book graphs and stacked book graphs.

The m-book graph is defined as the Cartesian product S, .1 x Po, Where S;;, 1
is a star graph with m vertex positions and /% is a path graph with two vertex
positions. The (m, n) - stacked book graph is a generalization of the book graph to

n stacked pages.

Theorem 2.1. Every Book graph By, is 3 word-representable.

Proof. The book graph By,,m > 2 can be represented by the word wy, to be con-
structed below. we begin with the 3-uniform word wy = agsaibeasbyaibobiasboaiby
which represents the cycle asa1biba. Note that wo contains the factor asja;; and
boobio.  where a; denotes the i-th occurrence of a letter a in the word. Add
the path ajasbzb; to the cycle in wo using the third case in the proof of theo-
rem (5.2.2 in [4]), namely the substitutions, aj — asbzajaz and b% — babjasbs
then, ws = asazbsaiazbsasbiaibobabiazbsasboarb;. Generally, use the substitution
1

a; = apbpaia,, and b% — bypbiamby, in wy,—1, we will obtain the word represen-

tation of book graph Bm. Hence every Book graph Bm is 3 word- representable.

Representation

azazbsarasboasbyarbababiasbsasboa by

agasbsasbsaragazboasbyarbabsbabyasbsazbsasboa by

el w | B

asasbaasbyasbsaiagagasbaasbyaibobabybsbiasbsasbyaszbyasbyalbl

O

Corollary 2.1. We have R(B,,) < 3, that is each book graph’s representation
number is at most 3. In the following two theorems we prove that each book graph’s

representation number is exactly 3.

Theorem 2.2. The representation number of book graph Bs is 3.

Proof. By theorem 2.1 it remains to show that By is not 2-word representable. In
our proof we refer the graph in figure 2. Suppose that B3 is 2-word representable by
a word w. By the definition of By, there are exactly 3 neighbors of a; and b;. Let
us try to find the word of B3 using 2 copies of each vertex. Due to the symmetry

and proposition (3.2.7 in [4]) we may assume that the word starts with a;. Let the
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word w starts with w = aja; = ay1bya1b;. The following illustration provides that

no word exists for By using 2 copies of each vertex from w.

e a1bja1by — asajasbiaiby — biasajasbia; — babrasboaiasbia; — babiasboazajazasbia;.
There is no factor azb; to insert by.

e arha1by — asajashiarby — brasajasbra;r — babrasbaaiasbiar — babiasboaiasbiasaias
— babjasbaaiagbabiasbyajas — bobiasbaajasbabiasbiasaiasas. There is no
factor a4bl to insert by.

] alblalbl — a-)_ala-)_blalbl — blagalagblal — bgblagbgalagblal — bgblagbgalagblagalag
— babjasbaajasbsbiasbsaias — babjasbaraga;agasbsbiazbsaias. There is no
factor aqby to insert by.

e arbia1by — asajasbiarby — brasajasbray — byasarbaasbiboay — bracaszajasboasbibaaq
. There is no factor asby to insert bs.

e ajbjaby — azarasbia1by — biasarasbia; — biasabsashiboa; — azbyasabaasbibaazay
— agbjasayboagbibsagasaiay. There is no factor aygbq to insert by.

e a1bia1by — anarasbia1by — brasarasbiar — brasaibeasbiboal — azbiasaibaasbiboazar

— agbjasagaqagbyasbibsagay. There is no factor aysbq to insert by.

e arhha1by — aibhasajashy — arbobiasboaiashy — asayasbobiashboajash; —
brasaiasbobiasbaaias — babjasbyajasbabiasboaias — babiasbsagaiasas. There

is no factor a4by to insert by.

e a1bja1by — arjbjasajashy — ajbsbiasbyajashy — asaiasbsbiasboajasby —
biasajasbobiasboaias — babrasbyajaszbobiasboaias — babraszbsaiasbobiasboasarasas.
There is no factor ayb; to insert by.

e aibhha1by — aibiasaiashy — aibobiasboaiashy — aijbabiasboazaiazasb;.

There is no factor asb; to insert bs.

e aibhia1by — aibiasaiashy — aibiasaiboasbibs — aijbabiasbhoazaiazasby.
There is no factor agb; to insert bs.

e aibhia1by — a1bjasajashy — aibiasaibsasbhibs — asaiasbobiasboaiash; —
biazaiazbobiasboaias — biazajasbobiasboaias — braszajaszbobiasboasaaqas.

There is no factor agb; to insert by.

Also, if w represents G then the reverse of the word w also represents the same

graph GG. This implies we can conclude that there is no word exist using 2 copies of

DOI: 10.9790/0661-2103025058 www.iosrjournals.org 54 | Page



Graphs With Representation Number 3

each vertex (using table 3 and 4) if w starts with by (w = b1by = byaybya;) Therefore,

the book graph Bj is not 2-word representable and by theorem 2.1, R(B3) =3. [

Theorem 2.3. Form > 3, R(Bp,) =3

Proof. By theorem 2.1, it remains to show that for m > 3, B, is not 2-word repre-
sentable. By theorem 2.3 the representation number of book graph Ba is 3. Since
every Bm contains the subgraph Bj3. Therefore, B, cannot be represented by

2-word representation. Hence R(By,) = 3. O

Theorem 2.4. Every stacked book graph Bm,n is 3-word-representable.

Proof. The stacked book graph Bm.n with 3 stacks is presented figure 3,4,5.Let
wWm,n be the word representing By n. if n = 2, then By o = By, By theorem 2.3.

B9 is 3-word-representable. Let us derive the word wa 3 from ws 2.

a2 —— by a12 a2 a32
a —— by ail a1 —— a3l
as - b a3 as3 a33

Ficure 3. Book Graph By, By 3

a4y —— a4 —— a34
a4 by a2 a? as2
ag\v 52\ \ \ \
AN AN
ay b aj] —— a1 —— a3
ay —— b3 a3 a3 as3

Ficure 4. Book Graph Bj, B3 3

DOI: 10.9790/0661-2103025058 www.iosrjournals.org 55| Page



Graphs With Representation Number 3

ajy —— a4 —— a4
a4 by a2 —— a2 a3z
)\ 52\ \ \ \
AN N
ay by ajyp] —— a1 —— asj
g vy
i — b/ /S
as by, @13 —— a23 a33
ajy —— a4 —— @34

Ficure 5. Book Graph By, Bya

Since wo 2 = a12013G23011613022012021011022023021013023012a22011621. Now add
the paths asjasiassaze and agjasiaszasy to wos. In woo, we have the factor
a22a23a21
a substi 2 1.2 . _ 3 2.3 . _ = d

13@93a12a99a11a21. substitute a3, — agas;, @ = 1,2,3, a5, — ajay;,1 = 2,3 an
3 2 3 3 3 3
ap1 —* @305 A3y03303;.

Therefore, wo 3 = ajgaizagzaia13azainas a11a32092033a93031021013 A33093012032022

allaziag azzazzaz; and B g is 3-word representable.

Assume n = 4, add the paths asjaqjaq0a39 and agjaqiag3azy to wo . In woy g,
we have the factor aggaggaggaggaglaglalgaggaggalgaggaggaua31a21a32d33a31. Now
substitute ad;ad; — ad;adal;i = 1,2,3,a%03;, — 303,031 = 2,3 and a3, —
a3, a3 athaizag;.

Therefore, wy 4 = ai2a13a23a11013022012021011a32022042033023043031 421 @41 13033043023
(1203904919901 1031 421032033041 A310A42a430a41. More generally, the 3-word-representation

wo n of By y from we 1 of Boyp 1 is derived by using the following substitutions.

when j = even substitute,

: 1.2 1111 1 1 1 2 1.1 .11 1 1 1 -

i) A3;09;05;0y;07;0g; s By iQp 0 —F Q3;05;05;0;07;0;.... A jQp_ 9 ;Cy ; for i =
1,2,3.

oy 2 2 2 2 2 2 2 9 9 9 2 3 2 2 9 2 2
“)“-n.—l._z': Q330 90, 50y 440 Q7 0R;A5;0p; Qg Ay Qo) —+ gy j0g 1Ay 90y 00y 5 s -

2 2 9 92 9 9 3 i—
a7,03;05;05;03;0;03; for i =2, 3.

ey 3 2 3 3 3 3
1]1) ap_11 7 Ap10n—1,1%,20,,3%,1-

when j = odd, substitute
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- 1 2 11 1.1 1 1 1 2 1 1 11 1 1 1 -

i) a3,a3,a5,a4;, az;ag;.., Q30 15 —F A3309;05;0y;, Qg Qg -, Q9 3y Oy 5 fori =

1,2,3.

ey 2 2 2 2 2 2 2 2 9 9 2 3 2 2 2 2 2

ii) @y 94> O 1,i%—4,i% 3,64 - A7 AR5 Qi A3 A1 AD; —+ gy 1O 0 ;@ 4 W 4034 -

2 12 02 02.02.02.a3. for i —
a7;05,05,05;03;01;03; for i = 2,3.

3 2 3 3 3 3
111) an—l,l - an.lan—l,lan.Qan.?sa-n.,l'
Thus By ,, is 3-word-representable.
Similarly from B,,, we can derive the representation for By, n,m > 3 using the

following substitutions

when j = even substitute,

ool o2 1 1 1 1 1 1 1,211 11 1 1 1 c
i) Q305 05; QY Q7064 -, Q1 jQp 9 —F 305,050 Q7;05;..., Oy 1 ;0p 9 iy 5 for i =
1,2,... . m+ 1.

iy 9 529 2 2 2.2 9 9 92 9 3 2 2 2 2 2
i)ay 1 4,an = 3,85, 905 5 0n_ g4 - 07,05;05,06,05,04;T5; = Qg @y G300 9 G 5 s s
2.2 2 9 9 9 3 .

az;ag,az;ag;a5.a5.05 fori =23, .. m+ 1.

ey 3 2 .3 3 .3 3
111) a'n—l,l — anlan—l.laﬂ,gan,:}an,l'

when j = odd, substitute

a1 .21 1 .1 1 1 1 1.2.1.1.1.1 1 1 .1 P

i) ag;a5;,05,05,07;05;, . -, Op_3i% 1 7 43320504 07; Q45 -+ O3 30n ;014 for i =
1.2,....m+1.

9 2 2 2 2 ‘ 2 2 92 3 2 2 2 2 2
ii)an_9 4, Un—1,i%—4,i%—3,i%%—6,i - 708 A5;A5;03{V4;X2; —7 O iQn 20,1 {04034
2 2 9 9 9 9 3 .

az;a3,a5;a5;a5;a5:05; for 1 =2,3,. .. ,m+ 1.

3 2 3 3 3 3
111) aﬂ—].,l — an._lan—l,Ian,Qan,?sa-n.,l'

Hence every stacked book graph B, is 3-word-representable.

Theorem 2.5. Every stacked book graph R(Bpmn) =3,n> 2.

Proof. By Theorem 1.10, every book graph R(B,;,) = 3, m > 3. since every stacked
book graph B, ,, is a book graph and by Theorem 2.4, By, ;, is 3-word-representable
for n > 3. Hence R(Bp,) = 3. O

3. CONCLUSION

In this paper We discussed the Word Representation number of Book graph and
stacked book graph. Book graphs are one of the hardest graphs to be represented by

words among the class of bipartite graphs. which means that they may be require
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longest words for its representation. Here we derived the word representation of

book graph, stacked book graph.
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