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Abstract: This paper present valuation models which is define as the expected discounted value of a stream of
each flows at a time. Three equivalent forms of this value process is established with each of which has its own
merits. Local dynamics of the values process is also considered.
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. Introduction
The advantage of the stochastic calculus of semimartigales, especially on Ito diffusion model gives us
an opportunity to consider the cash flow in continuous time. When an individual or a firm is faced with a
stream of cash flows (C;J:-5, we define the value of such a stream at time £ as
Ve = Ll e 0a ]
where E; [ - ] denotes the expectation with respect to all known information up to time t. and = is some constant
discount rate. We can re-write the above ¥} as follow:
V. = B[} Coemre0as] ®
W =Ele™ [, C.e7ds]
et = E [ Coe"d, + [ Cemds |
et = E [ e d, — [ Coemds]
Thus,
Ve "t = B[ C.e™d,] - [, C.eds ©)
Assuming E[|J’: Csa‘”dsﬂ = g, then this is a decomposition where the discounted present value is the sum of
a uniformly integrable martingale and a predictable process. If we let M denote the martingale then (2) becomes
dVe ™) = dM, — C,e "dt
Using differential rule for products, the dynamic of the present value V. is given as
e~ "t W + Vode "t = dM, — C.e”"dt
e~ G —re "W dt = dM, — C.e "t
= dV, —rVidt = e"dM, — C.dt
dii = e"dM, + (rV, — €, )dt
Let 4, = &~ then (1) becomes
=E|[f Csj—ids]
Thus, Vd, = B[ €, A,ds]
for i = 0, we have
[+ =
Wl = E [ C Ads + [, C.A,ds]

_ A, = E [frr+" €, A ds + Jﬁh C.A, ds]

[+
0 = E [ Coads + o den— B4,
I+nR
0= & ['rf . Es*‘jsds] + E [V g Aein — WA,]
let h — 0 then
0 = CAdt+ Eld(Va)]

The introduction of :1; is to allow for more general discount factors, especially stochastic ones. Also, we want
to generalize the cash flows, allowing process of finite variation as integrators with which we integrate deflator.

1.1 Preamble
Let (£2 %, (R F) be a complete probability space equipped with a filtration [ }:zp. The filtration is assumed
to be right continuous and complete. Any adapted process will be adapted with respect to the filtration F;. Let
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F.. be g-algebra ; = 0 F, and assume that F.. = F. Thus a process is cadlag, if almost every samples path of
the process is right continuous with left limits.

A process where path are a.s positive increasing and right continuous is said to be an increasing
process. An increasing function has left limits and thus any increasing process is endlag.

For every increasing process 4 we use 4;— = 0 a.s but not necessary that A; = 0 a.s. A process is of
finite variation if it is cadlag and adapted and if almost every sample path is of finite variation on each compact
subset of [0, =2].

A process is of finite variation if it is the difference between two increasing processes. A process X is
said to be optional if the mapping X: [0.2c]—R is measureable whenever [0, ) x £2. is given as the optional
o —algebra.

Since the optional @ —algebra is generated by the family of all adapted process which are cadlag. Thus, every
finite variation process (FV7}, A is optional. Assuming A is a finite variation process and X is a real valued
process on [0.22) = Q that is E ® F - measurable (where B denotes the Borel = —algebra on [0. 22} then
stiettjes integral is defined as

- Ae(w) = Sigey X (w)dA; (w)

whenever it exists. If X - A exists for all £ € [0.227) and almost all @ € £ then (X. A7) defines a process with
(X. A%, = X Ap. If X is optional, then there is an optional version of (X¥.A4}. If A is an FV process, then
4l (e) = Jﬂ,_,r |d A, (es) | denotes the total variation of A. Al is adapted and cadlag and |4l = lAl;. 1f4 isan

FV process and X is measurable process then the integral J’,_fxs (e d | A; (w)| denotes integration with respect

to dl4]. A seminartingale is an adapted and cadlag process (X.);:; having a decomposition
X, = X, + M; + A; where M is a local martingale and A4 is an V' process.

1. Cash flows and deflators
Definition 1: A cash flow process is a C; (.= g is a finite variation process.

This definition of the cash flow process makes it trivially a seminartingale. It can also be used as integrator.
Definition 2: A deflator is a strictly positive seminartingale that is finite a.s.

Deflator is considered to be a semimartingale in order to make differentiation rule valid for semimartingales. It
is noted that if -1 is a deflator then both 1/4 and [n are well defined, and since 1/x and In x are twice
continuously differentiable on

(0, @), both 1/4 and In A are semiartingales

Definition 13{ §3iven a deflator <, the discount process implied by <1 is defined by
Alt

mls,8) = A(s)
The proposition below presents some important properties of the discount process. It is easier to work with
deflator as defined above in continuous time.
Proposition 1: Let m be a discount process implied by the deflator :1. Then

i. mis, t.w) is Frae — measurable for every s,t € [0,00]

ii. 0<=mls t)=<oasforeverys.te[00m0)

iii. mis,t) =mls,w) mlu,t) a.s forevery 0 s <u<t
A discount process fulfilling 0 < mls,t} = 1 as. for every 5.t € [0,22) will be termed as normal discount
process. Hence, mt is normal discount process. Thus, m is normal if and only if i1 is non-decreasing. Thus, a
discount process 1, with deflator 1 can be written in the form

mis.tw) = exp (— [ A(ew)du)

If and only if I'n A(t.w]) is absolutely continuous in £ for almost every w £ 12 with density —A(t, w).

st =0

. Valuation
Definition 4: Given a cash flow process  and a deflator 1 such that
E[[ A; 1de, |] < o the value process is defined for t & [0, e2) as

L
1-':"t = IE[JFDx:IIJ]Sd CS |:Ft]
By noting that Jﬂ[n._x:, = JF[M: + ﬁ:t_xj and using the fact that every optimal we

have from
Vide = E[fy oy A:dCs | F]
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Vedy = E[fig oy A:dCs | Fr] — E[fp o A:dC, | F]
= E[fip oy A:0C; | Fe] = f1p) A:dCs
= J.?I"fr - {JJ] - E:]r {3:]

SinceE | M, |=E | E[J’[D_x:lﬂsdr:s |F]l= E[J’[D_xjﬂs | dC, | Fo] = o
for every t € [0,c2]) , M; is a uniformly integrable martingale. The filtration (F;) is right continuous, thus there
exists a modification of M that is right continuous. Recall, M_. = lim,_.. M, = [, A4dC, as. Since M and 4 - C
are right continuous and adapted the value process is also continuous and adapted. Thus, the value process is
optional. From (3) we have
. M, (A-C),

A S L

A A

Since M is a (true) Martingale, it is especially a semimartingale. -1 - T is a process of finite variation and is thus

also a seminartingale. Since A is a strictly positive seminartingale hence 1/4 is also a strictly positive

seminartingale and since the product of two seminartingales is a seminmartingale. Hence, ¥ is a semimartingale.
As in discrete time case there exists three equivalent ways of writing value process. Assumption made

here are measurability condition on £ and 1 and integrability condition making M into a uniformly integrable

martingale. In addition to this, there must be a condition stating that the discounted value goes to zero as £ tends

to infinity (22) i.e ¥im; — Dast — o as.

Theorem 2: Let £ and -1 be a cash flow process and deflator respectively such that
E[J’[D_xjﬂs | dC; 1] <= 22 Then the following three statement are equivalent

(M forfzvery t e [0,e2)

W= —E[J‘ A dC, | R 4]
Ay [E==)
(i@ foreveryt £ [0,c2)
M, =VA + | AdcC, (3)
011

is a uniformly integrable martingale and
(b) ¥Wd; = 0aswhent — oo
(iii) foreach t = [0.227 we have
(@) foreveryh =10

Vidy = E[V opAren +[ AdC, | F] and
(tt+k]

(b) limp o E[V o7 Aer IR] =0

Proof:
We begin by showing that (i) < (ii) and (i) < (iii)
(i) < (ii) To prove the if part

(i) V. = %E[ fionry A8 C, 1 Fe] Using the fact that
fom = Tyt Jey Thus,
, 1 1
V, = IE[Jﬂ[D_xjﬂstS— IJ“[,_,_r_ﬂsdr:s | F]
, 1 1
V, = IE[Jﬂ[D_xjﬂsdES | F.] - IJ’[M_ AdC,
Note that E[fg ., A:dC; | F] = M, It implies that
, 1 1
V=M - IJ’[,_W_ AdC,
P.r.ﬂr = J.rl"fr - [D_f- IJ]S dlfs
M = VA + [y 4:dC,
Since M is uniformly integrable martingale and the fact that
M, =M. =], A dC;asas t—=w®
Thus,
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Hmr__,x 1’:}.{1:‘ = Hmr__,x{ﬂ'fr - _r[nlr.- IJ]SdES:] = EI .5

Turning to the only if ‘part’. That is (ii) = (i). Let ¢ — @2 in equation (5)
AS t— oo, J-Fl"fr —* ﬂ-‘fx_, Ffﬂl.' —* U
Thus, M., = Jip =y A:6C;

Taking conditional expectation with respect to the & — algebra F;
ie. ElM_ 1 R]= E[J’[D_xjﬂsdr:s | F]

EIM. | F]l =M, = E[f . A:dC. | F]
= E[fipyy 4:6C: + [ipoy 4:dC, | F]
My = [ 4:dC; + E[ . A:dCo 1 F]

Thus,

Vide + fipeyAedCs = My = [ AcdC, + E[ [, ., AdC | Fe]
e = By A:dCo 1 F]

which is our desire result.

(i) © (ii). For “if* part take = 0 . From equation (4)
1Ay = B[,y AdC, | F]

= E[Jﬂ:;t_nkj AzdC; + -r::t+F:_==:| A:dC: 1 F]
= Elfieeary AdCs+ Elfp iy 468G | Fepp] | B
=E[ferary 4:4C; +Vespdesn | 7]
Since
| fipy A:0C 1= [y o AsldCel = Jip oy As1dC|
and Jﬂ[n_x:. A;1dC,| is integrable, thus, using the dominated convergence theorem to get for every 4 « F;
limy. EIV g dper 1yl = limpL o E[f p o A:d€s1,]
=limp e Elf pur oy A:6C.1,] = 0
where the last equality follows from the fact that ﬂn_x: AdC; s finite a.s.

To prove the other direction of the equivalence for T = 0 from
Wy = Elfp oy 4dC N F] = Elfpp gy A:0C; + Jipar oy A:dCL | F

= E[.r!_f.tq."_l':l AdCy + E[Jﬂ;:tr_r.xjﬂsdcs | Fror] | Fe]
= E[-r::t,t+‘!'jﬂsdcs + Vearder | R
Taking limitas T — ¢ a.s
Vede = im E[Vordper | Bl +1imp . Elfeper 4:6C: | F]

Using the theorem of dominated convergence we have
Vide =limgoo E[fpor, A:4C; | ]

V. Local dynamics of the value process
To begin on the local dynamics of the value process, we start from the relation
Vid, = M, — (A -0,
Since all the process in the above expression are seminartingales thus differentiation rule for product of
seminartingale can therefore be used.
Hence, we have from

d(AV,) = VodA, + A, dV, + d[AV], (6)
Note that

d(V, A.) = dM, — A, dC, (7
= dM, + A, dC, = V,-d A, + A-dV + d[V. 4], (8)
Note also that, AAAC = A dCp — A -dC;

AdC, = AAAC, + A-dC, (9)
Divide equation (6) by Az~ we get
d1r dvage
A ] = V- =t dV, £ ==
.:m = V- (- “f) +—.:z[1f=;ﬂr] —=d, D, (10)

Substitute for (7) and (9) in (10)
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it = v (22 4 2t — i),
dv, = V- (- f‘f]+—(dm aﬂrar:r—ﬂt-dr:rj—;dmﬂ]r

dv = v- (- i—"] —dCe+ - L (@M, — AAAC,) - ﬁd{t’, A,
Let dR; = =% and N, = J“rL.:m*

dV, = V,-dR, — dC, + dN, — {ﬂﬂtﬂft + d[V. A]),
A1 becomes the stochastic exponentlal of R if 4, = 1. Hence R can be referred to as discount rate associated
with 4. For an improvement of economical interpretation of equation (6) note that if given a cash flow rr" dt for
t [0, 22), where *rr‘r is measurable and adapted and such that for almost everywhere w e we have
0 = # (@) for every t € [0, ) and if the value process of this cash flow stream fulfills ; = 1. Then#’  can
be referred to as a locally risk free interest rate if all these specification are inserted into equation (7)
We have from
d(VA.) = dM, — A,dC, _
dd, = dM; — A, ' dt
1

Tae = ad; dM,
?’E __IJ]r—-'_IJ]r t

Where M* is a martingale. Thus, if the deflator 41 assigns the cash flow stream given by 7’ dt the value 1 for all
t £ [0, 2], then in using the same 1 for valuing another cash flow stream C, the differential of ¥ can be
expressed in terms of the risk free rate.
From flfr = E[J’"ﬂ dC, | 7] inserting 7’ dt we have

= E[f, f A.dC. 1 ]

With Lr = land msertlng 'rr" in equatlon (7) and integrate we have

A= E[J"M:rr A,dC 1 Fe] = [y Asr ds
A= M = [, a8 Tds (11)
Since rr" =0 as. thus At J’[E,r Ar ds is an increasing process. That means : is a non-negative

supermartingale. An adapted and cadlag process is said to be potential if it is non-negative super martingale that
tendstoOa.s. ast — @

Since

E[A] = E[fy vl adc, 1 7] - [ E[xf4,]ds >0 as

As £ — w2 then the proposition below is proved.

Proposition 3: If there exists a risk-less asset, then the deflator pricing this asset is a potential.

Equation (11) can be termed equation for deflator -A. If the filtration F; is generated by a Brownian motion,
then every square integrable martingale can be written as Ito integral. Here, one more asset priced by 1 is
needed to determine 41,

To express the differential of V" in terms of the rate *rr Assuming 41 is a continuous process then

Vi-dd, + A-dV, +d(V, A); = dM, — A.dC,

.:mr 1 1
dV, = V.- (——]—dr: ——.:m Ay +— o dM,
Fi

1y
Substitute for dA; = dfn‘r — 1 TA.dt
dVv = "f LaM; + V! dt — dcC, —f.:z{v,ﬂjt + %.:zm*t
dV +dC, = t*rr dt——d{F Ay +i.:wt —i.:zfn*;
Thus, “L;“ =l - e+ EaM, -~ ang
Taking condltlonal expectatlons
dig + dEe dlvtd,
E[T F|=+lae-E[ S
Assuming V is strictly posmve and write d(V, 4) ; = dV;d A,
Then £ [ #5255 | 7, | = ofar — EITEE2 1 7]
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The left handside is known as the instantaneous net return of the value process at time t. The expected return of
the value process has now been decomposed into risk — free part =’ dt and risk premium part —E [%% F. ]
r “r
dr, i, . . - . . . -
If —: and —11 are negatively correlated, then there is a positive risk premium and if they are positively
alg

C

correlated then the risk premium is negative. Since the of a risky investment giving us the cash flow C is
. . o dip :
expected to have a return strictly greater than the risk-free rate, it is seen that L—L and —

:r is expected to be

positively correlated. The intuition is that a risky investment is desirable if its value is high in ‘bad’ states of the
world (when we really need money) and low in ‘good’ states of the economy (where everything else is good).
An investment with such properties will have a high price (since demand for this desirable investment

opportunity is high) and thus, a low expected return. Hence, ;‘ is interpreted as a measure of how ‘bad’ a

state of economy is.
To solve equation (11) when the risk — less rate is equal to the constant = 0.  Inserting this in equation (4)
of theorem 2.
We have for V; = 1
A = E[J‘ ndzds | Fp] (12)
[D==]
This is regard as stochastic differential equation for discount factor 1. substituting for
A; = 7"/ on the RHS

E[" ne Fds |R]=[eTFlF =7 = 4,
t

Hence <1 is also equivalent to equation (12).

Assuming Ke IR, then also Ke ™"/ is a solution. The proposition below shows that there exist other solution to
equation (12)

Proposition 3: Let % = 0 be a given real number and consider

X = E[J‘ nX.ds | R (13)
[te=)
Then X is a solution to (13) if and only if it can be written as
r
X, =e "X, +J‘ e "FdMs | F,] (14)
o

for some uniformly integrable martingale M.

The following Lemma is needed for the prove

Lemma 4: Let N be a local martingale that is cadlag and fulfils N, =0 a.s and let U be a predictable
increasingly process with I/, = 0 a.s if

J’Dr{%jdﬂfs converges a.s as £ — @2 and the limit is finite, then h —wasast— o on{l., = o}

Now back to the proof of the above proposition.

Proof: consider a discount factor -1 of the form given in equation (14) and define the local martingale as
N, = Jﬂ;g_rfsdﬂf_g with N and U, = e~"" we have

dN, = e~ " dM,

dM, = ——dN,

s 1
g ' f

£.1
Me = [j(5)dN,
* 0.3 ;
Ast—oo, fj(2)aN, =M, = Moe £
Since F(U.. = =} =1 the Lemma above can be concluded that

m
N.=was from —=10
Ue

With the use of differentiation rule for products

dle” (A + No)] = —ipte T (A, + Np)dt + dM,
Using integration by parts

[; 1 e, + Ny)ds = [—e7 7 (A, + NI + [M ]
=M, — M, —e " (A, + Np) + e (A, + N,)

asT =0, e " 7T(A, + N;) = 0as Then we have

[ ne ™A, + N)ds = Mo — M, + e TN, + N)

= (A, + N = [ e (4, + N)ds — M. + M,

—ret
e f
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Taking conditional expectation with respect to F;
Ele™ (4, + N | R 1 =E[f] e (4, + N)ds | F] — E[M.. | F,] + E[M, | F]
et U, +N,) = E[[ e (4, + Nds | F] - M, + M,
eI (A, +N,) = E[f rpe (4, + N,)ds | F]
Or A= E[fy n(4)ds | F]
By letting £t = 0
EJI J’r“a;g‘”fs{ﬂn +NJds|] 1A, | +E[IM_ ]+ | M, | < oo
In conclusion re =" (A, + N.) is a solution.
Assuming A1 is a solution
A = E[f n(A)ds | 7] is written as

A = E[- [y n(ads + [ n(4)ds | B

A = E[fy 5(4)ds | ] - [y (4,)ds

Introducing U. | martingale M, = E[ [ # (4;)ds | F] we have
Ae™ =A, ¥ JaDr?? Ae"Fds

which is our desired result.

V. Conclusion:
We have been able to write out the three equivalent ways of cash flow each of which has its own merit.
While considering the local dynamics of the value process it’s discovered that to have a locally risk free interest
rate the value process of the cash flow stream must fulfill V. = 1
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