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Abstract: Let M be a semiprime /=ring satisfying a certain assumption. Then we prove that every Jordan left
higher k-centralizer on M is a left higher k-centralizer on M. We also prove that every Jordan higher k-
centralizer of a 2-torsion free semiprime 7-ring M satisfying a certain assumption is a higher k-centralizer.
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I.  Introduction:

The definition of a I"-ring was introduced by Nobusawa [7] and generalized by Barnes [2] as follows:
Let M and I" be two additive abelian groups. If there exists a mapping MxI'xM —— M (the image
of (a,a,b) being denoted by aab; a, b € M and o € T) satisfying for alla, b,c e Mand o, B € T
(i) (@ + b)ac = aac + bac,

a(a + B)c = aoc + afc,

aa(b +c¢)=aab + aac
(iii) (aab)pc = aa(bpc).
Then M is called a T"-ring.

In [3] F.J.Jing defined a derivation on I'-ring, as follows:
An additive map d: M—— M is said to be a derivation of M if

d(xay) = d(X)ay + xad(y), forallx,ye Manda eI

M.Soponci and A.Nakajima in [8] defined a Jordan derivation on I"-ring, as follows:

An additive map d: M—— M is called a Jordan derivation of I"-ring if
d(xax) = d(X)ax + xad(x), forallx e Mand o € T

A.H.Majeed and S.M.Salih in [6] defined a higher derivation and Jordan higher derivation on I'-ring as

follows:

A family of additive mapping of M, D = (d;) jcp is called a higher derivation of M if for everyx,y e M, a € T,
neN

d,(xay) = X d;(X)ad;(y)
i+j=n
D is called Jordan derivation of M if
d,(xax) = 3 d;(x)ad;(x)
I+J=n
In 2011 M.F.Hoque and A.C.Paul, [5], also B.Zalar in [11] defined a centralizer on I'-ring, as follows
An additive mapping T: R—— R is left (right) centralizer if
T(xay) = T(X)ay (T(xay) = xaT(y)) holds for all X, y € M and a.el".
In [5], defined a Jordan centralizer on I'-ring,
An additive mapping T: M—— M is Jordan left (right) centralizer if
T(xox) = T(X)ax (T(xax) = xaT(x)) for all x e M and ael.

In [9] Salah M.Salih and Balsam Majid H. defined a higher centralizer on I'-ring, as follows:
A family of additive mapping of M, such that t, = idy, then T is said to be higher centralizer of M if

t, (Xay +ypx) = th (X)ay + yBt;(x)

forallx,y e M, o, eTandn e N.
In [9], defined a Jordan higher centralizer on I'-ring, as follows:
A family of additive mappings of M, such that t, = idy, then T is said to be a Jordan higher centralizer of M if

t (XoX + Xax) = ﬁ]ti (X)ax + xat; (x)

i=1
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forallx e M,a e "andn € N.

Z.Ullah and M.A. Chaudhay [10] developed the concepts of a K-centralizer on a semiprime I'-ring and
Jordan K-centralizer on I"-ring as follows:
Let M be a I'-ring and K: M —— M an automorphism such that K(xay) = K(x)aK(y) for all x,
y € M, a € T'. An additive mapping T: M—— M is a left (right K-centralizer if T(xay) = T(X)aK(y) (T(xay)
= K(X)aT(y)) holds for all X, y € M, o € I'. T is called a K-centralizer if it is both a left and right K-centralizer.

In this paper, we define and study higher K-centralizer, Jordan higher K-centralizer, and we prove
that every Jordan higher K-centralizer of a semiprime I'-ring is a higher K-centralizer. Throught this paper we
denote the set of all natural numbers include zero.

Il.  Preliminaries
In this section we will introduce the definition of K-higher centralizer, Jordan K-higher centralizer and
describe some notions.

Definition (2.1):
Let M be a I'-ring. An additive subgroup U of M is called a left (right) ideal of M if MI'U c U(UT'M c U).
If U is both a left and right ideal, then U is called an ideal of M.

Definition (2.2):

An ideal P of aI'-ring M is called prime ideal if for any ideals A, B of M, AI'B c P, impliessAc P
or BcP.
Definition (2.3):

An ideal P of a I'-ring M is called semi-prime if for any ideal A of M, AT'A c P, implies Ac P.

Definition (2.4):
AT-ring M is said to be prime if aI’ MT b={0},a, b e M, implies a=0 or b=0.

Definition (2.5):
AT-ring M is said to be semiprime if aI’ M T" a = {0}, a € M, implies a=0.

Definition (2.6):

A T-ring M is said to be commutative if xay =yax forallx,y e M, a. e T.

Definition (2.7):

AT-ring M is said to be 2-torsion free if 2x =0 implies x=0 forall x € M.

Definition (2.8):
Let M be a I"-ring. Then the set

Z(M)={x € M: xay=yox forally e M, a e T'}
is called the center of the I'-ring M.

I11.  The Higher K-Centralizer of Semiprime I'-Ring
Now we will introduce the definition of left (right) higher K-centralizer and higher K-centralizer, Jordan
higher K-centralizer on I'-ring and other concepts which be used in our work.

Definition (3.1):
Let M be a I'-ring and T = (t;) o be a family of additive mappings of M, such that t, = idy and K =
(ki) jen @ family of automorphism. Then T is said to be left (right) higher K-centralizer if
T, (xay)= % t;(X)ak;(y) (Tn (Xxay)= X ki(x)at ,—(y)j
i+j=n i+j=n

holds for all x,y € M, a € . T, is called a higher K-centralizer if it is both a left and a right K-centralizer.
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For any fixed a € Mand a € I, the mapping Tn (X) = Z aocki (X) is a left higher K-centralizer and
i=n
T, (X) =2 K;(X)aa isaright K-centralizer.

i=n

Definition (3.2):
Let M be a T-ring and T = (t;) )y be a family of additive mappings of M, such that t, = idy and K =

(ki) jen @ family of automorphism. Then T is said Jordan left (right) higher K-centralizer if

T, (xax) = ¥ t,(x)ok;(x) [Tn(xax)= > ki(x)atj(x)j

i+j=n i+j=n

holds forall x e M, oo e T..

Definition (3.3):
Let M be a I'-ring and T = (t;) oy be a family of additive mappings of M, such that t, = idy and K =
(ki) jen @ family of automorphism. Then T is said Jordan higher K-centralizer if
T, (Xay + yox) = i+_Z_n t; (X)ak;(x) +K;(y)at;(x)
holds forall X,y e M, o e T 3

Lemma (3.4): [5]

Let M be a semiprime I"-ring. If a,b € M and o, € I" are such that aoaxBb=0 forall xe
Mthen aacb=baa=0.
Lemma (3.5): [5]

Let M be a semiprime I"-ring and A: MxM —— M a additive mapping. If A(X,y)awp(x,y) =0 for all x,
y,we M and a,p €T, then AXX,y)awB(u,v) =0 forallx,y,u,ve M and o,p eT.

Lemma (3.6): [5]

Let M be a semiprime I"-ring satisfying the assumption xaypz = xByaz forall x,y,ze M and o,pB T.
If a € Mis a fixed element such that a a[x,y]p =0forall x,y € M and a, B € I, then there exists an ideal U
of M such that aeUczZ(M).

Lemma (3.7): [5]
Let M be a semiprime T"-ring satisfying the assumption xaypz = xByaz forall x,y,ze M and o,p T.
Let D be a derivation of M and a € M, a fixed element
(i) If D(X)aD(y) =0 forall x,y e M and a, 3 € I', then D =0.
(i) If aax—xaa e Z(M) forall x e M and a €T, then a € Z(M).

Lemma (3.8): [5]

Let M be a semiprime T"-ring satisfying the assumption xaypz = xByaz forall x,y,ze M and o,p T.
Let a, b € M be two fixed elements such that aax=xob forallx e Manda € I'. Then a=b e
Z(M).

Lemma (3.9):

Let M be a semiprime T"-ring satisfying the assumption xaypz = xByaz forall x,y,ze M and o,p T.
Let T: M—— M be a Jordan left higher K-centralizer, then

@ T, (xay +yox) = ¥ t;(X)ak;(y) +t;(y)ak;(y)
i+j=n
() T, (xaypx +xByax) = 3 t;(x)ak;(y)BK(x) +t;(X)Bk;(y)ak,(x)
i-+j+s=n
(c) If Misa 2-torsion free T"-ring satisfying the above assumption, then
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i) T (xayBx)= X t;(x)ak;(y)BKs(x)

i-+j+s=n
(i) T, (xayBz +2Byox) = 3 t;(x)ak;(y)B, (2) + 1 (2)BK;(y)ok, (2)
i-+j+s=n
Proof:
Since T, is a Jordan left higher K-centralizer, therefore

@) T,(xax)= X t;(x)ak;(X).
i+j=n
(a) Replacing x by x +y in (1), we get
@ T,(Xay +yox) = X t; (X)Otkj(y) + ti(y)Oij(X) forall x,yeM and o eT.

i+j=n

(b) Replacing y by xay +yax and o by B in (2), we get
T, (XB(xay +yox) + (xay + yax)Bx) = > t;(X)Bk;(Xay + yax) +t;(Xay + yax)ok ()

i+j=n

The last relation along with (2) implies

T, (XBxay + XByox + xaypx + yaxpx) = > t;(x)BK;(X)ak,(y) + t;(X)Bk;(y)ak,(x) +

i+j+s=n

t; (x)ak; (y)BK, (x) + t; (y)ak;(x)Bk(X)
which gives

T, (XBxay + yaxBx) + T, (XByax + xaypx) = > t;(x)BK;(X)ak,(y) +t;(X)Bk;(y) ok, (x) +

i+j+s=n

t; (x)ak; (y)BK, (x) + t; (y)ak; (x)Bks(X)
the last relation along with (2) implies

3 T,(XByox +xayBx) = 3 t;(X)BK;(y)ak,(x) +t;(x)ak;(y)Bk,(X)

i+j+s=n

(c) Using the assumption xoyBz = XByaz and 2-torsion freeness of M, from (3) we get
@ T, (xByox) = > t;(x)BK;(y)aky(x)

Replacing X by x+z in(lé:r)ivse: g?et

T,(x+2)Byoux+2))= X t;(x+2)Bk;(y)ok(x+2)

Which implies e

T, (xByaz +zByax) = X t;(X)BK;(y)ak(2) +t;(Z)BK;(y)ok,(x)
The last relation along with the assum:;ij;s;r;yﬁz = xByaz gives

© T, (xayBz +zByax) = 3 t;(X)ak;(y)BK,(z) +t;(2)BK;(y)ok,(x).

i+j+s=n

Theorem (3.10):
Let M be a semiprime I'-ring satisfying the assumption Xxaypz = xByoz forall x,y,ze M and o, B €. Let T: M——> Mbea
Jordan left higher K-centralizer. Then T, is a left higher K-centralizer.
Proof:
Using lemma (3.9-c(i)), we have

(6) T,(xayBzYyox +yaxpzYxay)= ¥  t;(X)ak;(y)BK(2) YK (y)ak, (X) +

i+j+s+t+r=n

ti(y)ak;(X)Bks(2) Yk (x) ok, (y)

Moreover, lemma (3.9-c(ii)) gives
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(7) T, (xayBzYyox + yaxBzYxay)= ¥  t;(xay)BK;(2) Yk (y)ak, () +

i+j+s+t=n

t; (yax)Bk;(z) Yk (x)ak (y)
Subtracting (6) from (7), we get

( > ti(xay)—t,-(x)aks(wjﬁks(z)Yh(y)akr(x)+

i+S+t+r=n

( 2 t(yax)=t(y)ak, (X)JBKS(Z)th(X)Gkr(Y) =0

i+j+s+t+r=n
Which implies
® H(X, y)BsH%:n K, (2) Yk, (y)ak, (X) + H(y, ><)Bs+t§:n K, (2) Yk, (X)ak,(y) =0
When H(X,y) = Z ti(xay) — JZ ti () ayk;(y)

Which along with (2) implies H(x,y) = — H(y,x)
Using the last relation, from (8), we get
H(x,y)Bk(2) Y [ki(x)ki(y)]o = O

Replacing x by K;*(X),y by K. *(y) and z by K_'(z) inthe last relation, we get
H(k: (%), K (v))BZY[x,y], =0

The last relation along with lemma 3.5 implies

H(k " (X), K, (y))BzY[u,v], =0.

Replacing x by ki(x) and y by k.(y) in the last relation, we get

(9) HX,Y)BzY[u,v] « = 0.

Using lemma 3.4 in (9), we get

(10) H(x.y)B [u,v] 4 = 0.

We now fix some X, y € M and denote H(x,y) by H. Using lemma 3.6 we get the existence of an ideal U such
that H € U < Z(M).

In particular, baH, Hab € Z(M) for all b € M, then

xa(HBHYY) = (HBHYY)ax = (YYHBH)ax = yY(HBHoax) = (HBHax)Yy
which implies

AT (Xou(HBHYY) = 4T, (yY (HBHax))

Which gives

2T (xaHBHYY + xaHBHYY) = 2T, (YYHBHox + yYHBHax) =

2T (xaHBHYY + HBHYY xa) = 2T (YYHBHoax + HBHaxYYy)

Using (2) in the last relation, we get

22 (x)ak;(H)BK(H)Yk(y) +2 2 t;(HBHYY)ak;(x) =

i+j+s+t=n i+j=n

Ziﬂ_HZH:n ti(Y)Yk;(H)Bk, (H)ak, (y) + Ziﬂ_Z:n ti(HBHox) Yk;(y)

Which implies

2 Y (x)ak;(H)BK(H)Yk(y)+ 2 t;(HBHYY +yYHBH)ok;(x) =
i+j+s+t=n i+j=n

2 ¥ t(Yk;(H)Bk(H)ak,(x)+ ¥ t;(HBHax +xaHBH)Yk;(y)
i+j+s+t=n i+j=n

The last relation along with (2) gives
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> ti(x>ock,-(H)Bks(H)th(y)+_z( S t, (H)BK,(H) Yk, (y) +

i+j+s+t=n i+j=n \_r+s+t=i

T LYK (B Rk ) =2 X 1)V Rk, 00 +

2 X LY T 10k HBRHYI())

27T 000k (B HIYK D)+ X 1 (B (H) YK (aky () +
SOV HIBK (HIak (0 =2 5 () Yk (HBk,(H)ak () ¢

r+s+t+j=n I+ J+S+t=n

X OB (MoK GOV () X 1ok (B (H) YK )

X LMok HPGHYK M)+ X BRIV, ()oK 00 -

T GOYK BRIk 0+ T Rk (H)ak 00V, ()

Replacing H by k;vl(H),Where W;=s ort or j weget
T G0QaHBHYk (V) + Tt (k7 (H)BHYk (Y)ak;(x) =

i+t=n r+t+j=n
2 G YHBHok, () + ¥ t, (K" (H))BHok (x) YK (y)
i+t=n r+t+j=n

Since H e U< Z(M) and xaypz = xpByaz forall x,y,ze M and a, e T, therefore
HYki(y)okj(x)=HYki(y)aki(x)= kj(x)a(Hyki(y)) = (kj(x)aH) Yki(y) = Haki(x) Yki(y)
Using this in the last relation we get
@) ¥ (x)ok (Y)YHBH = ¥ ti(y)YHBHok (X) .
1+t=n 1+t=n
Now since H e U < Z(M), one has
xayYHBH = xa(yYH)BH = (xaH) Y (yBH) = (Hax)Y (HBY), therefore
AT (Xoy) YHBH = 4T, (Hax)Y (HBY), which implies
2T (xayYHBH + HBHYXay) = 2T,(HaxYHBy + HBYYHoax).
The last relation along with (2) gives

2 ¥ ti(xay)Ykj(HPBk(H)+2 X t(H)BK;(H)Yk(x)ak,(y) =

i+j+s=n i+]j+s+t=n

2 3 t(Ho) YK (H)BK,(Y) +2 3 t,(HBY)YK;(H)ek, (x)
er:ijgf:;;plies e

2 ¥ ti(xay)Yk;(HPBk(H)+2 > t(H)BK;(H) YK (x)ok(y) =
i+j+s=n i+j+s+t=n

2 ¥ t(xaH+Hox)Yk;(HBk(H)+ > t;(yBH +HBY)Yk;(H)ak,(x)
i+j+s=n i+]j+s=n
Which further gives
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2, 2 LxonYki(HPk(H)+2 2 tHE)BK;(H)Yk (x)ak () =
2 0ok (H)Y(H)BK,(y) + t (H)ak, (H) Yk (H)BK,(Y) +

Z 1:r (y)Bkt (H)ij (H)aks (X) + tr (H)akt (y)YkJ (H)Bks(y)

r+t+j+s=n
-1
Replacing H by kW (H) in thae last relation, where w=j or s or t, we get

2 3 ti(xay)YHBH+2 3 (ki (H))BHYK (x)ok,(y) =

i+j+s=n i+s+t=n

> t,()aHYHk Bk () + ¥t (ki (H))Bak,(x) YHBK,(y) +

r+s=n r+t+s=n

2 t(y)BHYHok (x)+ ¥t (H)Bk (X)YHok(x)
r+s=n r+t+s=n
Since H € Uc Z(M) and xaypz = xByaz forall x,y,ze M and o, B € T, therefore

2Zt (xay)YHBH= ¥ t (X)ok (y)YHBH+ ¥ t (y)YHBHak,(X)
The Iast relation along with (11)9,\:;5 n r+s=n

Zt (Xay)YHBH= X t (X)ak,(y)YHBH
r+s=n

Thatls HYHBH =0.

Using lemma 3.4 in the last relation we get

HBH =0

Now HBMaH = (HBH) aM = {0}.

Thus H =0, that is

T, (xay) = 2 t;(X)ak;(y) =0.s0. T, (xay) = X t;(x)ok;(y).

i+j=n i+j=n

Lemma (3.11):

Let M be a semiprime I"-ring satisfying the assumption xoypz = xByaz forall x,y,z e M and o, B € I' and for some fixed element
n
me Mif Tn (X) = Z mocki (X) + ki (X)am is a Jordan higher K-centralizer, then m e Z(M).
1=

Proof:
By hypothesis

@ T, (X) = 3 mok; (x) + k (x)om
i=1

Since T, is a Jordan higher K-centralizer, therefore
a3) T, (XBy +ypx) = .+,Znt i(X)BK;(y) +k;j(y)Bti(x)
Usmg (12) in (13), we get
Zmock (XBY + yBx) + K;(xBy + yBx)am = ¥ (mak;(x) +k;(x)am)Bk;(y) +
i+j=n
k;(y)B(mak; (x) + k; (x)om)

Which implies

2 mak; (x)Bk;(y) +mak; (y)Bk;(x) + k;(x)Bk;(y)am + k; (y)Bk ;(x)am

i+j=n

= > (mak;(x)+k; (x)am)Bk (y)+k. (y)B(mock (x) + Kk;(x)am)
i+j=n

> mak; (X)B; () + Motk (y)BK;(x) + k; ()BK; (y)eum + k; (y)Bk (x)oum

i+j=n

= 2 mak; (x)BK;(y) + k; (x)ampk;(y) + k;(y)Bmak;(x) + k;(y)Bk;(x)am

i+j=n
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Which further gives

2 mak;(y)Bk;(x) + kj(x)Bk;(y)am = X k;(x)ampBk;(y) +k;(y)Bmok;(x)
I+J=n i+j=n

Using the assumption xaypz = XByaz in the last relation, we get

2 (mak; (y)Bk;(x) —k;(y)ampBk;(x)) = 2 k;(x)Bmoak;(y) - k;(x)Bk;(y)am

i+j=n i+j=n
= i+,-Z:n (mak; (y) - k; (y)om)Bk;(x) - iH_Z:n k; (x)B(mak;(y) —k;(y)am) =0

n
_Zimockj(y) —K;(y)am ez
i=
The last relation along with lemma 3.7 implies m e Z(M).

Lemma (3.12):
Let M be a semiprime I"-ring satisfying the assumption xaypz = xByaz forall x,y,ze M and o, T.
Then every Jordan higherK-centralizer of M maps Z(M) into Z(M).
Proof:
Let m € Z(M). Then
(14 T,(max) =T, (max +xam) = > t;(m)ak;(X) +k;(x)at;(m)

i+j=n

Let Sp(X) = 2T(max). Then

Sn(xBy + yBx) = 2Tn(mau(xBy + YBx)) = 2To(maxBy + maypx).

Sincem e Z(M) and xaypz = xpByoz , one has

Sn(XBy + yBx) = 2Ty((xam)By + yp(xam))

2 2t (xam)Bk;(y) + 2k; (y)Bt(xam) = 3 S;(x)Bk;(y) +k;(y)BS;(x)-
I+j=n i+j=n

Hence S, is a Jordan higher K-centralizer. So (14) along with lemma 3.11.2013 T,(m) € Z(M).

Theorem (3.13):
Every Jordan higher K-centralizer of a 2-torsion free semiprime I'-ring M satisfying the assumption xaypz
=xPByaz forall x,y,z e M and a, B € T isa higher K-centralizer.
Proof:
Suppose that T, is a Jordan higher K-centralizer, then

T, (xay +yox) = ¥ t;(x)ak;(y) +ki(y)at;(x)

i+j=n
= X ki(x)at;(y) +t;(y)ak;(x)
i+j=n
Replacing y by xBy + ypx in the last relation we get

Yt (X)ak;(xBy + yBx) + k; (XBy + yBx)at;(x)

i+j=n

= 2 H(xBy +yBx)ak;(x) + k;(x)at; (XBY + yBX)

i+j=n
= SZJ t (X)BK, (y)ak;(x) + Kk (y)Bts (x)ak;(x) + k;(x)at, (X)BK,(y) + k;(x)ak(y)Bt, (X)
Which implies

2 G(x)ak (x)Bk, (y) + t;(x)ak (y)Bk, (x) + K (X)Bk, (y)ot;(x) + k; (y)Bk, (X)at; (X)

i+t+u=n

= X LBk (y)ak;(x) + Kk (y)Bt (x)ak;(x) +k;(x)at, (X)BK,(y) +k;(x)ak,(y)Bt,(x)
r+s+j=n

Using the assumption xaypz = xByaz , from the last relation, we get
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2 G(x)ak (x)Bk, (y) + ki (y)BK, (x)at;(x)

i+t+u=n
= X K (Y)Bt, (x)ak;(x) +k;(x)at, (X)BK,(Y)
r+s+j=n
So, we have
”HZu:n (t; () ak, (X) =k, (X)ot; (X)) Bk, (Y) = HHZH Ky (V) (t; () ok, (X) =k (X)ot; (X))

That is, [ti(X),ki(X)]aBku(y) = ku(Y)BLLi(X),ki(X)]a, Which implies [ti(x),ki(x)] € Z(M).
Now we prove that [ti(X),ki(X)]. = O.
Let m € Z(M), lemma 3.12 implies that T,(m) € Z(M). Thus

2T (max) =T, (MaX + Xam)
= X t(m)ak;(x)+k;(x)at;(m)
i+j=n

= 2t;(X)ak;(m)

Which implies
(15) T, (Max) = 3 t;(X)ak;(m)
i+j=n
= 2 ti(m)ak;(x)
i+j=n
Now

[ti(X), ki (3})]oBku(m) = ti(X)ake(X)Bky(M) — ki(X)octi(X)BKu(mM).
The last relation along with (15) implies

[ti(X), ki(})]oBky(m) = 0

Since [ti(x),ki(X)].. itself is a contral element one has [ti(x),ki(X)]. = 0. Now
2T, (xax) =T, (Xax + XoxX)
= ¥ t;(x)ok;(x) +k;(x)at; ()
i+j=n

i+j=n

i+j=n
Thatis, T, (xax) = % k;(X)at;(X).

i+j=n

Hence, T, is a Jordan left higher K-centralizer. By theorem 3.10, T, is a left higher K-centralizer.
Similarly, we can prove that T, is a right higher K-centralizer. Therefore T, is a higher K-centralizer.
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