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Abstract: In this paper, a general analysis of one dimensional non-steady state temperature distribution and
stresses under thermal load in a solid sphere subjected to different types of heat sources is developed. The article
deals with comparative study of the effect of varying heat generation on displacement and thermal stresses. The
heat conduction equation solved by integral transforms technique with convective thermal boundary condition
and arbitrary initial and surrounding temperature. The results are obtained in a trigonometric series and are
studied numerically and are illustrated graphically.
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I. Introduction

The study of the problems of determination of thermal stresses in different solids under the different
thermal condition and heat sources become a subject of extensive research all around the globe. Heat conduction
in spherical objects is an important problem in engineering practices. Transient thermal stresses in a sphere are
discussed by a number of authors. Although the thermoelasticity has been well understood for more than a
century, early studies are focused on the theoretical approach. The history of literature on these problems found in
the texts by Parkus [1], Boley, Wiener [2], Nowacki [3], Noda [4], Carslaw and Jaeger [5]. During the last two
decades increased attention has been given to transient problems, especially to those involving cylindrical and
spherical geometries with heat generation. The generation of heat has a significant effect on the temperature
profile and its effect on thermal stresses in solids in the Engineering fields and life sciences.

Carslaw and Jeager [5] studied the use of sources and sinks in cases of variable temperature in a sphere,
Ozisik [6] discussed many homogeneous and non homogeneous heat conduction boundary value problems with
heat sources, Cheung et al [7] studied the transient problem in a sphere with local heating, Takeuti et al [8]
studied the transient thermal stresses of a hollow sphere due to rotating heat source, Hetnarski [9] discussed the
stresses in a long cylinder due to rotating line source, Nasser M. EI-Maghraby [10,11] deal with problems of
thermoelasticity with heat sources. Deshmukh et al [12] studied the determination of displacement and thermal
stresses in a thin hollow circular disk due to internal heat generation and integral transform is used to solve the
heat distribution and stresses are obtained in a Bessel’s functions. Deshmukh et al [13] studied the thermal
deflection which is built in-edge in a thin hollow disk subjected to the activity of heat source which changes its
place on the plate surface with time. Recently Kedar and Deshmukh [14] determined thermal stresses in a thin
clamped hollow disk under unsteady temperature field due to point heat source.

In this paper, the one dimensional quasi-static uncoupled thermoelastic problem of a solid sphere with
heat generation is considered. The aim is to obtain the mathematical model for predicting the results about the
temperature profile and stresses with considering independently different types of heat sources within a body and
assuming arbitrary initial and surrounding temperatures. The special cases are studied with instantaneous point,
volume and spherical heat sources. This is a new approach to have knowledge of comparative study of heat
distribution and produced stresses in a sphere due to internal heat sources. Integral transform technique is to
obtain temperature distribution. This is a novel approach of study of thermal stresses which is useful in
engineering field where different types of sources are to be used.

II. Formulation Of The Problem
Consider the solid sphere defined by O0<r <a . Initially the sphere is kept at arbitrary
temperatureF (r). For time t > 0 heat generated within the sphere at the rate of g(r,t) J/sm3 and heat is
dissipated by convection from the boundary at r =a to the medium at temperaturef(t). The sphere is
homogeneous and isotropic. The temperature distribution, displacement and thermal stresses are to be determined
and analyse graphically.

The transient temperature distribution is governed by [6] the following equation,

a%T 20T &) 14T .
—2+——+M=—— mo<s<r<a, t>0 (D
ar r or k a ot
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Boundary and initial condition

kS + AT = f(t) at  r=aq, t>0 )
T=F(r) in 0<r<a at t=0 3)
A new dependent variable U(r, t) is defined as

U(r,t) =rT(r,t) 4)

Then the problem (1-3) is transformed as
BZ_U + rg {r.t) .t :la_U

oz p o n0<r<a, t>0 (5)

U=0atr=0 n0<r<a (6)

Zamu=2E  atr=q t>0 7)

U=rF(r) in 0<r<a.,atr=0 (8)
h 1

where,H=;,M=(H—;) 9)

where, k is thermal conductivity, h is heat transfer coefficient and « is thermal diffusivity of the material.

The temperature is symmetric with respect to centre of sphere, a function of r that is the radial distance
only. One dimensional problem of thermoelasticity means spherically symmetric problem [4], in which the
shearing stresses and strains vanish and strain and stress components in spherical coordinate 6 and @ direction
are identical

O90 = 0pp o0 = Cgp (10)
Orp = Ogp = 0gr =0 (1D
€9 = Egg =€gr =0 (12)
The equilibrium equation without body force in spherical coordinates [4] is reduces to

do,, 1

d(‘?’” -l— - {20” Ogo a¢¢} =0

dr" +7 (Opr —0Ogg ) =0 (13)
Stress strain relation or Hooke’s relations are

Opr :2# err +Ae*BT (14)
Ogg = U¢¢: 2,u EHH + 7\46 - BT (15)
where, strain dilation e = €., +€y +€yp= €, + 2 Eyg (16)

Oy > 0gg and gy, are the stresses in the radial and tangential direction and €,, and €y, are strains in radial and
tangential ~direction, T is the temperature change, e is the strain dilation and A and p are the Lamé constants

related to the modulus of elasticity E and the Poisson’s ratio v as,
vE E

A= am * T (17)
The strain component in terms of radial displacement u, = u is
d
€ = €pp = €gp =7 (18)
The boundary condition on traction free surface is
o,=0 at r=a (19)
Now with equations (10-19) one can obtain the displacement and thermal stresses as [4]
1
u = % [(1+v) = Jo Tt dr+2 (1-20) Jy Trdr] (20)
aE 2 a 2 rr
o = LaT Jy r? dr—r—3f0 1r? dr] (21)
_ _aE 2 a__ - 1 r_ o
G99 =000 = Lom Jo ¥ drt = [Tt dr — 1] (22)

The equations (1-22) constitutes the Mathematical formulation of the problem

III.  Analytic Solutions

Following the general procedure of Ozisik [6], we develop the Fourier integral transform of U(r, t) over
the variable r in problem (4-8) and the inverse formula as
(Integral Transform) U(B,,1) = fra'=0 KB, r) U, t)dr' (23)
(Inverse Formula) U(r,t) =% _1K(Bn,r) UPBp,1) (24)
Where, the summation is taken over all Eigen values.

On applying the above integral transform and inverse formula to the problem (5-8), one obtains, the
expression for the temperature function of a non-homogeneous boundary problem of heat conduction in a solid
sphere as,
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T(r,t) =
2 Qoo B2t o B2 +M? a / . t 2 ¢ [ ra T ,
=Xm=1 e Fntsin(B, 1) (W) [fr'zor F(1)sin(B,r) + f,_,e*Fnt [{; STt )sm(ﬁmr)dr} +
xaksinfmaf(t)at (25)
1
_ sinBmr _ _BhtmMr ]2
K (Br) = 2020 = 7 | Bt sing, v 26)
1 (a(Bh+M?)+ M
N= 2 { B2 + M2 }
M=H - i, a finite value
H=2 27)
B, are the positive roots of the transcendental equation ,, cotf,,a = —M

The roots of this transcendental equation are real if a(H — %) > -1

-H>0 (28)
The temperature change is obtained as

t=T{t)—F(@)=

2 B2t 2 +M? . . t g2y [ C N ,
=Yy e~Fhtsin(B,,r) (W) [fra,zor F(r)sin(Bur) + [,._ eFmt [{; fra,zo r'g(rt )sm(ﬁmr)dr} +
xaksinfmaf(t')dt — F(r) (29)

Using Equations (20-22), Displacement and stresses are obtained as,
u =
x L © — 12nt sin (B 1)=1Bm cos (Bm1) _ (T 2
|- 5 (g e ( E VL= J; Fryr2dr) +
21-2v ra3m=1w e— ofm2 sinfima— afimcosfmafimZNL— Oalt (r)r2dr (30)

1 o —_xB2 in(Bma)=—aBm Bma) a
Gy = 2L 7 (B o7 (PSR nE) 1 — [ F(ryrr) - (1)
™1y T%( “ e—o(ﬁrznt (Sm(ﬁmr)_ﬁrzﬁlrvnws(ﬁmr))L _ fOrF(T")T"ZdT))
E ( = o~<Bht (sin(ﬁma)—aﬁmcos (ﬁma)) L— [“F(ryr? dr) n
a - ﬁran 0
E |1 S —xB2 in (Bm 1) =1 Bm cos (Bm 1)
o = 0'4,4, _ :Tvlﬁ( = e B2t (sm BmT ﬁrrsz cos (BT )L _ fOTF(T")T"ZdT))

| L3y e Cu) ) )] |

|
i (32)

where,
o

Efr’:or gt )sin(ﬁmr)dr’} it

| o . t —ocﬁrznf{
L=|[_ T F(r)sin(Br) + [e + 5 sin(Bpa)f (£)

(33)

IV. Results and Discussion

The exact analytical solutions for temperature, displacement and thermal stresses are obtained in the
previous part. The mathematical software MATLAB is used for further numerical calculation and graphical
analysis.

For special cases we assume the initial temperature F(r) =0, therefore 7 =T(r,t)
and for simplicity take the ambient temperaturef (t) = t. The numerical solutions are presented for following
material properties,

Thermal diffusivity a = 112.34 x 107°m?s1
Thermal conductivity k = 386W /mk

Specific heat ¢, =383 ]/kgK

Poisson’s Ratio v =0.35

Setting the radius of the sphere r = 1m and M = —0.4 , the roots of the transcendental equation £, cotf3,,a =
—M are as [6]

p1 = 0.7593, 8, = 4.5379,B; = 7.7511, B, = 10.9225,8; = 14.0804, 3, = 17.2324
Then temperature change eq. (29) reduces to,
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o0

2 ot s By, + M? 0 .
(r,t) = ?Z e *Fmtsin(B,,1) AL + MO+ M f r F(r)sin(B,,r)
m=1 " r'=0
t > [« a ' . xa |
+ fe“ﬁm‘ 7 frg(r,t)sin(ﬁ’mr)dr’ +Tsin(ﬂma)f(t) dat’
t'=0 r'=0

(34)
Following cases are independently discussed with different types of sources,

Case 1
Let heat source is instantaneous constant volume source of strength g, J/m? that releases its heat
spontaneously at t = 0 i.e. single explosion takes place within the sphere and the energy released throughout the
solid sphere. It is related with volume heat source by the relation as [6]
g, t) = g;6(t' = 0), therefore using (30, 31, 32 and 34)

) [sin Bm —BmcosBm]

+

i 3
=2y —wB2t i pE+M? > Bin
w0 = 2 T e tsinB ) (G )| (i (35)
sm[?m T
_ 2a? . [(l—v)[sin(ﬁmr)—ﬁmrcos(/?mr)]+2(1—2v)r(sin[?m—/?mcos[>’m)]
CEO 2%, B
BE+M? (sin B —PBm cos fm) . (B t—1)e*Fmt+1)| _ p2
PRYE i 2 | e "t (36)
(2 +M2)en g 52 + sinp, ey e
g = 4a2E e [[Sinﬁm—BmCOSb’m]_(sin(ﬁmr)—ﬁmTwS(ﬁmr)]
T (—p)k Sm= B2 r3p2
B2 +M2 (Sin B —Bmc0S fm) | . (BL t—1)e Pt 41 el
Gaoeyon) (9 gz TS T ag gle 37
_ _ 2a%E © 2[sin By —Bm cos fm] (sin (Bim1)=Bmrcos (Bm7) _Sin((ﬁm"')
To0 = 9¢ = 1ok [ B2 + 3p2, r ]
B2 +M? (sin B —Bom c0S Bm) , (ocﬁ,znt—l)e“ﬁrznt+1}] —xBit
((ﬁ%+M2)+M) [g " 5 + Sinfm { <267, ¢ (38)
Case2

The heat source is instantaneous point heat source of strength g,,; (/) situated at the centre of the sphere
and releases its heat spontanteniously at time t = 0. this source is related with volumetric heat source [6] by

glr,t) = “’sz 5t —0)8(r' —0) (39)
— oo B2 +M? Bm gpti (O(ﬁrznt—l)e‘x/’)gﬂt+1
T(r,t) = —Y%_, e~*Fntsin(B,r) ((ﬁrzn+M2)+M>[ =+ sinf, {T (40)
_2a% g (1—v)[sm(ﬁmr)—ﬁmrcos(ﬁmr)]+2(1 ZU)r(sm,Bm ﬁmcosﬁm)]
T -k em=1 282
pA+M? Bm Gpti (xBEt—1)ePmt+1 _
() 5+ sintsy {W e it (4D
.. = 4a’E oo I:[smﬁm ﬁmcosﬁm]_(sm(ﬁmr) Bm1rcos (Bmr)
m (1 U)k ﬁrzn r3ﬁrzn
B3 +M? Bm Gpti (Kﬁrznt—l)euﬁgnt-f-l _n2
(i) [+ simp (PR et (42)
— — 2a%E w0 2[sin fm ﬁmcosﬁm] (sin (Bmr)—PBmrcos Bmr) _ sin((Bm1)
%0 = %0 = ook m=1[ B + r3p2, Ty ]
BE+M%  \[Bmgpei (B2 t-1)e Bt 41)] _ p2
((zsznww)[ o sing, {—azﬁ;‘n e~ (43)
Case3

The heat source is instantaneous spherical source of radius r; of total strength g, ,; J situated concentrically inside
the sphere and releases its heat spontaneously at time t = 7' then as [6]

;o Isphi , ,
90, t) =L 5(t' — 108G 1)

T(r,t) =
26 _ , B2 +M? Isphi 2.0
— Xm=1€ “Bhtsin(B,,r) ((ﬁ,gn+M2)+M> [4;1 e*FnT'sin(B,r) +

sinfm(ocffm2e— 1)eodm2t41oc2m4
(44)
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_ 2a? w (1—v)[sin (Bm1)—Bmrcos (Bm1)] n 2(1-2v)r(sinfm —Bmcosﬁm)]
U= ok &m=1 r262 B2,
B2 +M? Isphi _«p2 . (<Bhe-1ePhts1 —wplt
B2+ ) |4 © mT sin(B, 1) + sinfy, gy |e (45)
_ 40%E g, [[SinBm—PBmcosfm]  (sin (Bm1)—Bmrcos (Bmr)
Oy = (1—v)k m=1[ 672'1 - T3312n
ﬁ,zn‘i'MZ Isphi O(BZ T , (“ﬁrznt_l)eo(ﬁrznt"'l —o(ﬁ'2 t
(B2, +M2)+M ) | 4nry e*rntsin(Bnri) + sinfin a2ph e m (46)
_ _ 2a°E © [z[smﬁm_ﬁmcosﬁm] + (sin (Bm1)—Bmrcos (Bm1) _ Sin((ﬁmr):l

%00 = 999 = Gy 2m=1 5 = ;

2 42 sphi , 2 1)pxBht
( B2, +M )[g oh e“ﬁ'znfsin(ﬁmrl)+sinﬁm {(O(ﬁmt e +1}] Ry @7

4ntry

(B2 +M2)+M api
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Figure 1: Temperature case 1
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Figure 3: Temperature case 3
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Fig 1, 2 and 3 represent the temperature variation for the instantaneous constant volume, instantaneous
point and instantaneous spherical source respectively. In every case has the source of constant magnitude g =
50 but the nature is different. The temperature variation along the radial direction is shown in the graphs. In case
1 the temperature decreases along the radial direction and there are some radii where it has the constant value and
independent of time. Temperature is lowest near the centre of the sphere and time passes first it immediately
increases and has local minimum and maximum peaks. For the curve associated with time t = 0.1 the temperature
decreases along the radial direction. In case 2 the temperature is highest about the centre and it agree with the
instantaneous point source at the centre of the sphere. The temperature decreases along the radial direction. It is
observed that for very small time it changes the direction also. For the spherical source employed at r = 0.8 and
t =t = 1, the temperature decreases along the radial direction. It has the maximum values at about the radius
r = 0.1 and minimum value at the centre of the sphere. The temperature distribution changes with the change in
the nature of the source.

12
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2 | | | | | | | | |
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R

Figure 4: Displacement Case 1

60

Displacement

Figure 5: Displacement case2

Fig 4, 5 and 6 shows the change in the displacement along the radius. In case 1 it is seen that the displacement
increases along the radial direction. For a very small time the increase is linear. As time passes there is a
variation in the temperature distribution and maximum displacement occur near the surface of the sphere and the
displacement at the centre is very minor.. For the instantaneous point source at the centre, fig 5 shows the
greater displacement about the centre and highest values occur at about the radius r = 0.15, while for the
spherical source the maximum values of the shifts towards the surface. The displacement is minor at the centre
of the sphere in case 1 and 3.In case 3 the displacement is independent of the time at about r = 0.2m. For case 1
and 3 the displacement is large on the surface but for case 2 conditions is reversed and it agree with the point
heat source at the centre.
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Figure 11: Hoop stress case 2
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Figure 12: Hoop stress case 3

Fig 7, 8 and 9 shows the variation of radial stresses along the radial direction for three different types of
heat generation within the sphere respectively. From the graph it is very much clear that the stresses on the surface
are null as per the assumed mechanical condition induced for the radial stresses on the surface of sphere. For
instantaneous volume heat source within the sphere the stresses are compressive inside the sphere and the values
decreases gradually on the surface. The tension is large and as good as constant for 7 < 0.5 and the nature of the
variation is minor. For case 2 the nature of the stresses is compressive as well as tensile. There is large
compression on the surface for case 2, while there is tension on the surface for case 3.
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Fig 10, 11 and 12 shows the variation of tangential stresses along the radial direction. For instantaneous
volumetric source the stresses are compressive for very small time. As time passes the nature of the stresses
abruptly changes, centre of the sphere is under tension for case 1, and there are certain radii where the stress is
independent of time while the surface has got compression. The nature of the stresses continuously changes from
tensile to compression and compression to tensile and stress values are highest about the centre and gradually
decreases on the surface. For the point heat source, the centre is under compression and stresses increases along
the radial direction with variation. Like case 1, the there are certain radii where the stresses are constant. For the
spherical source the variation of tangential stress is shown in fig 12.

V. Conclusions

In this study the analytical solutions are obtained for temperature distribution, displacement and stresses
under thermal load with arbitrary initial and ambient temperature and analysis is made by employing three
different heat source cases and results are obtained independently. In the analysis instantaneous point, volume and
spherical source are used to make the comparative study. In observations it is found that there is a total change in
the temperature and thermal stresses profile along the radius with change in the nature of the sources. This model
can be applied to spherical structures and to design useful structural applications. The proposed method may be
readily extended to solve a wide range of physical engineering problems with change in the form of arbitrary
initial and surrounding temperature. The numerical results are discussed as special cases.
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