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Abstract
This paper presents new findings on square(n, m) normal operators in Hilbert spaces. We
analyze the properties of this class of operators by establishing some theorems and proofs.
Furthermore, we investigate unitary equivalence relations, with particular emphasis on
cases where the unitary operator is either isometric or co-isometric.
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I.  Introduction
Throughout this paper B(H) denotes the algebra of all bounded linear operators on Hilbert
space H. A linear operator T' on a Hilbert space H is said to be bounded if there exist a
constant ¢ > 0 such that | Tz|| < ¢||z|| V2 € H. An operator T is called self-adjoint if T = T*,
invertible with inverse S if there exists S € B(H) such that ST = [ = TS, where | € B(H)
is the identity operator. An operator T € B(H) is called isometry if | Tz|| = ||z| Y2 € H or
equivalently T*T = I. An operator T € B(H) is called unitary it TT* = T*T = I. An operator
T € B(H) is said to be normal if it commutes with its adjoint i.e (T*T = TT*), equivalently
T*T —TT* = 0. An operator T € B(H) is said to be n-power normal if 7"T* = T*T" for
n € N. An operator T' € B(H) is square normal if T%(T*)? = (T*)*T?. An operator T' € B(H)
is square(n,m) normal if T?"(T*)*™ = (T*)>"T?". Let A and B be bounded operators in
a Hilbert space H, then A and B are said to be unitarily quasi-equivalent,if given unitary
operatorl/, We have A*A = UB*BU and AA* =UBB*U

2 Methodology

Alzuraiq (2010) introduced a new class of operators called the n-normal operators and gave
some basic properties of this class.

Abood and Al-Loz (2015) generalized the class of normal operators and suggested the class of
(n,m) powers operators where every n-normal operator is (n,m) powers (where m = 1)
Mahmood (2016) defined square normal operators and proved that every normal operator is a
square normal operator. However, the converse of this statement is not true. The author gave
an example to show that square normal operators are not necessarily normal and the condi-
tions to get a normal operator from a square normal operator. Edith et al.(2024) explored the
characterization of square normal operators and some results were examined.

Theorem 2.1: Edith et al. (2024)
If an operator T' € B(H) is square normal, then
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(i) T* is a square normal operator.
(i) If T is invertible, that is 7! exist, then T is a square normal operator.
(iii) Any operator S € B(H) that is unitarily equivalent to T' is a square normal operator.

According to Wabuya ct al (2023), every (n, m) normal operator is square (n,m) normal oper-
ator as seen in in theorem 2.2.

Theorem 2.2: Wabuya et al (2023)
Let T € B(H) be a (n,m) normal operator. Then T is a square (n, m) normal operator.

Proof
Since T is an (n,m) normal operator,
Then
TﬂT*fn — T*m-Tn

We show that T is square (n,m) normal operator
T2 — (T2)(T?)*™

= (TT)(TT)"
_ rnremepem
_ prprmpnpem
_ premnem
_ prmipnpmepn
=TT
_ T2m2n

Hence T is square (n,m) normal. However, the converse of this theorem is not true for if we
consider a matrix

T= [ :: 0] , T is not (1,1) normal but it is square (1,1) normal.

The concept of unitarily equivalence was proved as seen in the Lemma 2.3 below.
Lemma 2.3: Wabuya et al (2023)

Let T € B(H) be a square (n,m) normal operator. If U € B(H) is a unitary operator such
that S € B(H) is unitarily equivalent to T, then S is a square (n, m) normal operator.

Proof

Let T € B(H) be a (n,m) normal operator.

Since S is unitarily equivalent to T, we have
S=UTU*

This implies $**" = UT*"U* and S*?™ = UT*?"U*
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We show that S is a square (n, m) normal operator.
SQns*Qm — I)T-TQRL."*LT-T*QTTLL]’*
— DT-TQR-T*Zer*
_ I)T.T*QmTQHDr*
_ DTT)«QITLLT)«L,\'TQHLTM
— S*QmSQn

Hence, S is a square (n,m) normal operator.

3 Results and Discussion

In this section, we discuss some of the properties of square (n,m) operators and their equiva-
lence relations

3.1 Properties of square (n, m) operators

Theorem 3.1.1
Let T € B(H) be a square(n, m) normal operator. Then:

1. aT is square (n,m) normal for o € C
2. T~ is square (n,m) normal if it exists
3. T* is square (n,m) normal

Proof 1

(Q-T)Qn(aT)*Qm — a_ZnT‘}!na*QﬂlTaQTn
— a.na.nTﬂTnO*nO*nT*nT*n
— aZna*QnTQnT»&m
— a_*QmT*QmO_QnTQn

— (QT)*Qm(QT)Qn
aT is square (12, m) normal.

Proof 2

Since T is a square (n, m) normal operator,we have,

(T—l)2n(T—l)*2m _ (T??’l) (Twﬁm.) 1
(TQnTan) 1
(T*EmTZH) 1
= (T ™I )™

Hence T ! is square (n,m) normal

Proof 3

Since T is square (n,m) normal operator, we have

(T*)Qn(T*)*Zm _ TZn} (T*Em)

T*Em) (TZR)

(
= (T
(T*BmTQn)
= (
( *)*Zm( )Qn
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Hence T* is a square (n,m) normal.

Theorem 3.1.2
Suppose T is a self adjoint operator. Then T is square (n,m) normal operator.

Proof. Let T be such that 7" = T, then,

T2nTe2m _ pnpnrmem
— T‘HT?’! T?n)T?n
— T2(n+m)
_ 2(m+n)
_ 2(min)
_ Te2mpn
_ Te2mpn

Hence T* is a square (n, m) normal.
Theorem 3.1.3

Let T' € B(H) be any operator. Then T+ T* and TT* are square (n,m) normal operators.

1. Let S =T+ T*, then,
S*=T+T*)y=T"+T=25.
Hence S is self adjoint and by Theorem 3.2, every self adjoint operator is square (n,m)
normal and so is T+ T*.

2. Let S =TT* then
5’* — (TT*)* — TT* — 5!
S is self adjoint and every sell adjoint operator is square(n, m) normal operator.
Thus TT* is square (n,m) normal

Theorem 3.1.4

If S,T € B(H) are square (n,m) normal operators and S,T are doubly commuting opera-
tor ST =T8S, ST* =T*S then ST is square (n,m) normal operator.
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Proof.

(ST)*Zm (ST)Qn — TmeS*QnSQnTZn
_ SmeTmeSZ‘nTQn
_ S*QmSQnTmeTQﬂ
— SZnS*E!m.TZn.T*Qm
_ SQRTQnstmT»tQ]n
— g2ninge2m ge2m
= (ST)*(ST)*™*™

Hence ST is a square (n,m) normal operator.

3.3 Equivalence Relations

We now discuss equivalence relation of square (n,m) normal operators with respect to invert-
ible and unitary operators.

Theorem 3.3.1

Let T'€ B(H) be a square (n,m) normal operator and S € B(H) be such that

1. S=UTU* with U being an isometry, then S is a square (n, m) normal operator.
2. S=UTU* with U being a co-isometry then S is also a square normal(n, m) operator.

Proof 1

Let S € B(H) be such that S = UTU* for U an isometry. Then,
S*=UTU*

S* = (UTU*)"=UTU*UTU*... n times

SEn — L.'T?ﬂb?* — LrTﬂU’*[}TTnD"*

S = (UT*U*)"=UT*U*UT*U*... m times

Sme — DT-T»:QmU’x = [JT*m T[]+

SZHS*Zm — L;rTnDerrTnDerrT*mLHDrT*mDr*
— LTTTITTIT*TTIT*TRLIT*
_ Lr-TQn-T*Qer*
_ LT.T*QTHT‘BHLT*
— LrT*ﬂlT*anTﬂLIT*
=yuTrmuUrtuTTUtUTTUTUT"
— S:«mstmsnsn
_ S:«Qms«?‘n
Hence S is a square(n, m) normal operator.
Proof 2
Let S € B(H) be such that S = U*TU for U a co-isometry operator. Then,
S*=(UTU =U'T"U
and
Sn — ([)T*TLY)R — U’*THLT
S = (U*T"U)? = U*T*U = U*T"UU*T"U
S*Qm = [U*T=m{j*T*m[] — LHTkaLF
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5-‘271 S*Qm _ L‘M TnU'U*Tn U'U*T*m DrU—*.T*m 153
— L,rx TﬂTﬂT*mT*m Lr
— L,rT‘ZnT*‘Zm U*
— LrT*‘Zm T?R [/H
=uTmuUtuT"mUrtUTrTUTUT U *
— grmgrmgn gn
— S*ng&n

Hence S is a square(n, m) normal operator,

4 Conclusion

This paper has focused on investigating the square (n, m) normal operators in the Hilbert space.
Some of its characteristics and equivalence relations are studied. We have shown that every self-
adjoint operator is square (n, m)normal and if T is square (n,m) normal, then so is its inverse
if it exists.The class of square (n,m) normal operators are closed under scalar multiplication.
The sum T 4+ T* and the product TT* are square normal operators. We have also looked at
unitary equivalence, where our unitary operator is either an isometry or a co-isometry operator.
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