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Abstract: In the present paper, we analyses a tow-identical unit deteriorating standby system model having two
types of workload i.e. normal and fast. The system works under varying workload. When workload is more the
standby also starts operation and the system becomes parallel until the workload decreases. The unit may be
repairable under normal and fast repair mode. Using regenerative point’s technique different measures of
reliability are obtained.
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l. _Introduction

Gupta and Sammerwar (1) have studied a standby system model with varying rates of failure, repair,
inspection and post repair. Recently Gupta and Deshmukh (2) have analyzed a two unit redundant reparable
system model with varying workload. Generally, it is observed that repairs are not perfect i.e. after repair the
unit may not be as good as new and some post repair is required.

In the present paper, we analyses a tow-identical unit deteriorating standby system model having two
types of workload i.e. normal and fast. The system works under varying workload. When workload is more the
standby also starts operation and the system becomes parallel until the workload decreases. The unit may be
repairable under normal and fast repair mode. As the workload increases the fast repair facility is called for fast
repair and the time spent in earlier repair go waste. The fast repair facility is very fast as compared to normal
repair. When a unit completes normal repair, it goes under post repair. Selecting suitable regeneration time
points with Markov renewal process, several important measures of reliability are obtained i.e.

Steady state transition probabilities and Mean Sojourns times.
Mean time to System Failure (MTSF)

Point wise and steady state availability of the system.
Probability that the repairman is busy.

Expected number of visits by the repairman.

Expected profit earned by the system.

1. System Description And Assumptions

(@) There is a two-identical —unit deteriorating standby system. Initially one unit is operative and other is kept
as standby.

(b) When workload increases the standby unit becomes operative and vice-versa.

(c) Failure time distributions of operative and standby units are exponential with different parameters.

(d) If a unit fails during standby state, it requires minor repair. After minor repair or fast repair there is no need
of post repair.

(e) There are two-repair facilities normal and fast. The normal repair of the failed unit starts instantaneously
upon failure. Repair time distributions are arbitrary, i.e. time-dependent. Repair policy first come first
served.

(f) Post repair of the just repaired unit starts immediately (within no time) and after the post repair the unit
becomes as good as new.

(g) When workload increases during post repair the fast repair facility is called.

(h) Once the fast repair facility is called it is allowed to return only when the system is completely repaired.

11, Notations And States Of The System

a, f : Constant failure rates of operative, standby unit
0. n : Constant rates of increase, decrease in workload.
f() : pdf of repair time of the unit failed during operation.
g() : pdf of post repair time of the just repaired unit.
k(), h() : pdf of repair/ fast repair time of unit failed from standby state.
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The system can be in any one of the following states:
S, =(0,S) :One unit is operative and kept as standby,

S, =(0,0) :Both the units operating parallely,

S, =(O,F, ) : One unitis operative and other failed under repair,

S; =(0O,F,, ) : One unit is operative and other failed during standby state,

S, =(0,F,, ): One unit is operative and other unit is under post repair,

S; =(O,F,. ) : One unit is operative and other unit is under fast repair,

S, = (F,F ): Both the units are failed and the fast repair continued from earlier state,
S, =(F, Fo ): Both the units are failed and one is under post repair.

Regenerative states: S, t0 S; ; Non-regenerative: Sy , S,

The epochs at which the system enters the states So 10 Sgare regenerative points and the entrance time
instants at S, , S, are non-regenerative. Let E be the set of regenerative states {Sl ' Sy e ,85}. The
transition between the possible states is shown by figure 1.
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V. Transition Probabilities And Mean Sojourn Times

Let T0 ,T1 ,....,Tn be the epochs at which the system enters any state Sie E . Let X, denotes the state

visited at epoch Th . Then {Xn ,Tn} is a Markov-renewal process with state-space E and
Q®=P[Xpy =i To-T,<t|X, =i]

Is the semi-Markov kernel over E. The (i,j)th element of the transition probability matrix of the embedded
Markov chain is

P, =Q; () =1imQ;(); (limit t tends to infinity)
Expressed as integrals by simple probabilistic consideration the non-zero elements of Qi (V) are:
t
Qu()=0fe @ du=p[1—e s [i(a+ p+ ).
0

Qoy® = a[L—e @ |i(a+ p+6), Q)= p[1—e " ]i(a+ p+0),
Qo®=nfi-e = )i2a+n). Q.0 =2a]t-e " |/(2a+y),
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Qys() = j 0 e F(u)du= Q3 (1),

Qso(t) = j e dK(u) Qss(1) =_t[a e™ K(u)du Quo(t) = j e~ dG(u),
Q.. (1) = j a e " G(u)du,

Qso(t) =_:[ e dH(u) . Qg1 =!a e™™ H(u)du = Qg(),

Q65(t)=_[h(u)du : Q72(t)=_[g(u)du :

To write expression for Qgs(t), we let that the system passes from S; to S during (u,u+du) , u<t

Further we assume that the system passes from S to Ss during
(v, v+du) ,(u,t). Thus the probability of this contingency is,

t t
QS(t) = j ae™ Ku)du QL) = j ae @ G(u)du.
0 0
Since, Jim Qij ®= Pj; » the non-zero transition probabilities Pij are given below:
Py =0/(a+ p+0), Pos = Bl(a+ f+0), py,=alla+p+0)
P =n/(20.+ 1), P =2a/(20+1n), p,,=Fla+0),
P2s = 0[1_ IE(“ + 0)]/(0’ +6) = ps. P26 = a[l_ 'E(a + 6')]/(05 +0),
P, = K(a| 0 =[1-Kad,  p,=0-Ga+9)(a+0).
pr = afl-Gla+ O/ (a+). pso = Fi(@),  Pes = [1- Filad= p{2,
Pes = P7 = 1.
The two-step steady state transition probabilities obtained are as follows:
p¥ =1~ R(a)]= pse. P = at-Gla+ i@+ 0= p,,

It can be easily verified that,
— — — 6) — 7) —
Poi * Poz * Pos = Pio+ Puz = Pas * Pos * Pos = Pao * Pis’ = Pao + Pas + Piy’ =1

Pso + Pss = Pgs = P, = 1.
Mean sojourn time g; in state S; is defined as the time that the system continues in state S; before transiting

to any other state. If T denotes the sojourn time in S, then g, instate S, is,
u = E(T):jP(T > f)dt.
0
Using this we can obtain the following expressions for g; ; i=0,1,2, ..., 5.

po =1(a+p+0), p =1/(2a+n), ﬂ2=je“"””’lf(t)dt.
0

e j e K(tydt, m,= j e G () dt, u, = j e H(t) dt .
0 0

0
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m;; is defined as the contribution to sojourn time in state S; before transiting to state S; . To calculatem;; ,
we note that, mathematically,

mij == “m Q'J (S) = Q” (0)
Taking Laplace-Stieltjies transform OfQIJ ( ) , We obtain,
m01:0/(a+ﬂ+0)2: m03:ﬂ/(a+ﬂ+0)2, m02=a/(a+ﬂ+0)2_
m10:”/(2a+’7)2x m1022a/(2a+}])2,

m,, = _[t e P dF (t),m,, = _[t ae “PUNFE ()dt, my = _[t e P F (1) dt,
0 0
te ' dK(u), m, = j tae™  K(u)du m,,= j t e @ 4G (u),
0 0
tae @G (uydu, m, =jt e~ dK(u), M, = jt ae™" H (u)du,
0 0

Mg = [th@dt, m,,=[tg(®)dt=m,ay.
0 0

It can easily be seen that,
_ _ _ (6) —
Moy + Moy + Moy = g, Mg+ My, = g, Mg + My + My = p,, Mgy + Myg” = pg

My + My + mi? =My Mgy +Mgg = pg, Mgy = It h(t) dt = m,(say),m,, = jt g(t) dt = m,(say)
0 0

V. Mean Time To System Failure
Let the random variable T, denotes the time to first failure of the system when it starts operation in

state S, . To obtain the distribution of time to system failure (TSF), we suppose that the failed states S, and

S, as absorbing. By simple probabilistic arguments, the following recursive relations for z, (H)ymay be
obtained,

7o (t) = Qo1 (V) (8) 7, () + Qu (D) () 72, () + Qua (D) () 75 (V)
7, (1) = Qo (V) (8) 7, () + Qu, (D() 7, (D)
7, (8) = Qus (1) () 75 (1) + Qo (D(S) 7, (1) + Q6 (1)
75 (1) = Qg0 (1) (8) 7, () + Qa6 (1)
7, (1) = Quo(V) () 7, (1) + Qus (D) (S) 75 (1) + Q6 (1)
75 (1) = Qg (1) (8) 72, (1) + Qs (1)
Taking Laplace-Stieltjies transform of above equations and solving for fio (S) , we have,
7,(9) = Nl(s)/D ©
Where omitting the argument s from Zii ¢ for brevity,
N, (9 = [(@Qus * QuuQusQs + QoiQur + Q) (QrQus + Qo)+ QurQ
D,(9) = [(1- Q0. Quo — QuQa0)~ (Q0:Qsz + Qo) (QosQi0 + QuiQto + Q2 QusQi0)|
The mean time to system failure (MTSF) when the system starts from state So is,
MTSE = |:(.”o * Py t pos:”s)"' [/’2 t Posty ﬂs(pzs * P p45)](p01 P, + poz)j|
L @ PorPio— PosPao) = (Pos Pz + Poz) [P2ePas + Pso(Pas + PaePis)]
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Where m, = | t K(t) dt = expected repair time of a failed (from standby) unit,

O© Sy 8 O'—QS

t f(t) dt = mean time of post repair.

VI. Availability Analysis
Let I\/Ii(t) be the probability that the system up initially in regenerative states S, is up at epoch t
without passing through any other regenerative state, we have,
M, () = g @rprormt . M, ()= g (2wt M, (t) = gt ﬁ(t),

M, () = e—"‘K(t) M, () =e “?'G(t), M5(t): et
Further, let ¢ (1) = Q; () and qi(jk)(t) =— (k) Q. (V).

Starting from state S, the probability that the system is available for operation at the time instant t is denoted
by A (t). By simple probabilistic arguments, the following recursive relations are obtained,

Ao () = M (8) + 0o, (DA, (1) + 0o, (D(C)A, (1) + 03 (D) (A (1)

A1) = My (1) + 03, (DA () + ;. () (C)A, (1)

A, (0= M, () + d,5 (DC)A (O + a5s’ DA () + d, (D(OA, (1)

Ay (1) = My () + a5 (DA (O + ass’ DA ()

A, (1) = M, () + Qi (D (OA () + a5’ (DA, (D + a5 DA (D)

As() = M (1) + 050 (D (A () + ass’ (D(C)A ()
Taking Laplace transform of above equations and solving for Ay (S). we have,

Ay (8) = N, (5)/ D, (9)

Where
N, (s) = [(M; + a5, M +a5,M3 )-8 a5, )2 - 02" )+ (L - 0 Nasai, + a5, (M3 +a3,M)
(208 M; + 05,056M: Na,0i, + a5 )+ M2a a5, (1— 3,08 )

D,(5) = {1 05,5 JL - a2 Yo - 43,0 ) - (5.5, + 05 M + 02 Yoo + ieroedico
Qo (L= 02700 )+ 05y ieloo |- oo (1— 02 ML= 02,05 ) 00" ato (L — 3,0
q; (), gi>®

Here, for brevity we have omitted the argument‘s’ from and M, (S) . The steady state availability

of the system is,
Ay = S AL(9) = N, (0)/D;(9).
Where in view of
Mo(0)= sy M, (0)=p; ,M,(0)=p, , ,M;(0)=p; , M, (0)=p,, M5 (0) = s
N, {(1 p(6))(1 P24 pz(tpxluo * Popy po3:”3)+(1_ pég)xpm Py, + pozXﬂz + p24ﬂ4)
} (p01p12 + poz)ﬂs(pzs T Pyt Py p45)+ p(a)p03,u5(l— P24 pg))
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D‘z = {(1_ P24 pi?)[/lo Pso p01ﬂ1(1_ pe(se))"' Hs Doz pég)]"' (p01 Pt poz)
X [p5o.”2 + ﬂ(pég) * Py p45)+ H, p24(1_ pég))"' ml(pég) Pso + P2gPao pse)]
+m, [P (1= P, p?) (L= PoxPro — Pos Pso)]

Where m, is define earlier.

VII. Busy Period Analysis
Let B, (t) be the probability that starting from state S, the system is under normal repair at epoch t

and W, (t) is the probability that the system initially under repair in regenerative state S, € E continues to be

under repair in states for at least time t without passing through any other regenerative state or returning to itself
through one or more states. By probabilistic arguments, the following recursive relations are,

By (t) = 0 (D)(C)B, (1) + 0, (1) (€) B, (1) + G5 (D(C) B (1)
B, (0) = 03, (D)(C)B, (1) + G, ()(0)B, ()
B, (£) = W, (1) + 0,5 (D(C)Bs (1) + Qs (1) (©)B5 () + 0, (D(C) B, (1)
Bs () = W, (1) + a3, (D(0)Bo (1) + a5e (1) (©)B5 ()
B, (1) = G4 ()(0)B, (0 + 4z’ (H(©)B, () + Qs (D(C) Bs (1)
Bs (1) = G5 (1) (), (0 + s ()(0)Bs (1)
Where W, (1) = p, = F(O ;W (0 = #; = K(0)
Taking Laplace transform of above equations and solving for B, (S). we have,
B, () = N5(s)/ D, (s)
Where omitting the argument ‘s’ for brevity,
N 3 (5) = (1 - qég)* )ISNz* (qgquZ + qu)"‘ qgsws* (l - q;qfé)* )]
and D, (S) is same as in availability.
The fraction of time for which the system is under repair is given by,

B, = im 5 B (s) = N,(0)/ D, (0).

Where in terms of W, (0)=pu,, W, (0)= p,
N, = (l_ pég)l,”z(pm P, + p02)+ Hs poa(l_ p24q§,;))]

And D'2 is same as defined earlier.

VIII. Expected Number Of Visits By The Repairman
Let V, (t) be the number of visits by the repairman in (0,t). By probabilistic arguments the following
recursive relations are obtained,

V() = Qo DOV, (0 + Qo Q)L +V, O]+ Qus D)V, (1)
V, () = Quo®(©V, () + Q@1 +V, (0]

V, (1) = Qus ((Q)Vs (1) + Q5 OV (0 + Qs DOV, (1)
V(1) = Qao (D(Q)V, (0 + Q8 (H(©Vs (D

V() = Quo(D(©Vo () + Q52 OOL+V, )]+ Qus (D(©V5 (1)
V5 (1) = Quo(D(C)V, () + QL ())() Vs (1)

Taking Laplace transform of above equations and solving for \70 (S). we have,

www.iosrjournals.org 44 | Page



Stochastic Behavior Of Standby System With Two Types Of Workload And Three Types Of Repair

Vy(9) = N, (9)/D;(9).
Whereomittiﬂgtheargulnent‘s’fgr brevit~y _ _ o o
N = {Q0:Qu + Qo J1= Q)| Qus + By + Q0 |+ (G0 Bss + Qo) 10, QLY
+10,,0% (1-8) - 3,.0%)
and

D, (5) = {1~ QuQuu 1 - @ N1 - Q07 )~ (Qui@:s + Q2 IO Qo + QL2 Qs
+ Q24Q4o(1 -QW® )+ Q24Q45Q50]— Q03Q30(1 —QW® Xl 3,.0 (7))
- 0090, (1- 3,09 )
In steady state the number of visits per unit time, when the system starts at the entrance into S is,
V, = im sV, () = N,(0)/D}(0)
Where,
N4 = {( (6))[p01 Pzt Por (1 P24 pi;))pog pég)]+ | O pég)(p01 Py, t+ poz)} and D'2 is

defined earlier.

IX. Cost Analysis
Let K, = revenue per unit up time earned by the system
K = repair cost per unit time
K, = cost per visit by the repairman.
The expected total cost in (0,t)
c@= Koﬂup (0 — Kya, () — KV, (1)
The expected cost per unit time in the steady state is,
C ()= KoA () — K, By (1) = KJ,V,

X. Estimation With Exponential Distribution
Let the repair times follows the exponential distribution,

f(t)=ae™;a>0,k(t)=de™;d >0,g(t)=ce™;c>0;h(t)=be™;b>0

Hence the transition probabilities are,

0= 0/t B+0), bes = Bl(a+ B+0), Py =alla+p+0)

w0 =nl(2a+n), Py, =20/(200+ 1), P, —a/(a+0+a),

25 = 0[1_ p24]/(a +0). = a[l p24]/(a+ 6 =ps

30=d/(a+a)' 36_(1_ pso)' 40—0/(a+0+c)

45 = 0[1_ p40]/(a+0)1

a7 = a[l— p40]/(a+ )= p.7. Pso = b/(a+ b)' [1 pso] pss’,
Pes = Py, = 1.

Now the mean sojourns times are,

Ho = 1/(a+,8+¢9),,u1 =l/(2a+77) My = a/(a+0+a), My = d/(a"'d)

u, =c/(@+6+c), g, =b/(@+b), m, =1/b, m, =1/c

Now, substituting the arbitrary values in the above equation we can estimate the mean time to system

failure, availability, busy period, expected number of visit by the repairman and cost earned by the
system.
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p=0=n=a=b=c=d=50

a 10 20 30 40 50
MTSF 0.58 0.29 0.19 0.14 0.11
A, 0.88 0.62 0.48 0.40 0.34
B, 0.20 0.09 0.05 0.03 0.02
vV, 0.77 0.61 0.49 0.41 0.35
p=a=n=a=b=c=d=50
2] 10 20 30 40 50
MTSF 1.17 1.17 1.18 1.18 1.18
A, 1.31 1.54 1.73 1.89 2.02
B, 0.34 0.30 0.27 0.24 0.22
vV, 1.01 1.25 1.45 1.61 1.74
a=0=n=a=b=c=d=50
B 10 20 30 40 50
MTSF 1.12 1.08 1.06 1.05 1.04
A, 1.25 1.35 1.41 1.45 1.48
B, 0.44 0.54 0.60 0.63 0.66
Vv, 0.84 0.84 0.84 0.84 0.83
a=f=0=a=b=c=d=50
n 10 20 30 40 50
MTSF 1.16 1.16 1.16 1.16 1.16
A, 1.18 1.19 1.20 1.20 1.20
B, 0.37 0.38 0.39 0.39 0.40
Vv, 0.84 0.84 0.84 0.84 0.83
Table 1- Estimation of Reliability Measures
XI. Conclusions And Interpretations
From the above table we perceive that,
@ As the value of the failure rate on operative unit increases, mean time to system failure, availability,
busy period and expected number of visits by the repairman increases.
(b) As the value of the failure rate on standby unit increases, mean time to system failure decreases.
Availability, busy period and expected number of visits by the repairman increases.
(© As the value of the workload increases, mean time to system failure, availability and expected number of
visits by the repairman increases. Busy period by the repairman decreases
(d) As the value of the workload decreases, mean time to system failure remains constant. Availability and
busy period by the repairman increases. Expected number of visits by the repairman decreases.
References
[1] P.L. Shinde and M.M. Mahale(2006): On the distribution of the number of failed components in a consecutive k-out-of-n: F
system, ‘IAPQR Transaction’ Vol. 31, No. 1., pp-19-26.
[2] Ketan A. Gajjar, K.K. Shah and M.N. Patel (2007): Bayesian Reliability Analysis of certain Types of Systems with Discrete
Failure Time, * TAPQR Transaction’ Vol. 32, No. 1, pp- 75-85.
[3] Gupta, Praveen and Sammerwar, Manish (2001): Stochastic analysis of two Wait power engine models, Ultra Science, V. 12,pp 27-
36.
[4] Gupta, P and Deshmukh, K (2002): Cost analysis of two-identical unit standby system with varying workload and maintenance,
'IAPQR' Transaction, Calcutta, vol 27, no. 2.pp 12-17.
[5] Barlow, R.E. And F. Proschan (1965) : Mathematical theory of reliability, John Wiley, New York.
[6] Bazovsky, I. (1961): Reliability Theory and Practices, Practices Hall, Englewood Cliffs, New Jersey.

www.iosrjournals.org 46 | Page




