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Abstract : This paper is concerned with the transient unsteady state thermoelastic problem of thin circular 
annular fin due to heat source .The transient heat conduction equation is solved by Marchi Zgrablich and 

Laplace transform with radiation boundary condition. The solution of the problem in the form of infinite series 

of Bessel  function. To determine temperature distribution for heating process and their stresses .Numerical 

calculations are carried out by using mathematica software. 
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I.  INTRODUCTION 
The circular annular fin is found in many field of thermal engineering such as air conditioning, heat 

exchangers microelectronics.  Circular annular fin are used mostly in heat exchange devices to increase the heat 

transfer rate from a heat source for a given temperature difference or to decrease the temperature difference 
between the heat source and heat sink for a given heat flow rate.  Several solution to the problem of one 

dimensional steady state condition within an annular fin of constant thickness have been presented 

[2],[5],[6]]and [8].The typical problem of transient thermal stresses in one dimensional steady state condition 

within an annular fin of constant annular fin have been investigated by Wu[9]. 

The present paper attempt to generalize the one dimension problem considered by Wu [9] and obtains the 

exact solution of two dimensional transient heat equation problem with radiation boundary condition subjected 

to internal heat source. 

 

II. Formulation Of The Problem 
We consider circular annular fin Fig. 1 occupying the space 𝐷 =   𝑥, 𝑦, 𝑧 𝜖𝑅3: 𝑎 ≤ 𝑟 ≤ 𝑏, 0 ≤ 𝑧 ≤

𝑙, where  

𝑟 =  𝑥2 + 𝑦2    The material of fin is isotropic homogeneous and all properties are assumed to be constant. The 

governing equations and boundary condition for the stress field [12] are  

A nonzero stress strain –displacement equation 𝜀𝑟 =
𝜕𝑢

𝜕𝑟
, 𝜀𝜑 =

𝑢

𝑟
      (2.1) 

A single equilibrium equation 
𝑑𝜍𝑟

𝑑𝑟
+

𝜍𝑟−𝜍𝜑

𝑟
= 0         (2.2) 

Two equation of stress strain equation relation 

 𝜍𝑟 =
𝐸

1−𝜈2
 𝜀𝑟 − 𝜈𝜀𝜑 − (1 + 𝜈)𝛼𝑇           (2.3) 

𝜍𝜑 =
𝐸

1−𝜈2
 𝜀𝑟 − 𝜈𝜀𝜑 + (1 + 𝜈)𝛼𝑇           (2.4) 

And boundary condition 

 𝜍𝑟 = 0 𝑎𝑡 𝑟 = 𝑎 , 𝜍𝜑 = 0 𝑎𝑡 𝑟 = 𝑏                                   (2.5) 

Combining equation (2.1)-(2.4), integrating twice the restive r and applying the boundary condition, one obtain 

the stress strain displacement relation as 

 𝜍𝑟 =
−𝛼𝐸

𝑟2   𝑇 − 𝑇∞ 𝜂𝑑𝜂 +
𝛼𝐸

𝑏2−𝑎2
 1 −

𝑎2

𝑟2
 

𝑟

𝑎
  𝑇 − 𝑇∞ 𝜂𝑑𝜂

𝑏

𝑎
       (2.6) 

𝜍𝜑 = −𝛼𝐸 𝑇 − 𝑇∞ +
𝛼𝐸

𝑟2   𝑇 − 𝑇∞ 𝜂𝑑𝜂 +
𝛼𝐸

𝑏2−𝑎2
 1 +

𝑎2

𝑟2
 

𝑟

𝑎
  𝑇 − 𝑇∞ 𝜂𝑑𝜂

𝑏

𝑎
     (2.7) 

Introduce dimensional quantities 𝜃, 𝜉, 𝜏, 𝑅, 𝑆𝑟 , 𝑆𝜑  in (2.6), (2.7) 

𝑆𝑟 =
−1

𝜉2  𝜃𝜉𝑑𝜉
𝜉

1
+

1

𝜉2

𝜉2−1

𝑅2−1
 𝜃𝜉𝑑𝜉

𝑅

1
          (2.8) 

𝑆𝜑 = −𝜃 +
1

𝜉2  𝜃𝜉𝑑𝜉
𝜉

1
+

1

𝜉2

𝜉2 +1

𝑅2−1
 𝜃𝜉𝑑𝜉

𝑅

1
        (2.9) 

Unsteady –state conduction with an isotropic ,circular annular fin with internal heat source must satisfy two 

dimensional equation ,which in cylindrical coordinate can be obtained by substituting the radial and tangential 

stresses in to stress equilibrium equation ,lead as  𝑎 ≤ 𝑟 ≤ 𝑏, 0 ≤ 𝑧 ≤ 𝑙, 𝑡 > 0 
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𝑘  
𝜕2𝑇

𝜕𝑟2 +
1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕2𝑇

𝜕𝑧2
 —

2ℎ

𝑙
 𝑇 − 𝑇∞ + 𝜓 𝑟 , 𝑧, 𝑡, 𝑇 = 𝜌𝑐

𝜕𝑇

𝜕𝑡
  ,  𝑎 ≤ 𝑟 ≤ 𝑏, 0 ≤ 𝑧 ≤ 𝑙, 𝑡 > 0             (2.10) 

Substitute dimensional parameters 

 𝜃 =
𝑘 𝑇−𝑇∞ 

𝜌𝑏𝑎
,  𝜉 =

𝑟

𝑎
, 𝜁 =

𝑧

𝑎
, 𝐿 =

𝑙

𝑎
, 𝜏 =

𝑘𝑡

𝜌𝑐𝑎
, 𝑅 =

𝑏

𝑎
, 𝑁2 = 2ℎ𝑎2/𝑘𝑙 

𝜓 𝑟 , 𝑧, 𝑡, 𝑇 = Φ 𝑟 , 𝑧, 𝑡 + 𝜀 𝑡 𝑇 𝑟 , 𝑧 , 𝑡   

𝜒 𝜉, 𝜁 𝜏 =  Φ 𝑟 , 𝑧, 𝑡 𝑒− 𝜀 𝑦 
𝑡

0 𝑑𝑦   

For sake of brevity, we consider χ r , z , t =
δ(r−r0)δ(z−z0)

2πr0
e−ωt  one obtain 

𝜕2𝜃

𝜕𝜉2 +
1

𝜉

𝜕𝜃

𝜕𝑟
+

𝜕2𝜃

𝜕𝜁2 —𝑁2 + 𝜒 𝜉, 𝜁 𝜏 =  
𝜕𝜃

𝜕𝑡
 ,1 ≤ 𝜉 ≤ 𝑅 ,0 ≤ 𝜁 ≤ 𝐿, 𝜏 > 0                                                        (2.11) 

Subject to initial and boundary conditions 

𝑀𝜏 𝜃, 1,0,0 = 0  , for 1 ≤ 𝜉 ≤ 𝑅 ,0 ≤ 𝜁 ≤ 𝐿, 𝜏 = 0 (2.12) 

𝑀 𝜉 𝜃, 1, k1 , 1 = 0, 𝑀 𝜉 𝜃, 1, k2 , 𝑅 = F1(𝜁, 𝜏) , for , 0 ≤ 𝜁 ≤ 𝐿, 𝜏 > 0                          (2.13) 

𝑀𝜁 𝜃, 1,0,0 = 0 ,  𝑀𝜁 𝜃, 1,0, 𝐿 = f(𝜉, 𝜏) ,for 1 ≤ 𝜉 ≤ 𝑅 , 𝜏 > 0                (2.14) 

Being 𝑀𝜗 𝑓, 𝑘, 𝑘 , $ =  𝑘  𝑓 + 𝑘 𝑓  
𝜗=$

                     (2.15) 

Where the dot denotes differentiation with respective to 𝜗  ,  k1 , k2are radiation  constant on the curved surface 

of the annular disc thus equations (2.1) to (2.15)constitute the mathematical formulation of the heating problem 

under consideration . 
 

III.  Solution Of The Problem 
Applying March Zgrablich integral transform to the (2.11), (2.12) and (2.14) using (2.13) and taking 

Laplace transform, one obtain  

𝜃 ∗ 𝑛, 𝜁, 𝑠 =  𝑓 ∗(𝑛, 𝑠) − (𝑃𝐼)𝜁=𝐿 
𝑆𝑖𝑛ℎ𝑝𝜁

𝑆𝑖𝑛ℎ𝑝𝐿
+ (𝑃𝐼)𝜁=0

𝑆𝑖𝑛ℎ𝑝(𝜁−𝐿)

𝑆𝑖𝑛ℎ𝑝𝐿
       (3.1) 

 where 𝑝2 = 𝜇𝑛
2 + 𝑁2 +

𝑠

𝑘
 ,  𝑃𝐼 =

 𝑘 Ψ 
∗

 

𝐷2−𝑝2 

Applying inverse of March Zgrablich and Laplace integral transform to (3.1) we obtain 

𝜃 𝜉, 𝜁 𝜏 =

−
2𝑘𝜋

𝐿2
 

 𝑆0 k1 ,k2 ,μm 𝜉 

𝐶𝑚

∞
𝑛,𝑚=1  −1 𝑛𝑛 𝑆𝑖𝑛ℎ(𝜆𝑛𝜁)

𝜏

0
  𝑓 (𝑛, 𝑠) −  𝑃𝐼 ′𝜁=𝐿

 +  𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁 −

𝐿) 𝑃𝐼 ′𝜁=0𝑒
− 𝜇𝑚

2+𝑁2+𝜆𝑛
2    𝜏−𝜏′ 𝑑𝜏′          (3.2) 

where μ
m

 are the positive roots of  𝐽0 k1, 𝜇 𝑌0 k2 , 𝜇𝑅 − 𝐽0 k2 , 𝜇R 𝑌0 k1 , 𝜇 = 0  and dash indicate  inverse 

Laplace transform ,   𝜆𝑛 =
𝜋𝑛

𝐿
  

 

IV.  Determination Thermal Stresses 
Using (3.2)in (2.8),(2.9)  we obtain the radical and tangential stresses are 

𝑆𝑟 =
2𝑘𝜋

𝐿2

1

𝜉2   
  −1 𝑛𝑛𝜉𝑆0 k1 ,k2 ,μm 𝜉 

𝐶𝑚

∞
𝑛,𝑚=1  𝑆𝑖𝑛ℎ(𝜆𝑛𝜁)

𝜏

0
  𝑓 (𝑛, 𝑠) −  𝑃𝐼 ′𝜁=𝐿

 +  𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁 −
𝜉

1

𝐿)𝑃𝐼′𝜁=0𝑒−𝜇𝑚2+𝑁2+𝜆𝑛2 𝜏−𝜏′𝑑𝜏′𝑑𝜉−2𝑘𝜋𝐿21𝜉2𝜉2−1𝑅2−11𝑅𝑛,𝑚=1∞ 
−1𝑛𝑛𝜉𝑆0k1,k2,μm𝜉𝐶𝑚0𝜏𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) 𝑓(𝑛,𝑠)−𝑃𝐼′𝜁=𝐿+ 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁−𝐿)𝑃𝐼′𝜁=0𝑒−𝜇𝑚2+𝑁2+𝜆𝑛2 𝜏−𝜏′𝑑𝜏′𝑑𝜉 

(4.1) 

 

𝑆𝜑 =
2𝑘𝜋

𝐿2
 

 −1 𝑛𝑛 𝑆0 k1 ,k2 ,μm 𝜉 

𝐶𝑚

∞
𝑛,𝑚=1   𝑆𝑖𝑛ℎ(𝜆𝑛𝜁)

𝜏

0
  𝑓 (𝑛, 𝑠) −  𝑃𝐼 ′𝜁=𝐿

 +  𝑆𝑖𝑛ℎ𝜆𝑛(𝜁 −

𝐿) 𝑃𝐼 ′𝜁=0𝑒
− 𝜇𝑚

2+𝑁2+𝜆𝑛
2    𝜏−𝜏′ 𝑑𝜏′ −

2𝑘𝜋

𝐿2

1

𝜉2   
 −1 𝑛𝑛𝜉  𝑆0 k1 ,k2 ,μm 𝜉 

𝐶𝑚

∞
𝑛,𝑚=1  𝑆𝑖𝑛ℎ(𝜆𝑛𝜁)

𝜏

0
  𝑓 (𝑛, 𝑠) −  𝑃𝐼 ′𝜁=𝐿

 +
𝜉

1

 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁−𝐿)𝑃𝐼′𝜁=0𝑒−𝜇𝑚2+𝑁2+𝜆𝑛2 𝜏−𝜏′𝑑𝜏′𝑑𝜉−2𝑘𝜋𝐿21𝜉2𝜉2+1𝑅2−11𝑅𝑛,𝑚=1∞ 
−1𝑛𝑛𝜉𝑆0k1,k2,μm𝜉𝐶𝑚 0𝜏𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) 𝑓(𝑛,𝑠)−𝑃𝐼′𝜁=𝐿+ 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁−𝐿)𝑃𝐼′𝜁=0𝑒−𝜇𝑚2+𝑁2+𝜆𝑛2 𝜏−𝜏′𝑑𝜏′𝑑𝜉 
        (4.2) 

 

V.    Special Case 

Setting       f 𝜉, 𝜏 = 0   , χ 𝜉 , 𝜁 , 𝜏 =
δ(𝜉−𝜉0)e(𝜁 − 𝜁 0)

2π𝜉0
e−ω𝜏        (5.1) 

Applying Marchi Zgrablich   and Laplace transform to (4.1) one obtains  
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Ψ 
∗
 𝜉 , 𝜁 , 𝜏 =

𝑆0 k1 ,k2 ,μm 𝜉0 

2π𝐶𝑛 (𝑠+ω)
e(𝜁  − 𝜁  0)         (5.2) 

 𝑃𝐼 ′𝜁=0 =
𝑆0 k1 ,k2 ,μm 𝜉0 

2π𝐶𝑛  1−𝜆𝑛
2 

e𝜁 e−ω𝜏          (5.3) 

 𝑃𝐼 ′𝜁=𝐿 =
𝑆0 k1 ,k2 ,μm 𝜉0 

2π𝐶𝑛  1−𝜆𝑛
2 

e(𝜁  − L)e−ω𝜏          (5.4) 

Substitute the value of (5.3),(5.4) in (3.2),(4.1)and (4.2)one obtains 

𝜃 𝜉, 𝜁 𝜏 = −
𝑘

𝐿2
 

 −1 𝑛𝑛 𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 k1 ,k2 ,μm 𝜉0 

𝐶𝑚  1−𝜆𝑛
2 

∞
𝑛,𝑚=1   𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁 − 𝜁 

0
) 𝑒− 𝜇𝑚

2+𝑁2+𝜆𝑛
2+ω  𝜏   

            (5.5) 
𝑆𝑟

=
𝑘

𝐿2

1

𝜉2
  

  −1 𝑛𝑛𝜉𝑆0 k1 , k2 , μ
m
𝜉 𝑆0 k1 , k2 , μ

m
𝜉0  𝑆𝑖𝑛ℎ(𝜆

𝑛
𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁− 𝜁 0) 

𝐶𝑚 1 − 𝜆𝑛
2 

∞

𝑛,𝑚=1

 𝑒− 𝜇𝑚
2+𝑁2+𝜆𝑛

2+ω  𝜏𝑑𝜉
𝜉

1

−
𝑘

𝐿2

1

𝜉2

𝜉2 − 1

𝑅2 − 1
  

  −1 𝑛𝑛𝜉𝑆0 k1 , k2 , μ
m
𝜉 𝑆0 k1 , k2 , μ

m
𝜉0  𝑆𝑖𝑛ℎ(𝜆

𝑛
𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁− 𝜁 0) 

𝐶𝑚 1 − 𝜆𝑛
2 

∞

𝑛,𝑚=1

𝑒− 𝜇𝑚
2+𝑁2+𝜆𝑛

2+ω  𝜏𝑑𝜉
𝑅

1

 

(5.6) 
𝑆𝜑

=
𝑘

𝐿2
 

 −1 𝑛𝑛 𝑆0 k1, k2 , μ
m
𝜉 𝑆0 k1 , k2 , μ

m
𝜉0 

𝐶𝑚 1 − 𝜆𝑛
2 

∞

𝑛,𝑚=1

  𝑆𝑖𝑛ℎ(𝜆
𝑛
𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁 − 𝜁 0) 𝑒− 𝜇𝑚

2+𝑁2+𝜆𝑛
2+ω  𝜏

−
𝑘

𝐿2

1

𝜉2
  

 −1 𝑛𝑛𝜉 𝑆0 k1 , k2 , μ
m
𝜉 𝑆0 k1 , k2 , μ

m
𝜉0  𝑆𝑖𝑛ℎ(𝜆

𝑛
𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁 − 𝜁 0) 

𝐶𝑚 1 − 𝜆𝑛
2 

∞

𝑛,𝑚=1

𝑒− 𝜇𝑚
2+𝑁2+𝜆𝑛

2+ω  𝜏𝑑𝜉 
𝜉

1

−
𝑘

𝐿2

1

𝜉2

𝜉2 + 1

𝑅2 − 1
  

  −1 𝑛𝑛𝜉𝑆0 k1 , k2 , μ
m
𝜉 𝑆0 k1 , k2 , μ

m
𝜉0  𝑆𝑖𝑛ℎ(𝜆

𝑛
𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁− 𝜁 0) 

𝐶𝑚 1 − 𝜆𝑛
2 

∞

𝑛,𝑚=1

 𝑒− 𝜇𝑚
2+𝑁2+𝜆𝑛

2+ω  𝜏𝑑𝜉 
𝑅

1

 

(5.7) 

The numerical calculation have been carried out for low carbon steel(AISI) with parameter k1 = k2 = 1,Radius 

R=4, 𝜉0 = 1.2, 𝜁 0 = 0.5 k=1,h=1 L=1,N=2 , ω = 1 𝜏 = 1 𝜉 = 1.5 and 

μ
m

=1.10821,2.13634,3.17041,4.21067,5.2536,6.29793.7.34305,8.38869,9.43467,21.9954 are the positive root 

of transcendental equation of  𝐽0 k1, 𝜇 𝑌0 k2 , 𝜇𝑅 − 𝐽0 k2 , 𝜇R 𝑌0 k1 , 𝜇 = 0 and ,   

𝜆𝑛 = 3.142, 6.284, 9.426, 12.568, 15.71, 18.853, 21.994, 25.136, 28.278, 31.42 are the positive root of 

transcendental equation of  𝜆𝑛 =
𝜋𝑛

𝐿
  

 

𝜃 𝜉, 𝜁 𝜏 = − 
 −1 𝑛𝑛 𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 k1 ,k2 ,μm 1.2 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1   𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁 − 𝜁 

0
) 𝑒− 𝜇𝑚

2+5+𝑛𝜋2       (5.8) 

 

𝑆𝑟 =
1

2.25
  

  −1 𝑛 𝜉𝑛𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 0.8,1,μm 1.2  𝑆𝑖𝑛ℎ(𝜆𝑛 𝜁)−𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁−𝜁 
0

) 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1  𝑒− 𝜇𝑚

2+5+𝑛𝜋2   𝑑𝜉
1.5

1
−

1

2.7
  

  −1 𝑛𝑛𝜉 𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 0.8,1,μm 1.2  𝑆𝑖𝑛ℎ(𝜆𝑛 𝜁)−𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁−𝜁 
0

) 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1 𝑒− 𝜇𝑚

2+5+𝑛𝜋2   𝑑𝜉 
2

1
            (5.9) 

 

𝑆𝜑 =

 
 −1 𝑛𝑛 𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 k1 ,k2 ,μm 1.2 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1   𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁 − 𝜁 

0
) 𝑒− 𝜇𝑚

2+5+𝑛𝜋2    −

1

2.25
  

 −1 𝑛𝑛𝜉  𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 k1 ,k2 ,μm 1.2 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1  𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛 (𝜁 − 𝜁 

0
) 𝑒− 𝜇𝑚

2+5+𝑛𝜋2   𝑑𝜉 
1.5

1
−

13

13.5
  

  −1 𝑛𝑛𝜉 𝑆0 k1 ,k2 ,μm 𝜉 𝑆0 k1 ,k2 ,μm 1.2 

𝐶𝑚  1−𝜋𝑛 2 
∞
𝑛,𝑚=1   𝑆𝑖𝑛ℎ(𝜆𝑛𝜁) − 𝑆𝑖𝑛ℎ𝜆𝑛(𝜁 − 𝜁 

0
) 𝑒− 𝜇𝑚

2+5+𝑛𝜋2   𝑑𝜉 
2

1
         (5.10) 
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Figure 1: Characteristics of the annular fin 

 

 

 
 

Fig.2Temperature verses r with different value of z at t=1 

 

 
Fig.3 Thermal Stress  𝑆𝑟   verses r with different time 

 

 
 

Fig.4Thermal stress  𝑆𝜑   verses r with different time 

t=1 

t=5 

t=1 

t=5 

Z=2 

Z=1 
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V. Conclusion 
In this paper,  we generalized  the idea proposed  by Wu et.al(1997)  for two dimensional  non 

homogeneous radiation  boundary value problem  of circular  annular fin with heat source  and temperature 

distribution Displacement and stress function for annular fin  have been obtained we developed the analysis for 
temperature field for heating processes by using March Zgrablich  and Laplace transform technique with 

boundary condition of radiation type.  the series solution is  converges since the thickness of annular fin is very 

small  also any particular case of special interest may be derived by assigning suitable value of the parameter 

and function in the series expansion. The result can be applied to the design of useful structures or machines in 

engineering applications. 
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Appendix 

The finite Marchi-Zgrablich integral transform of order  𝑝   is defined as 

𝑓 
𝑝 𝑛 =  𝑟𝑓 𝑟 𝑆𝑝 k1 , k2 , μ

n
𝑟 𝑑𝑟  

𝑏

𝑎
             

And inverse Marchi-Zgrablich integral transform as 

𝑓 𝑟 =  
𝑓 𝑝  𝑛 𝑆𝑝 (k1 ,k2 ,μn 𝑟)

𝐶𝑛

∞
𝑛=1                             

Where 

𝑆𝑝 k1 , k2 , μ
n
𝑟 = 𝐽𝑝 μ

n
𝑟  𝑌𝑝 k1 , μ

n
𝑎 + 𝑌𝑝 k2 , μ

n
𝑏  − 𝑌𝑝 μ

n
𝑟  𝐽𝑝 k1 , μ

n
𝑎 + 𝐽𝑝 k2 , μ

n
𝑏    

𝐶𝑛 =   𝑟𝑆𝑝 k1 , k2 , μ
n
𝑟  

2
𝑑𝑟

𝑏

𝑎
     

The eigenvalue μ
n
 are the positive roots of the equation 𝐽𝑝 k1, μ

n
𝑎 𝑌𝑝 k2 , μ

n
𝑏 − 𝐽𝑝 k2 , μ

n
𝑏 𝑌𝑝 k1 , μ

n
𝑎 = 0 

An operational property is given by 

  
𝜕2𝑓

𝜕𝑥2 +
1

𝑥

𝜕𝑓

𝜕𝑥
+

𝑝2𝑓

𝑥2
 

𝑏

𝑎
𝑆𝑝 k1 , k2 , μ

n
𝑟𝑥    

=
𝑏

k2  
𝑆𝑝 k1 , k2 , μ

n
𝑏   𝑓 + k2

𝜕𝑓

𝜕𝑟
 
𝑟=𝑏

  

−
𝑎

k1
𝑆𝑝 k1 , k2 , μ

n
𝑎   𝑓 + k1

𝜕𝑓

𝜕𝑟
 
𝑟=𝑎

−  μ
n

2𝑓 
𝑝 𝑛       and 𝐽𝑝 μ

n
𝑟   and𝑌𝑝 μ

n
𝑟   are the Bessel function of first 

and second kind respectively.  
Nomenclature  

a, b:  Inner and outer radii of the fin  c: Specific heat of material of the fin  

c1, c2:  Constants                  E: Young’s modulus of material of the fin  

h: Heat transfer coefficient   k: Thermal conductivity of material of the fin  

N: Dimensionless parameter    t: Time 

qb: Heat flux from the base of the fin  R: Dimensionless outer radius,  

𝑆𝑟 ,:  Dimensionless radial                    𝑆𝜑 : Dimensionless tangential stresses  

T: Temperature of the fin    𝑇∞ : Ambient temperature  

U: Radial displacement    l: Thickness of the fin  

𝜀𝑟 , 𝜀𝜑 : Radial and tangential strains  𝜃: Dimensionless temperature of the fin  

𝜍𝑟 , 𝜍𝜃 : Radial and tangential stresses            𝜏:  Dimensionless time     

 r, 𝜑 :Polar coordinates     L: Dimensionless thickness  


