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Abstract: In the present paper, we analyses a tow-identical unit deteriorating standby system model having two 

types of workload i.e. normal and fast. The system works under varying workload. When workload is more the 

standby also starts operation and the system becomes parallel until the workload decreases. The unit may be 

repairable under normal and fast repair mode. Using regenerative point’s technique different measures of 

reliability are obtained. 
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I.  Introduction 
 Gupta and Sammerwar (1) have studied a standby system model with varying rates of failure, repair, 

inspection and post repair. Recently Gupta and Deshmukh (2) have analyzed a two unit redundant reparable 
system model with varying workload. Generally, it is observed that repairs are not perfect i.e. after repair the 

unit may not be as good as new and some post repair is required. 

In the present paper, we analyses a tow-identical unit deteriorating standby system model having two 

types of workload i.e. normal and fast. The system works under varying workload. When workload is more the 

standby also starts operation and the system becomes parallel until the workload decreases. The unit may be 

repairable under normal and fast repair mode. As the workload increases the fast repair facility is called for fast 

repair and the time spent in earlier repair go waste. The fast repair facility is very fast as compared to normal 

repair. When a unit completes normal repair, it goes under post repair. Selecting suitable regeneration time 

points with Markov renewal process, several important measures of reliability are obtained i.e. 

 Steady state transition probabilities and Mean Sojourns times. 

 Mean time to System Failure (MTSF) 

 Point wise and steady state availability of the system. 

 Probability that the repairman is busy. 

  Expected number of visits by the repairman. 

 Expected profit earned by the system. 

 

II.  System Description And Assumptions 
(a) There is a two-identical –unit deteriorating standby system. Initially one unit is operative and other is kept 

as standby. 

(b) When workload increases the standby unit becomes operative and vice-versa. 
(c) Failure time distributions of operative and standby units are exponential with different parameters. 

(d) If a unit fails during standby state, it requires minor repair. After minor repair or fast repair there is no need 

of post repair. 

(e) There are two-repair facilities normal and fast. The normal repair of the failed unit starts instantaneously 

upon failure. Repair time distributions are arbitrary, i.e. time-dependent. Repair policy first come first 

served. 

(f) Post repair of the just repaired unit starts immediately (within no time) and after the post repair the unit 

becomes as good as new. 

(g) When workload increases during post repair the fast repair facility is called. 

(h) Once the fast repair facility is called it is allowed to return only when the system is completely repaired. 

 

III. Notations And States Of The System 

α , β    : Constant failure rates of operative, standby unit 

 θ , η    : Constant rates of increase, decrease in workload. 

   f (.)   : pdf of repair time of the unit failed during operation. 

   g (.)       : pdf of post repair time of the just repaired unit. 

 k(.), h(.) : pdf of repair/ fast repair time of unit failed from standby state. 
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 The system can be in any one of the following states: 

S)(O,S 0  : One unit is operative and kept as standby, 

O)(O,S 1
 : Both the units operating parallely, 

)F(O,S r2  : One unit is operative and other failed under repair, 

)F(O,S sr3  : One unit is operative and other failed during standby state, 

)F(O,S pr4 : One unit is operative and other unit is under post repair, 

)F(O,S fr5  : One unit is operative and other unit is under fast repair, 

)F(F,S fR6 : Both the units are failed and the fast repair continued from earlier state, 

)F(F,S pr7 : Both the units are failed and one is under post repair. 

Regenerative states: 50 StoS  ;      Non-regenerative: 76 S,S  

The epochs at which the system enters the states 50 StoS are regenerative points and the entrance time 

instants at 76 S,S  are non-regenerative. Let E be the set of regenerative states 
521 ...... S,,S,S . The 

transition between the possible states is shown by figure 1. 

 

 














 



  



















2



O, S

k(.)

O, FsR O, Fr O, Fpr

O, FfrO, O

3S

0S 1S

2S 4S

5S

7S

6S

g(.)

g(.)

n(.)

n(.)

f(.)

 F,FsR

F, FpR

 
Fig. 1 

 

IV. Transition Probabilities And Mean Sojourn Times 

Let nT,,T,T ....10  be the epochs at which the system enters any state
S j∈E

. Let X n denotes the state 

visited at epoch n
T

. Then  
nn T,X  is a Markov-renewal process with state-space E and 

    i=X|tTT,j=XP=(t)Q nn+n+nij 11  

Is the semi-Markov kernel over E. The (i,j)th element of the transition probability matrix of the embedded 

Markov chain is  

   (t)Q=)(Q=P ijijij lim ;                (limit t tends to infinity) 

Expressed as integrals by simple probabilistic consideration the non-zero elements of )(tQij are: 

   θ+β+αeθ=dueθ=(t)Q
θ)t+β+(α

t

θ)u+β+(α
/1

0

01

  , 

   θ+β+αeα=(t)Q
θ)t+β+(α

/102

 ,     θ+β+αeβ=(t)Q
θ)t+β+(α

/103

 , 

   η+eη=(t)Q
η)t+(

2α/1
2α

10

 ,          η+e=(t)Q
η)t+(

2α/12α 2α

12

 , 
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(t)Q=du(u)Feθ=(t)Q
)(

t

θ)u+(α 6

25

0

25 


,   

dK(u)e=(t)Q

t

αu




0

30
, du(u)Keα=(t)Q

t

αu




0

36
 dG(u)e=(t)Q

t

θ)u+(α




0

40
,   

du(u)Geα=(t)Q

t

θ)u+(α




0

47
, 

dH(u)e=(t)Q

t

αu




0

50
,     (t)Q=du(u)Heα=(t)Q

t

αu 6

55

0

56 


, 


t

du(u)h=(t)Q
0

65
,  

t

du(u)g=(t)Q
0

72
. 

To write expression for (t)Q
6

35 , we let that the system passes from 3S to 6S during (u,u+du) ,  tu . 

Further we assume that the system passes from 6S to 5S during  

(v, v+du) ,(u,t). Thus the probability of this contingency is, 
   

du(u)Keα=(t)Q

t

αu




0

6

35
 ; du(u)Geα=(t)Q

t

θ)u+(α




0

7

42
. 

Since, ijij
t

p=(t)Qmil


, the non-zero transition probabilities ijp are given below: 

θ)+β+(αθ=p /01 ,    θ)+β+(αβ=p /03 , θ)+β+(αα=p /02    

η)+(η=p 2α/10 ,  η)+(=p 2α/2α10 , θ)+(αF=p
~

24 , 

  6

2525 /
~

1 p=θ)+(αθ)+(αFθ=p  ,    θ)+(αθ)+(αFα=p /
~

126  , 

(αK=p
~

30 ,   (ααK=p
~

136   ,    θ)+(αθ)+(αGθ=p /
~

145  , 

  θ)+(αθ)+(αGα=p /
~

147  ,  )
~

50 (αH=p ,   )(
p=(ααH=p

6

5556

~
1 , 

17265 =p=p . 

The two-step steady state transition probabilities obtained are as follows: 

 
36

6

35 )
~

1 p=(K=p
)(  ,   

47

7

42 /
~

1 p=θ)+(αθ)+(αGα=p
)(   

It can be easily verified that, 

1.

1

72655650

7

424540

6

35302624251210030201

=p=p=p+p

=p+p+p=p+p=p+p+p=p+p=p+p+p
)()(

 

Mean sojourn time iμ in state iS  is defined as the time that the system continues in state iS  before transiting 

to any other state. If T denotes the sojourn time in iS then iμ  in state iS is, 

   


0

dtt)>P(T=E(T)=μi . 

Using this we can obtain the following expressions for iμ ; i = 0, 1, 2, … , 5. 

θ)+β+(α=μ /10 , η)+(=μ 2α/11 , dt(t)Fe=μ
θ)t+(α






0

2 , 

dt(t)Ke=μ
tα






0

3 , dt(t)Ge=μ
θ)t+(α






0

4 , dt(t)He=μ
tα






0

5 . 



Stochastic Behavior Of Standby System With Two Types Of Workload And Three Types Of Repair 

www.iosrjournals.org                                                             42 | Page 

ijm is defined as the contribution to sojourn time in state iS before transiting to state jS . To calculate ijm , 

we note that, mathematically, 

   )(Q=(s)Q
ds

d
=m

'

ijij
s

ij 0
~~

mil
0




 

Taking Laplace-Stieltjies transform of
)(t

ij
Q

, we obtain, 
2

01 / θ)+β+(αθ=m , 
2

03 / θ)+β+(αβ=m , 
2

02 / θ)+β+(αα=m . 

2

10 2α/ η)+(η=m ,  
2

10 2α/2α η)+(=m ,                 






0

24 (t)dFet=m
uθ)+(α

, dt(t)Feαt=m
uθ)+(α






0

26
,     dt(t)Feθt=m

uθ)+(α






0

25
, 






0

30 dK(u)et=m
uα

,  du(u)Keαt=m
uα






0

36
     





0

40 (u)dGet=m
uθ)+(α

, 

du(u)Geαt=m
uθ)+(α






0

47
,      





0

30 dK(u)et=m
uα

, du(u)Heαt=m
uα






0

56
,  




0

65 dth(t)t=m ,     
2

0

72 m=dt(t)gt=m 


(say). 

It can easily be seen that, 




0

272

0

165556504

7

424540

3

6

35302262425112100030201

(say)m=dtg(t)t=m,(say)m=dth(t)t=m,μ=m+m,μ=m+m+m

μ=m+m,μ=m+m+m,μ=m+m,μ=m+m+m

)(

)(

 

V. Mean Time To System Failure 

 Let the random variable iT denotes the time to first failure of the system when it starts operation in 

state iS . To obtain the distribution of time to system failure (TSF), we suppose that the failed states 6S  and 

7S  as absorbing. By simple probabilistic arguments, the following recursive relations for (t)πi may be 

obtained, 

 (t)(t)(s)πQ+(t)(t)(s)πQ+(t)π(s)(t)Q=(t)π 3032021010  

 (t)(t)(s)πQ+(t)π(s)(t)Q=(t)π 2120101  

 (t)Q+(t)(t)(s)πQ+(t)π(s)(t)Q=(t)π 264245252  

 (t)Q+(t)π(s)(t)Q=(t)π 360303  

 (t)Q+(t)(t)(s)πQ+(t)π(s)(t)Q=(t)π 465450404  

 (t)Q+(t)π(s)(t)Q=(t)π 560505  

Taking Laplace-Stieltjies transform of above equations and solving for (s)π0
~

 , we have, 

  (s)D(s)N=(s)π 110 /~
 

Where omitting the argument’s from 
)(

~
s

ij
Q

for brevity, 

    
360302120126472456452456251

~~~~~~~~~~~~~
QQ+Q+QQQ+QQ+QQQ+QQ=(s)N  

      
50452440245025021201300310011

~~~~~~~~~~~~~~
1 QQQ+QQ+QQQ+QQQQQQ=(s)D   

The mean time to system failure (MTSF) when the system starts from state 0S is, 

      
       









 45242550402402120130031001

021201452425542423031010

1 pp+pp+ppp+pppppp

p+pppp+pμ+μp+μ+μp+μp+μ
=MTSF  
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Where  


0

1 dtk(t)t=m = expected repair time of a failed (from standby) unit, 

  


0

5 dtf(t)t=m = mean time of post repair. 

 

VI. Availability Analysis 

 Let (t)M i be the probability that the system up initially in regenerative states iS is up at epoch t 

without passing through any other regenerative state, we have, 
tη)+θ+β+(α

e=(t)M


0 ;  
tη)+(

e=(t)M
2α

1


; (t)He=(t)M

tθ)+(α

2
, 

(t)Ke=(t)M
tα

3 ,  (t)Ge=(t)M
tθ)+(α

4 , 
tθ

e=(t)M


5 . 

Further, let    (t)Q
dt

d
=(t)q ijij  and   (t)Q

dt

d
=(t)q

(k)

ij

(k)

ij . 

Starting from state iS  the probability that the system is available for operation at the time instant t is denoted 

by .(t)Ai By simple probabilistic arguments, the following recursive relations are obtained, 

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A 30320210100  

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A 21201011  

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A
)(

4245

6

2552522  

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A
)(

5

6

3503033  

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A
)(

5452

7

4204044  

 (t)(t)(c)Aq+(t)(t)(c)Aq+(t)M=(t)A
)(

5

6

5505055  

Taking Laplace transform of above equations and solving for .0 (s)A we have, 

   (s)D(s)N=(s)A 220 /  

Where 

       
    *)7(

42

*

24

*

03

*)6(

35

*

5

*

02

*

12

*

01

*

5

*

45

*

24

*

5

*)6(

55

*

25

*

4

*

24

*

2

*

02

*

12

*

01

*)6(

55

*)6(

55

*

24

*)7(

42

*

3

*

03

*

1

*

01

*

02

1

111)(

qqqqMqqqMqqMqq

MqMqqqqqqqMqMqMsN





 

        
       *)7(

42

*

24

*

50

*)6(

35

*

03

*)7(

42

*

24

*)6(

55

*

30

*

03

*

50

*

45

*

24

*

65

*)6(

55

*

40

*

24

*

50

*

65

*

2650

*)6(

25

*

25

*

02

*

12

*

01

*)7(

42

*

24

*)6(

55

*

10

*

012

1111

111)(

qqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqsD




 

Here, for brevity we have omitted the argument‘s’ from 

(s)(k)

ijij q(s),q


and (s)M i . The steady state availability 

of the system is, 

   (s)D)(N=(s)As=A
'

s
220

mil
0

0 /0


, 

Where in view of 

554433221100 000000 μ=)(M,μ=)(M,μ=)(M,,μ=)(M,μ=)(M,μ=)(M  

        
      )()(

)()()(

ppμpp+pp+p+pμp+pp+

μp+μp+ppp+μp+μp+μppp=N

7

4224503

6

35452426255021201

4242021201

6

553031010

7

4224

6

552

1

111




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      

      
    

30031001

7

4224

6

551

56402450

6

251

6

552444524

6

25250

021201

6

35035

6

5101500

7

42242

11

1

11

pppppppm+

ppp+ppm+ppμ+pp+pμ+μp

p+pp+ppμ+pμp+pμpp=D

)()(

)()()(

)()()('







 

Where 1m is define earlier. 

 

 

VII. Busy Period Analysis 

Let (t)Bi be the probability that starting from state iS the system is under normal repair at epoch t 

and (t)Wi is the probability that the system initially under repair in regenerative state ES i  continues to be 

under repair in states for at least time t without passing through any other regenerative state or returning to itself 

through one or more states. By probabilistic arguments, the following recursive relations are, 

 (t)(t)(c)Bq+(t)(t)(c)Bq+(t)(t)(c)Bq=(t)B 3032021010  

 (t)(t)(c)Bq+(t)(t)(c)Bq=(t)B 2120101  

 (t)(t)(c)Bq+(t)(t)(c)Bq+(t)(t)(c)Bq+(t)W=(t)B
)(

4245

6

2552522  

 (t)(t)(c)Bq+(t)(t)(c)Bq+(t)W=(t)B
)(

5

6

3503033  

 (t)(t)(c)Bq+(t)(t)(c)Bq+(t)(t)(c)Bq=(t)B
)(

5452

7

420404  

 (t)(t)(c)Bq+(t)(t)(c)Bq=(t)B
)(

5

6

550505  

Where  (t)K=μ=(t)W;(t)F=μ=(t)W 3322  

 Taking Laplace transform of above equations and solving for .0 (s)B we have, 

   (s)D(s)N=(s)B 230 /  

Where omitting the argument‘s’ for brevity, 

       *)7(

42

*

24

*

3

*

03

*

02

*

12

*

01

*

2

*)6(

553 11)( qqWqqqqWqsN    

and (s)D2 is same as in availability. 

The fraction of time for which the system is under repair is given by, 

  )(D)(N=(s)Bs=B
'

s
0/0 230

mil
0

0 
. 

 

Where in terms of  22 0 μ=)(W ,   33 0 μ=)(W  

       )()(
qppμ+p+ppμp=N

7

42240330212012

6

553 11   

And 
'

D2 is same as defined earlier. 

 

VIII. Expected Number Of Visits By The Repairman 

 Let (t)Vi be the number of visits by the repairman in (0,t). By probabilistic arguments the following 

recursive relations are obtained, 

  (t)(t)(c)VQ+(t)V+(t)(c)Q+(t)(t)(c)VQ=(t)V 3032021010 1  

  (t)V+(t)(c)Q+(t)(t)(c)VQ=(t)V 2120101 1  

 (t)(t)(c)VQ+(t)(t)(c)VQ+(t)(t)(c)VQ=(t)V
)(

4245

6

255252  

 (t)(t)(c)VQ+(t)(t)(c)VQ=(t)V
)(

5

6

350303  

   (t)(t)(c)VQ+(t)V+(t)(c)Q+(t)(t)(c)VQ=(t)V
)(

5452

7

420404 1  

 (t)(t)(c)VQ+(t)(t)(c)VQ=(t)V
)(

5

6

550505  

Taking Laplace transform of above equations and solving for .
~

0(s)V we have, 
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   (s)D(s)N=(s)V 340 /
~

, 

Where omitting the argument‘s’ for brevity 

      
    )()()(

)()()(

QQQQQ+

QQQQ+QQ+Q+Q+QQQ+QQ=(s)N

7

4224

6

55

6

3503

6

552445021201

6

252425

6

55012014

~~
1

~
1

~~

~~~~~~~~~~
1

~~~




 

and  

     
     

 )7(

422450

)6(

3503

)7(

4224

)6(

553003504524

)6(

554024

50

)6(

2550

)6(

25021201

)7(

4224

)6(

5510012

~~
1

~~~

~~
1

~
1

~~~~~~
1

~~

~~~~~~~~~
1
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In steady state the number of visits per unit time, when the system starts at the entrance into 0S is,  
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~
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Where,       

       
021201

6

552445

6

3503

7

4224021201

6

554 11 p+ppppp+pppp+p+ppp=N
)()()()(   and 

'
D2 is 

defined earlier. 

 

IX. Cost Analysis 

 Let  0K = revenue per unit up time earned by the system 

  1K = repair cost per unit time 

  2K = cost per visit by the repairman. 

The expected total cost in (0,t) 

   C (t) = (t)VK(t)μK(t)μK bup 0210   

The expected cost per unit time in the steady state is, 

C (t) = 020100 VK(t)BK(t)AK   

 

 

X. Estimation With Exponential Distribution 
 Let the repair times follows the exponential distribution, 

        000,0 >b;be=th;>c;ce=tg>d;de=tk,>a;ae=tf
btctdtat 

 

Hence the transition probabilities are, 

θ)+β+(αθ=p /01 ,    θ)+β+(αβ=p /03 , θ)+β+(αα=p /02    

η)+(η=p 2α/10 ,  η)+(=p 2α/2α12 ,  aa=p 24 , 

  θ)+(αpθ=p /1 2425  ,   )6(

252426 /1 pθ)+(αpα=p  , 

 ad=p 30 ,   
3036 1 p=p   ,   ccp  40  

  θ)+(αpθ=p /1 4045  , 

  )7(

424047 /1 pθ)+(αpα=p  ,  bb=p 50 ,   )(
p=p=p

6

555056 1 , 

17265 =p=p . 

Now the mean sojourns times are, 
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Now, substituting the arbitrary values in the above equation we can estimate the mean time to system 

failure, availability, busy period, expected number of visit by the repairman and cost earned by the 

system. 
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0.5 dcba  

  10 20 30 40 50 

MTSF 0.58 0.29 0.19 0.14 0.11 

0A  0.88 0.62 0.48 0.40 0.34 

0B  0.20 0.09 0.05 0.03 0.02 

0V  0.77 0.61 0.49 0.41 0.35 

0.5 dcba  

  10 20 30 40 50 

MTSF 1.17 1.17 1.18 1.18 1.18 

0A  1.31 1.54 1.73 1.89 2.02 

0B  0.34 0.30 0.27 0.24 0.22 

0V  1.01 1.25 1.45 1.61 1.74 

0.5 dcba  

  10 20 30 40 50 

MTSF 1.12 1.08 1.06 1.05 1.04 

0A  1.25 1.35 1.41 1.45 1.48 

0B  0.44 0.54 0.60 0.63 0.66 

0V  0.84 0.84 0.84 0.84 0.83 

0.5 dcba  

  10 20 30 40 50 

MTSF 1.16 1.16 1.16 1.16 1.16 

0A  1.18 1.19 1.20 1.20 1.20 

0B  0.37 0.38 0.39 0.39 0.40 

0V  0.84 0.84 0.84 0.84 0.83 

Table 1- Estimation of Reliability Measures 

 

XI. Conclusions And Interpretations 

From the above table we perceive that, 

(a) As the value of the failure rate on operative unit increases, mean time to system failure, availability, 

busy period and expected number of visits by the repairman increases. 

(b) As the value of the failure rate on standby unit increases, mean time to system failure decreases. 
Availability, busy period and expected number of visits by the repairman increases. 

(c) As the value of the workload increases, mean time to system failure, availability and expected number of 

visits by the repairman increases. Busy period by the repairman decreases 

(d) As the value of the workload decreases, mean time to system failure remains constant. Availability and 

busy period by the repairman increases. Expected number of visits by the repairman decreases. 
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